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1. Introduction

The history of inflation in the United States and other countries has occasionally been quite
bad. Are the bad experiences the consequence of policy errors? Or, does the problem lie
with the nature of monetary institutions? The second possibility has been explored in a long
literature which starts at least with Kydland and Prescott (1977) and Barro and Gordon
(1982). This paper seeks to make a contribution to that literature.

The Kydland-Prescott and Barro-Gordon literature focuses on the extent to which mon-
etary institutions allow policymakers to commit to future policies. A key result is that if
policymakers cannot commit to future policies, inflation rates are higher than if they can
commit. That is, there is a time inconsistency problem which introduces a systematic infla-
tion bias. This paper investigates the magnitude of the inflation bias in two standard general
equilibrium models. One is the cash-credit good model of Lucas and Stokey (1983). The
other is the limited participation model of money described in Christiano, Eichenbaum and
Evans (1997). We find that, for a large range of parameter values, there is no inflation bias.

In the Kydland-Prescott and Barro-Gordon literature, equilibrium inflation in the absence
of commitment is the outcome of an interplay between the benefits and costs of inflation.
For the most part, this literature consists of reduced form models. Our general equilibrium
models! incorporate the kinds of benefits and costs that seem to motivate the reduced form
specifications. To understand these benefits and costs, it is necessary first to explain why
money is not neutral in our models. In each case, at the time the monetary authority sets
its money growth rate some nominal variable in the economy has already been set. In the
cash-credit good model, this variable is the price of a subset of intermediate goods. As in
Blanchard and Kiyotaki (1987), some firms must post prices in advance and are required to
meet all demand at their posted price. In the limited participation model, a portfolio choice
variable is set in advance. In each case, higher than expected money growth tends - other
things the same - to raise output. The rise in output raises welfare because the presence
of monopoly power in our model economies implies output and employment are below their

efficient levels. These features give incentives to the monetary authority to make money

!See Chari, Christiano and Eichenbaum (1998), Ireland (1997) and Neiss (1999) for related general equi-
librium models.



growth rates higher than expected.

Turning to the costs of inflation, we first discuss the cash-credit good model. We assume
that cash good consumption must be financed using money carried over from the previous
period.? If the money growth rate is high, the price of the cash good is high and the
quantity of cash goods consumed is low. This mechanism tends to reduce welfare as the
money growth rate rises. The monetary authority balances the output-increasing benefits
of high money growth against the costs of the resulting fall in cash good consumption.
Somewhat surprisingly, we find that there is a large subset of parameter values where the
costs of inflation dominate the benefits at all levels of inflation and money growth above the
ex ante optimal rate. As a result, for these parameter values, the unique equilibrium yields
the same outcome as under commitment.

In our limited participation model, at all interest rates higher than zero, increases in
money growth tend to stimulate employment by reducing the interest rate. As a result,
there is no equilibrium with a positive interest rate. When the interest rate is already
zero, further reductions are not possible. In this case, additional money generated by the
monetary authority simply accumulates as idle balances at the financial intermediary. The
unique Markov equilibrium in this model has a zero interest rate. Again, there is no time
inconsistency problem and no inflation bias.

Should we conclude from our examples that lack of commitment in monetary policy can-
not account for the bad inflation outcomes that have occurred? We think such a conclusion
is premature. Research on the consequences of lack of commitment in dynamic general equi-
librium models is still in its infancy. Elsewhere, in Albanesi, Chari and Christiano (2000), we
have displayed a class of empirically plausible models in which lack of commitment may in
fact lead to high and volatile inflation. The key difference between the model in that paper
and the models studied here lies in the modeling of money demand. Taken together, these
findings suggest that a resolution of the importance of time inconsistency in monetary policy
depends on the details of money demand. As our understanding about the implications for

time inconsistency in dynamic models grows, we may discover other features of the economic

2We assume a timing structure as in Svensson (1985) rather than in Lucas and Stokey (1983). See also
Nicolini (1998).



environment that are crucial for determining the severity of the time inconsistency problem.
It is too soon to tell whether the ultimate conclusion will be consistent with the implications
of the models studied in this paper.

The paper is organized as follows. In Section 2, we analyze a cash credit goods model
with arbitrary monetary policies. This section sets up the basic framework for analyzing
purposeful monetary policy. Interestingly, we also obtain some new results on multiplicity
of equilibria under mild deflations. In section 3 we analyze the model in section 2 when
monetary policy is chosen by a benevolent policy maker without commitment. In Section 4,

we analyze a limited participation model. Section 5 concludes.

2. Equilibrium in A Cash-Credit Good Model With Arbitrary Mon-

etary Policy

In this section we develop a version of the Lucas and Stokey’s cash-credit good model.
There are three key modifications: we introduce monopolistic competition, as in Blanchard
and Kiyotaki (1987); we modify the timing in the cash in advance constraint as indicated in
the introduction; and we consider non-stationary equilibria. The agents in the model are a
representative household and representative intermediate and final good producers. A policy
for the monetary authority is a sequence of growth rates for the money supply. We consider
arbitrary monetary policies and define and characterize the equilibrium. We show that in the
best equilibrium with commitment, monetary policy follows the Friedman rule in the sense
that the nominal interest rate is zero. Following Cole and Kocherlakota (1998), we show
that there is a non-trivial class of monetary policies which support the best equilibrium.
Interestingly, we show that only one of the policies in this class is robust, while the others
are fragile. Specifically, we show that only the policy in which money growth deflates at the
pure rate of time preference supports the best equilibrium as the unique outcome. We show
that the other policies are fragile in the sense that there are many equilibria associated with

them.



2.1. Households

The household’s utility function is:
Zﬂtu(clt, Cot, ), ulcy,ca,n) =logey + log eo + log(l — n) (2.1)
t=0

where ¢y, ¢o; and n; denote consumption of cash goods, consumption of credit goods, and
employment, respectively.

The sequence of events in the period is as follows. At the beginning of the period, the
household trades in a securities market in which it allocates nominal assets between money
and bonds. After trading in the securities market, the household supplies labor and consumes
cash and credit goods.

For securities market trading, the constraint is
At Z Mt + Bt, (22)

where A; denotes beginning-of-period ¢ nominal assets, M; denotes the household’s holdings
of cash, B; denotes the household’s holdings of interest bearing bonds, and Ay is given. Cash
goods must be paid for with currency from securities market trading. The cash in advance

constraint is given by:

Pltclt S Mt- (23)

The household’s sources of cash during securities market trading are cash left over from
the previous period’s goods market, M; { — Py 1c14 1, earnings on bonds accumulated in
the previous period, R; 1B, 1, transfers received from the monetary authority, T; 1, labor
income in the previous period, W;_1n, 1, and profits in the previous period, D; ;. Let Py, 1,
Py, 1 and R; ; denote the period ¢ — 1 prices of cash and credit goods, and the gross
interest rate, respectively. Finally, the household pays debts, Pa;_1¢9:_ 1, owed from its period

t — 1 purchases of credit goods during securities market trading. These considerations are



summarized in the following securities market constraint:
Ay =Wingey — Py qcopy + (Mg — Pyycyn) + RiaBey + 1 + Dy (2.4)
We place the following restriction on the household’s ability to borrow:

1 [o0)
A1 2 o E Geyji1 [Werg +Toyj + Dyyy], fort =0,1,2, ., (2.5)
1~
Jj=1

where g, = Hz;}) 1/R;, go = 1. Condition (2.5) says that the household can never borrow
more than the maximum present value future income.

The household’s problem is to maximize (2.1) subject to (2.5)-(2.2) and the nonnegativity
constraints, ny, ¢y, ¢or, 1 —ny > 0. If Ry < 1 for any ¢, this problem does not have a solution.

We assume throughout that 2, > 1.

2.2. Firms

We adopt a variant of the production framework in Blanchard and Kiyotaki (1987). In
developing firm problems, we delete the time subscript. In each period, there are two types
of perfectly competitive, final goods firms: those that produce cash goods and those that

produce credit goods. Their production functions are:

Yy = Uol yl(w)kdw]%, Yo = Uol yz(w)kdw]%, (2.6)

where 11 denotes output of the cash good, y, denotes output of the credit good, and y;(w) is
the quantity of intermediate good of type w used to produce good i, and 0 < A < 1. These

firms solve:

1
max Pl-yl-—/ P(w)y;(w)dw, i =1,2.
0

Yi{yi(w)}



Solving this problem leads to the following demand curves for each intermediate good:

yi(w):yil P ]ﬁ, i=1, 2. (2.7)

Intermediate good firms are monopolists in the product market and competitors in the
market for labor. They set prices for their goods and are then required to supply whatever

final good producers demand at those prices. The intermediate good firms solve

max F(w)yi(w) = Wni(w), i =12,

yi(w

where W is the wage rate, subject to a production technology, y;(w) = n;(w) and the demand
curve in (2.7). Profit maximization leads the intermediate good firms to set prices according

to a markup over marginal costs:

(2.8)

2.3. Monetary Authority

At date t, the monetary authority transfers 7; units of cash to the representative household.
It finances the transfers by printing money. Let g; denote the growth rate of the money
supply. Then, T; = (g: — 1)M;, where My is given and M1 = g:M;. A monetary policy is

an infinite sequence, g¢, t =0,1,2,... .

2.4. Equilibrium

We begin by defining an equilibrium, given an arbitrary specification of monetary policy.
We then discuss the best equilibrium achievable by some monetary policy. This equilibrium
is one in which the nominal interest rate is zero. Thus, the Friedman rule is optimal in this

model. We go on to discuss the set of policies which support the best equilibrium.

Definition 2.1. A Private Sector Equilibrium is a set of sequences, { Py, Py, Wy, Ry, 1y,



Cat, Ny, By, My, g:} with the properties:

1. Given the prices and the government policies the quantities solve the household prob-
lem.

2. The firm optimality conditions in (2.8) hold

3. The various market clearing conditions hold:

cie + ey =ng, By =0, My = Migs. (2.9)

Next, we define the best equilibrium.

Definition 2.2. A Ramsey Equilibrium is a Private Sector Equilibrium with the highest
level of utility.

We now develop a set of equations that, together with (2.7)-(2.9), allow us to characterize
a private sector equilibrium. From (2.8) it follows that Py = Py. Let B, = Py = Pa,.

Combining the household and the firm first order conditions we get:

Cot
— =, all & 2.10
1-— Cit — Cot ( )
Pt+161t+1 = ﬂRtPtChg, all £. (211)
Ro=2>1, allt. (2.12)
Cit
Py — My <0, (R — 1)(FPreye — M) = 0. (2.13)

In equilibrium, with B; = 0, the household’s transversality condition is:

M,
li ¢ =0. 2.14
B T .

The nonnegativity constraint on leisure implies:
Cit —I— Cot S 1 (215)



We summarize these results in the form of a proposition.

Proposition 2.3. (Characterization Result) A sequence, { Py, Por, Wy, Ry, cie, Cor, T, By,
My, g}, is an equilibrium if and only if (2.8)-(2.15) and P,y = Py = P, are satisfied.
Furthermore, for any R; > 1, there exists a private sector equilibrium with employment and
consumption allocations uniquely determined by:

A
Nt = C1t = , Moy = Cop = thlt; all t. (216)
t

A (1+ MR

Proof: Equations (2.10) - (2.15) are the resource constraints and the necessary and suffi-
cient conditions for household and firm optimization. Necessity and sufficiency in the
case of the firms is obvious and in the case of the households, the results are derived
formally in the Appendix.

We now turn to the second part of the proposition. We need to verify that prices and
a monetary policy can be found such that, together with the given sequence of interest
rates and (2.16), they constitute a private sector equilibrium. First, by construction
of (2.16), it can be verified that (2.9), (2.10) and (2.12) are satisfied. It can also be
verified that (2.15) is satisfied. Second, let Py = Mp/c10, and use this and (2.11) to
compute P, for t = 1,2 3, .... . This construction assures that (2.11) for all ¢ and (2.13)
for t = 0 are satisfied. Next, we compute M; = Fiey for t = 1,2, ..., so that (2.13) is
satisfied for all ¢. Finally, (2.14) is satisfied because 0 < 3 < 1 and M, /(FPicy,) = 1.0

We use this proposition to characterize the Ramsey equilibrium:

Proposition 2.4. (Ramsey Equilibrium Yields Friedman Rule) Any Ramsey equilibrium
has the property R, = 1 for all t and employment and consumption allocations given in

(2.16).
Proof: The Ramsey equilibrium solves:

o0

max Z B [21og(cre) + log By +log (1 — (14 Ry)ewr)]

Ry >135°
(R34 5

where ¢y, is given by (2.16). This problem equivalent to the static problem maxpg> f(R),
where f(R) = 2log(cy)+1log R+1log (1 — (14 R)ey), er = A/(A+(1+ A)R). This func-

tion is concave In K and is maximized at the corner solution £ = 1.1

We now turn to the set of policies that are associated with a Ramsey equilibrium. The
next proposition shows that there is a continuum of such policies. It is the analog of Propo-

sition 2 in Cole and Kocherlakota (1998).



Proposition 2.5. (Policies Associated with Ramsey Equilibrium) There exists a private
sector equilibrium with R, = 1 for all t if and only if,

M,
ﬂ—tt >k, k>0 forallt (2.17)
jlim My —0 (2.18)

Proof: Consider necessity of (2.17) and (2.18). Suppose we have an equilibrium satisfying
R; =1 and (2.8)-(2.15). From (2.12) and (2.10) letting ¢; = ¢y; = ¢oy, we obtain

for all ¢. (2.19)

Ct = C =

142X

From (2.11) we obtain
Piey = 8" FPoc > 0. (2.20)

Substituting (2.20) into (2.14), we get

M, M,
lim f'—- = lim #'—— =0,

t—oo Ptct t—oo ﬂtPOC

so that (2.18) is satisfied. From the cash in advance constraint in (2.13),
B'Pyc < M,, for each t,

which implies (2.17).

Consider sufficiency. Suppose (2.17) and (2.18) are satisfied, and that R, = 1. We
must verify that the other nonzero prices and quantities can be found that satisfy (2.8)
- (2.15). Let ¢34 = ¢y = ¢ in (2.19) for all t. Let P, = 3'F,, where Fy > 0 will be
specified below. These two specifications guarantee (2.10), (2.12), (2.11). Condition
(2.18), together with the given specification of prices and consumption guarantee (2.14).

Finally, it is easily verified that by setting 0 < Fy < k/c, the cash in advance constraint
in (2.13) holds for each t.H

The previous proposition shows that there are many policies that implement the Ramsey
outcome. However, many of these policies are fragile in the sense that they can yield worse

outcomes than the Ramsey outcome. The next proposition characterizes the set of equilibria

10



associated with mild monetary deflations in which the (stationary) growth rate of the money

supply satisfies § < g < 1.

Proposition 2.6. (Fragility of Mild Monetary Deflations) If § < g < 1, the following are
equilibrium outcomes:

(i) Re=1,ciy =co = N[L+ 2\ forallt, P\, /P, =3, My/P, — 0.

(i) Ry = g/B, cip = N[A+ (L + Ng/Bl, cae = (9/B)ew, Pryr/Py = g, for all t, M/,
independent of t.

(iii) Ry = g/f fort < t* Ry =1 fort > t* for t* = 0,1,2,...; 1y = N/[A+ (L + MRy,

cor = Rycyy, )

g, t=01,....t*—1, (fort* >0),

Pt+1 = (1+2X)g = t*

I
Pt A&+ ’

B, t=t"+1,t"+1,..

\

Proof: That these are all equilibria may be confirmed by verifying that (2.8) - (2.15) are
satisfied.H

This proposition does not characterize the entire set of equilibria that can occur with
B < g < 1. It gives a flavor of the possibilities, however. For example, (iil) indicates that
there is a countable set of equilibria (one for each possible ¢*) in which the consumption
and employment allocations are not constant and the interest rate switches down to unity
after some date. Although there do exist equilibria in which consumption and employment
are not constant, they appear to be limited. For example, it can be shown that there is no
equilibrium in which the interest rate switches up from unity at some date, that is, there
does not exist an equilibrium in which Ry = 1 and R4y > 1 for some t*. To see this,
suppose the contrary. Then, from (2.11), SPscye = Pujicipspn = My, since cash in
advance constraint must be binding in period t* + 1. But, My > Picyy+ implies § > g,
contradiction. Also, we can also show that there do not exist equilibria in which the interest
rate changes and it is always greater than unity, i.e., in which R; # R:;1 # 1. So, although
the set of equilibria with non-constant interest rates (and, hence, nonconstant consumption)
is limited, Proposition 2.6 indicates that they do exist.

The preceding proposition indicates that mild monetary deflations are fragile. It turns
out, however, that a deflationary policy of the kind advocated by Milton Friedman is robust

in the sense that it always yields the Ramsey outcome.

11



Proposition 2.7. (Robustness of Friedman Deflation) Suppose g, = (3. Then, all equilibria
are Ramsey equilibria.

Proof: To show that if ¢, = 3, R, = 1, suppose the contrary. That is, R, > 1 for
some t. Therefore, P;cyy = M. Also, Pyyiciep1 < Myyq. By (2.11) we find 1/(Pieyy) =
BR./(Piy1c1e41), so that (1/M,) > BR,(1/Myy4), or, g. > SRy, which is a contradiction.ll

It 1s worth pointing out that since the interest rate is constant so are real allocations.
There are, however, a continuum of equilibria in which the price level is different. In all
of these equilibria, P;,1/F; = (3. These equilibria are indexed by the initial price level, Fj,
which satisfies Py < Mp[l + 2A\]/X and P 1/ P, = (.

3. Markov Equilibrium in a Cash-Credit Good Model

In this section we analyze a version of the model presented above in which a benevolent

government chooses monetary policy optimally. We consider a more general utility function

of the CES form:

1-o

1 L
uler,cz,n) = 7= |(@cf + (1 — a)§)* (1 — )’

Note that this utility function is a generalization of the one used in the previous section.
Here, we focus on the Markov equilibrium of this model. The timing is as follows. A fraction,
{41, of intermediate good producers in the cash good sector and a fraction, g, of intermediate
good producers in the credit good sector set prices at the beginning of the period. These
firms are referred to as sticky price firms. We show below that all sticky price firms set
the same price. Denote this price by P¢. This price, all other prices, and all nominal assets
in this section are scaled by the aggregate, beginning of period money stock. Then, the
monetary authority chooses the growth rate of the money supply. Finally, all other decisions
are made.

The state of the economy at the time the monetary authority makes its decision is P°.3

The monetary authority makes its money growth decision conditional on P¢. We denote the

3Notice that we do not include the aggregate stock of money in the state. In our economy, all equilibria
are neutral in the usual sense that if the initial money stock is doubled, there is an equilibrium in which real

12



gross money growth rate by (G and the policy rule by X(P¢). The state of the economy
after the monetary authority makes its decision is S = (P¢,G). With these definitions of the
economy’s state variables, we proceed now to discuss the decisions of firms, households and
the monetary authority.

Recall that profit maximization leads intermediate good firms to set prices as a markup
over the wage rate (see equation (2.8).) The price set by the 1 — yy intermediate good
producers in the cash good sector and 1 — o intermediate good firms in the credit good
sector which set their prices after the monetary authority makes its decision (‘flexible price
firms’) is denoted by P(S) For the p; and py sticky price cash and credit good firms,
respectively, and the 1 — pq and 1 — py flexible price cash and credit good firms, respectively,

the markup rule implies:

P@):—jiﬂ<A<L

where W (S) denotes the nominal wage rate. In this model of monopolistic competition,
output and employment are demand-determined. That is, output and employment are given
by (2.8). Let P,(S) denote the price of the cash and credit good for i = 1,2, respectively.
Let 4;;(S), 4,7 = 1,2, denote the output of the intermediate goods firms, where the first
subscript denotes whether the good is a cash good (i = 1) or a credit good (i = 2), and the
second subscript indicates whether it is produced by a sticky price (j = 1) or a flexible price
(7 = 2) producer.
In terms of the household’s problem, it is convenient to write the constraints in recursive
form. The analog of (2.2) is
M+ B <A, (3.2)

allocations and the interest rate are unaffected and all nominal variables are doubled. This consideration
leads us to focus on equilibria which are invariant with respect to the initial money stock. We are certainly
mindful of the possibility that there can be equilibria which depend on the money stock. For example, if
there are multiple equilibria in our sense, it is possible to construct ‘trigger strategy-type’ equilibria which
are functions of the initial money stock. In our analysis we exclude such equilibria and we normalize the
aggregate stock of money at the beginning of each period to unity.

13



where, recall, A denotes beginning of period nominal assets, M denotes the household’s
holdings of cash, and B denotes the household’s holdings of interest-bearing bonds. Here,
nominal assets, money and bonds are all scaled by the aggregate stock of money. We impose
a no-Ponzi constraint of the form B < B, where B is a large, finite, upper bound. The

household’s cash in advance constraint is

M — Pi(S)ey >0, (3.3)

where ¢; denotes the quantity of the cash good. Nominal assets evolve over time as follows:

0 < W(Sn+(1—R(S)M — Pi(S)c; — Po(S)esy (3.4)
+R(S)A+ (G —-1)+ D(S) - GA,

where ¢y denotes the quantities of credit goods purchased. In (3.4), R(S) denotes the gross
nominal rate of return on bonds, and D(S) denotes profits after lump sum taxes. Finally,
B has been substituted out in the asset equation using (3.2). Notice that A’ is multiplied
by G. This modification is necessary because of the way we have scaled the stock of nominal
assets.

Consider the household’s asset, goods and labor market decisions. Given that the house-
hold expects the monetary authority to choose policy according to X in the future the

household solves the following problem:

v(A,8) = max  wu(cr,ee,n) + Pu(A P X(P)) (3.5)

n,M,A’,c;;i=1,2
subject to (3.2), (3.3), (3.4), and non-negativity on allocations. In (3.5), v is the household’s
value function. The solution to (3.5) yields decision rules of the form n(A4,S), M(A,S),
A'(A,S) and ¢;(A,S), i =1,2. We refer to these decision rules, together with the production

decisions of firms, v;;(S), i,j = 1,2, as private sector allocation rules. We refer to the

collection of prices, P¢, P(S), W(S), R(S), (P,(S), i =1,2), as pricing rules.

14



3.1. Monetary Authority

The monetary authority chooses the current money growth rate, G, to solve the problem:
mng(l, S), (3.6)

where, recall, S = (P¢, (). Let X(P¢) denote the solution to this problem. We refer to this

solution as the monetary policy rule.

3.2. Markov Equilibrium

We now define a Markov equilibrium. This equilibrium requires that households and firms

optimize and markets clear.

Definition 3.1. A Markov equilibrium is a set of private sector allocation rules, pricing
rules, a monetary policy rule and a value function for households such that

(i) the value function, v, and the private sector rules solve (3.5)

(ii) intermediate good firms optimize, i.e., (3.1) is satisfied, final good prices satisfy

A1

PAS) = | (P)TT + (1 = ) P(S)™7| | fori = 1,2,

and the output of intermediate good firms, v;;(S), is given by the analog of (2.7),
(iii) asset markets clear, i.e., A'(1,8) =1 and M(1,5) =1,

(iv) the labor market clears, i.e.,

n(1,5) = pryin (S) + (1 — pa)nz (S) + poyar (S) + (1 — pa)yea (S),

(v) the monetary authority optimizes, i.e., X (P¢) solves (3.6).

Notice that our notion of Markov equilibrium has built into it the idea of sequential opti-
mality captured in game-theoretic models by subgame perfection. In particular, we require
that for any deviation by the monetary authority from X (P¢), the resulting allocations be
the ones that would actually occur. That is, the ones that would be in the best interests of
households and firms and would clear markets.

We now define a Markov equilibrium outcome:

15



Definition 3.2. A Markov equilibrium outcome is a set of numbers, n, ¢y, ca, Y;5, 4,7 = 1,2,
P, W, R, Py, P, g, satistying n = n(1, P¢,g), c1 = ¢1(1, P¢,g), ..., and g = X(P°).

3.3. Analysis of Markov Equilibrium

In this section, we characterize the Markov equilibrium. In particular, we provide sufficient
conditions for the Ramsey outcomes to be Markov equilibrium outcomes. We also provide
sufficient conditions for the Markov equilibrium to be unique. Combining these conditions,
we obtain sufficient conditions for the unique Markov equilibrium to yield the Ramsey out-
comes.

In developing these results, we find it convenient to recast the monetary authority’s
problem as choosing P , rather than (G. First, we analyze the private sector allocation rules
and pricing functions. Then, we analyze the monetary authority’s problem.

We use the necessary and sufficient conditions of private sector maximization and market
clearing to generate the private sector allocation rules and pricing functions. The conditions

are given by:

Us . P
o= B (3.7)
L N@w-1=0 (3.8
Pl 1 )_ I . )
_wul
R=p (3.9)
P .
m=a () ra-m(F) ] iz (3.10)
n = ny + na, (3.11)
2 ~ 15
P = [Nz‘ (PE)TT 4+ (1— ui)Pﬁ}  fori=1,2. (3.12)
% — BRvy (1, P%, X (P9)). (3.13)
1

Notice that the growth rate of the money supply, G, appears only in (3.13). Equations

(3.7)-(3.12) constitute 8 equations in the 8 unknowns, ¢y, o, ny, n9, n, Py, P, R. Given

16



values for P¢ and P, these equations can be solved to yield functions of the form:
(P2, P), cy(P°, P), ..., R(P¢, P). (3.14)

Replacing Pin (3.14) by a pricing function, P(PQ,G), we obtain the allocation rules and
pricing functions in a Markov equilibrium.

The pricing function, P(Pe, (), is obtained from equation (3.13). This equation can be
thought of as yielding a function, G/(P*¢, ]5) The pricing function, P(Pe, (), is obtained by
inverting G( P, ]5) It is possible that the inverse of G(P*¢, ]5) is a correspondence. In this
case, P (P¢, @) is a selection from the correspondence. Any such selection implies a range of
equilibrium prices, P. Denote this range by D.

Given the function, P (P¢,3), the monetary authority’s problem can be thought of in
either of two equivalent ways: either it chooses (G or it chooses P. The government’s decision
problem is simplified in our setting because its choice of Phasno impact on future allocations.
As a result, the government faces a static problem.

The allocation functions in (3.14) can be substituted into the utility function to obtain:
U (Pe, P) —u [cl (PQ,P) e (Pe, P) n (Pe, P)} . (3.15)

Then, define
P (P°) = argmax U (Pe,ls) :

PcD

The function, P(P*), is the monetary authority’s best response, given P¢. Equilibrium re-
quires that P(P¢) = P¢. This procedure determines the expected price P¢, the actual price
P and the eight allocations and other prices described above. Given these values, we can
determine the equilibrium growth rate of the money supply by evaluating G/(P¢, P¢).

In what follows, we assume that the first order conditions to the monetary authority’s
problem characterize a maximum. In quantitative exercises we have done using these models,
we have found that the first order conditions in the neighborhood of a Ramsey outcome do

in fact characterize the global maximum of the monetary authority’s problem.
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Next we show that for a class of economies the Ramsey outcomes are Markov equilibrium
outcomes. Recall that a Ramsey equilibrium is a private sector equilibrium with R = 1. In

the appendix, we prove the following result:

Proposition 3.3. (Markov is Ramsey) Suppose

(1—p)(1—u1)2u2<1_a>1p-

then, there exists a Markov equilibrium with R = 1.

The intuition for this proposition is as follows. A benefit of expansionary monetary policy
is that it leads to an increase in demand for goods whose prices are fixed. This increase in
demand tends to raise employment. Other things the same, welfare rises because employment
is inefficiently low. A principal cost of expansionary monetary policy is that it tends to reduce
employment in the cash good sector. The reason for this reduction in employment is that
nominal consumption of the cash good is predetermined, while its price rises due to the
increase in flexible intermediate good prices. It is possible that the reduction in employment
in the cash good sector is so large that overall employment and welfare fall. Indeed, it can
be shown that if the sufficient condition of the proposition is met, employment falls with
an increase in the money growth rate in the neighborhood of the Ramsey equilibrium. The
monetary authority has an incentive to contract the money supply. This incentive disappears
only if the nominal interest rate is zero.

In what follows, we assume that P(Pe, (7) is a continuous function of GG. This restriction
is not innocuous. We have constructed examples where, for a given value of (G, there is
more than one value of private sector allocations and prices which satisfy the conditions for
private sector optimization and market clearing.* Thus, it is possible to construct private

sector allocation rules and pricing functions which are discontinuous functions of (. The

4Specifically, we found numerical examples in which the function, G(PS,P)7 displayed an inverted ‘U’
shape when graphed for fixed P°¢ with GG on the vertical axis and P on the horizontal. In these examples,
each fixed P implied a unique GG. However, there are intervals of values of G where a fixed (¢ maps into two
distinct P’s.
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assumption of continuity plays an important role in the proof of uniqueness below. In the

next proposition we provide sufficient conditions for uniqueness of the Markov equilibrium:

Proposition 3.4. (Uniqueness of Markov Equilibrium) Suppose:
(i)p=0,0=1
(i) 1 — iy > pp*s?
(i) A+ £5)(1 — p) > G20

- «
then in the class of Markov equilibria in which P(P¢ ) is a continuous function of G:
(a) there exists an equilibrium with R = land
(b) there is no equilibrium with outcome R > 1.

We conjecture that if we allow a discontinuous pricing function, P (P¢, ), then there

exist Markov equilibria with R > 1, even under the conditions of this proposition.

4. Markov Equilibrium in A Limited Participation Model

In this section we analyze the set of Markov equilibria in a limited participation model. We
briefly describe the model. The sequence of events is as follows. Households start each period
with nominal assets and they must choose how much to deposit in a financial intermediary.
The monetary authority then chooses its transfer to the financial intermediary. The financial
intermediary makes loans to firms, who must borrow the wage bill before they produce.
Households make their consumption and labor supply decision and firms make production
decisions. Money is not neutral because households cannot change their deposit decision
after the monetary authority chooses its transfer. Let () denote the aggregate deposits made
by households and let G denote the growth rate of the money supply chosen by the monetary
authority. In this section, as in the previous section, all prices and quantities of nominal
assets are scaled by the aggregate stock of money. Let S = (@, () denote the state of the
economy after these decisions are made.

The household’s utility function is:
Z ﬂtU'(Ct; nt>7 U'(C? TL) = 10g<C) + /ylog(l o TL),
t=0

where, ¢, and n; denote date ¢ consumption labor, respectively. We write the household’s
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problem recursively. We start with the problem solved by the household after the monetary
authority has made its transfer. Let A denote the household’s beginning-of-period nomi-
nal assets. Let ¢ denote its deposits. Both variables have been scaled by the aggregate,
beginning-of-period stock of money. The consumption, employment and asset accumulation

decisions solve

w(A, q,5) = max u(c,n) + fv(4),

c,n, M’

subject to
P(S)e<W(S)n+ A—gq,

and

GA' = R(S)(g+ (G = 1)+ D(S) + W(S)n+ A — ¢ — P(5)ec.

Here, v is the value function at the beginning of the next period, before the household makes
next period’s deposit decision. Also, R(S5) is the gross interest rate, P(S) is the price of the
consumption good, W (S) is the wage rate, D(S) is profits from firms. The choice of ¢ solves

the following dynamic programming program

o(A) = max (4,4, 5°),
where S¢ is the state if the monetary authority does not deviate, i.e., S¢ = (Q, X (Q)), where
X(Q) is the monetary authority’s policy function.

The production sector is exactly as in the cash-credit good model, with one exception.
To pay for the labor that they hire during the period, intermediate good producing firms
must borrow in advance from the financial intermediary at gross interest rate R(S). Thus,
the marginal dollar cost of hiring a worker is R(S)W(S), so that, by the type of reasoning
in the cash credit good model, we find R(S)W(S)/P(S) = A.

The financial intermediary behaves competitively. It receives () from households, and
(¢ — 1 on households’ behalf from the central bank. When R(S) > 1, it lends all these funds
in the loan market. When R(S) = 1, it supplies whatever is demanded, up to the funds it
has available. We shall say that when R(S) = 1 and demand is less than available funds,
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then there is a ‘liquidity trap’. At the end of the period the financial intermediary returns its
earnings, R(S5)(Q+G —1), to the households. Finally, if R(S) < 1, the financial intermediary
lends no funds, and returns ) + G — 1 to households. Loan demand by firms is given by
W (S)n(S). Therefore loan market clearing requires:

W(Sn(S) < Q+G -1,

with equality if R(S) > 1.

The monetary authority’s policy function, X (@), solves

X(Q) € argmgxw(l, Q,Q,G).

A recursive private sector equilibrium and a Markov equilibrium are defined analogously
to those in the previous section.

It is useful to begin with an analysis of outcomes under commitment. It is easy to show,
as in section 2 above, that the Ramsey equilibrium has 2 = 1 and can be supported by a
policy that sets the growth rate of the money supply equal to 3. Let ¢*, n*, W* R* P* Q*

denote this Ramsey equilibrium. These variables solve the following system of equations:

ye* wr Wwr A .
— _ _— — 1
1—n* P+’ P R*’ ki ’
W'n* = Q"+0—-1, PP =W™"n"+1-Q" (4.1)
¢t = n'.

It is straightforward to verify that the usual non-negativity constraints are satisfied. Notice
that the first equation is the household’s first order condition for labor, the second results
from firm optimization, the third corresponds to the intertemporal Euler equation, the fourth
corresponds to money market clearing, the fifth is the household’s cash in advance constraint
and the last equation corresponds to goods market clearing.

Next, we analyze the Markov equilibria of our model. The necessary and sufficient condi-

21



tions for allocations and pricing functions to constitute a recursive private sector equilibrium

are:

m(s) W)
T—n(s) ~ P(S) (42)
W(s) A
P(S) ~ R(S) (4:3)
WSS < Q+G—1, iR(S)>1 | "
0 if R(S) <1
P(S)n(S) =W (S)n(S) < 1-Q, (4.5)

where (4.4) holds with equality if R(S) > 1. As noted above, if R(S) < 1, the supply of
funds in the loan market is zero. Also, (4.5) holds with equality if R(Q, X (Q)) > 1 and
S = (Q,X(Q)). That is, if along the Markov equilibrium path the net interest rate is strictly
positive, the household’s cash in advance constraint is satisfied as a strict equality. In a
deviation from the Markov equilibrium path, the cash in advance constraint must hold as a
weak inequality, regardless of the realized interest rate.

We now establish the following Proposition:

Proposition 4.1. (All Markov Equilibria are Ramsey) In any Markov equilibrium, R(Q), X (Q)) =

1, and the allocations and prices on the equilibrium path are the Ramsey outcomes given in

(4.1).

Proof. We prove this proposition in two parts. First, we construct a Markov equilibrium
in which R(Q, X(Q)) = 1. Then, we show that there is no equilibrium with R(Q, X(Q)) > 1.
Our constructed Markov equilibrium is as follows. Let () = Q*, where Q* solves (4.1). On the
equilibrium path, the monetary authority’s decision rule is X(Q*) = 3. The allocation and
pricing functions, ¢(S), n(S), W(S), P(S), R(S), in a recursive private sector equilibrium
are defined as follows. For all S, ¢(S) = n(S). For G < 3, R(S) = 1, n(S) = n*, W(S) is
obtained from (4.4) with equality, P(S) = W (S)/A. It is then easy to show that (4.5) holds
with inequality. For G > (3 the functions are defined as follows n(S) = n*, W(S) = w*,
R(S) = R* =1, P(S) = P*, where the variables with the asterisk are those associated with
the Ramsey equilibrium, (4.1). Notice that these allocation and pricing rules satisfy (4.2),
(4.3) and (4.5) with equality and (4.4) with inequality.

Next we show by contradiction that there does not exist a Markov equilibrium with
R(Q, X(Q)) > 1. Suppose, to the contrary that there did exist such an equilibrium. Notice
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that it is always possible to construct a private sector equilibrium for arbitrary G > g by sim-
ply setting (4.2)-(4.5) to equality. Therefore, the domain of deviation that needs to be con-
sidered includes all G > X (). Consider such a deviation. We will show that, in the private
sector equilibrium associated with this deviation, R(Q, () < R(Q, X(Q)). This argument is
also by contradiction. Thus, suppose R(Q,G) > R(Q, X(Q)). Since R(Q, X(Q)) > 1, (4.4)
must hold as an equality at the deviation. Substituting for P(S) from (4.3) and W (S)n(S)
from (4.4), the left side of (4.5) becomes

(R(S/A-D(@+G-1),

which is larger than (R(S)/A—1)(Q 4+ X(Q) —1). On the equilibrium path, (4.5) must
hold as an equality. Therefore, at the deviation (4.5) must be violated. We have established
that, in any deviation of the form G > X(Q), R(Q,G) < R(Q, X(Q)). But, from (4.2) and

(4.3), this raises employment towards the efficient level, contradicting monetary authority
optimization. We have established the desired contradiction. B

Notice that in the Markov equilibrium we have constructed there is a ‘liquidity trap’. If
the monetary authority deviates and chooses a growth rate for the money supply greater than
(3, the resulting transfers of money of money are simply hoarded by the financial intermediary

and not lent out to firms. All allocations and prices are unaffected by such a deviation.

5. Conclusion

In this paper we worked with an environment that, with one exception, is similar in spirit
to the one analyzed in the Kydland-Prescott and Barro-Gordon literature. The exception
is that we are explicit about the mechanisms that cause unanticipated monetary injections
to generate benefits and distortions. We found that, for two standard models, there is no

inflation bias at all.

23



References

[1]

[10]

[11]

Barro, Robert J., and David B. Gordon, 1983, ‘A Positive Theory of Monetary Policy
in a Natural Rate Model,” Journal of Political Economy 91 (August): 589-610.

Blanchard, O.J. and N. Kiyotaki, 1987, ‘Monopolistic Competition and the Effects of
Aggregate Demand,” American Fconomic Review, Vol. 77, No. 4, 647-666.

Chari, V.V., Lawrence J. Christiano and Martin Eichenbaum, 1998, ‘Expectation Traps
and Discretion,” Journal of Economic Theory, Vol. 81, no. 2, 462-492.

Christiano, Lawrence J., Martin Eichenbaum and Charles Evans, 1997, ‘Sticky Price and

Limited Participation Models of Money: A Comparison,” Furopean Economic Review.

Cole, Hal, and Narayana Kocherlakota, 1998, ‘Zero Nominal Interest Rates: Why they
are Good and How to Get Them, Federal Reserve Bank of Minneapolis Quarterly
Rewview, vol. 22, no. 2, pp. 2-10.

Ireland, Peter, 1997, ‘Sustainable Monetary Policies,” Journal of Economic Dynamics

and Control, vol. 22, November, pp.87-108.

Kydland, Finn, and Edward C. Prescott, 1977, ‘Rules Rather than Discretion: the
Inconsistency of Optimal Plans,” Journal of Political Economy, June, vol. 85, no. 3, pp.

473-491.

Lucas, Robert E., Jr., and Nancy Stokey, 1983, ‘Optimal Fiscal and Monetary Policy

In an Economy Without Capital,” Journal of Monetary Economics, vol. 12, pp. 55-93.

Neiss, Katharine, 1999, ‘Discretionary Inflation in a General Equilibrium Model’, Jour-

nal of Money, Credit and Banking, vol. 31, no. 3, pages 357-74.

Nicolini, J. P., 1998, ‘More on the Time Consistency of Monetary Policy,” Journal of
Monetary Economics vol. 41, no. 2, April: 333-50.

Svensson, Lars, 1985, ‘Money and Asset Prices in a Cash-in-Advance Economy,” Journal

of Political Fconomy vol. 93, no. 5, October: 919-44

24



[12] Woodford, Michael, 1994, ‘Monetary Policy and Price Level Determinacy in a Cash-in-

Advance Economy,” Fconomic Theory, vol. 4, pp. 345-380.

25



A. Necessary and Sufficient Conditions for Household Optimization

in the Cash-Credit Good Model

This appendix develops necessary and suflicient conditions for optimality of the household
problem in the cash-credit good model of section 2. It is included here for completeness.
Many of the results here can be found in the literature. See, for example, Woodford (1994).

In what follows, we assume:
t
Plt; PQt, Wt > 0, Rt Z 1, l@mtﬂoo Z(b‘+1 [W] + T] + Dg] finite. (Al)

=0

If these conditions did not hold, there could be no equilibrium. We begin by proving a
proposition which allows us to rewrite the household’s budget set in a more convenient form.

We show that

Proposition A.1. Suppose (2.2), (2.4) and (A.1) are satisfied. The constraint given in
(2.5) is equivalent to

T— 00

Proof It is useful to introduce some new notation. Let I; and S; be defined by

and

Se = (Ry — 1) My + Pysers + Pacar + Wi(1 — ny),

respectively. It is straightforward to show that household nominal assets satisfy:
At+1 — ]t —I— RtAt - St' <A4)

We establish that (A.2) implies (2.5). Recursively solving for assets using (A.4) and
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(2.2) from t to T yields:

T—-t—-1 T—-t—-1

grir <) qugridins + @Ac— Y Qi Ser. (A.5)

=0 7=0
Taking into account g1 ;4154; > 0 and rewriting this expression, we obtain

T—-t—-1

qe Ay > qrAr — Z Qrvirilerj

=0

Fixing ¢, taking the limit, 7" — oo, and using (A.2) yields (2.5).

We now show that (2.5) implies (A.2). Note first that the limit in (A.1) being finite
implies

tlgglo Z Qevjr1ler; = 0.
=1
Using this result and (2.5), (A.2) follows trivially.ll

Following is the main result of this appendix:

Proposition A.2. A sequence, {cy, cor, ne, My, By}, solves the household problem if and
only if the following conditions are satisfied. The Euler equations are:

Uyg Uy
X = R-=Z2 A6
Py Py (4.6)

— U3t Wi

- 2t AT
Ugg Py, ( )

U1t Utt41
—L =38R , A8
P~ (A.8)
(Rt - 1)<P1tclt - Mt) = 0. (Ag)

The transversality condition is (A.2) with equality:

Proof We begin by showing that if a sequence {cyy, cor, 1y, My, Bi} satisfies (A.6)-(A.10),
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then that sequence solves the household’s problem. That is, we show that:

T T
D = lim Zﬂtu<clt7 CQtunt) - Zﬂtu<c/1t7 C/Qtun;t) > 0.
To0 t=0 t=0

where {c,, ch,, n,, M], B;}2°, is any other feasible plan. Note first that the Euler equa-
tions imply:

u
¢ 1,0
Bure = qlPu—s—,
Py
U1,0
t b
Bugs = q1lPar——,
Py
U1,0
t b
Bruzy = _Qt+1WtP_7
1,0

where w;; is the derivative of u with respect to its i"" argument. By concavity and the
fact that the candidate optimal plan satisfies (A.6) and (A.7) we can write:

T
.
D = jllm % [QtP1t<Clt - dlt) + Qt+1P2t(02t - C/Qt) - Qt+1Wt(nt — né)]
— 00 1,0 —o
T
. U1,0 St 1—- R Sé 1— Ry / /
= 1 — — M; — P, - == — M, — P
oo Pro il lRt g (M = Puace) R R (M = Pueyy)
T
. U1,0 '
> 1 —_ .
=z jlglgo Pro tz; [Qt+15t Qt+1St] ) (A 11)

where the equality is obtained by using the definition of S; and the second inequality
is obtained by using R, > 1, and (1 — Ry)(M] — Pycy,) < 0 (see (2.3)). Iterating on
(A.4) for the two plans we can rewrite (A.11) as

. -
. U1,0
D > lim —= @15+ qri1 Ay — ) qeali — Ao
T— o0 PLO tz; + tz;
S T
) 1,0
> lim —— Ger15t — Qi1 — Ao
T—o00 PLO tz; tz;
. U1,0
= lim —— A >0
A PLOC]TH T+1 = YU,
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by (A.10).

Now we establish that if {cy;, cor, 1y, My, B} is optimal, then (A.6)-(A.10) is true.
That (A.6)-(A.9) are necessary is obvious. It remains to show that (A.10) is necessary.
Suppose (A.10) is not true. We show this contradicts the hypothesis of optimality.

We need only consider the case where limy o, grAr is strictly positive. The strictly
negative case is ruled out by the preceding proposition. So, suppose

jllm qTAT =A>0.

We construct a deviation from the optimal sequence which is consistent with the budget
constraint and results in an increase in utility. Fix some particular date, 7. We replace
c1r by ¢1r + &/Pi-, where 0 < & < A/q,;. Consumption at all other dates and co,
are left unchanged, as well as employment at all dates. We finance this increase in
consumption by replacing M¢ with M? + ¢ and B, with B, — . Money holdings at
all other dates are left unchanged. Debt and wealth after ¢, B, A;, t > 7 are different
in the perturbed allocations. We denote the variables in the perturbed plan with a
prime. From (A.4)

/
i — Ay = —Ree=— €

/ —
rig ~ Ary = Ly

Multiplying this last expression by ¢-; and setting I' =7+ j :
qr (Ap — Ar) = —q.=.
Taking the limit, as T" — oo
jlggo qrAr =A—qe2>0.

We conclude that the perturbed plan satisfies (A.2). But, utility is clearly higher in
the perturbed plan. We have a contradiction.ll
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B. Properties of Markov Equilibrium

In this appendix we prove Proposition 3.3. We establish the result by constructing a Markov
equilibrium which supports the Ramsey outcomes. Specifically, we construct a P, a set of
private sector allocations rules, a set of pricing functions and a monetary policy rule, all of
which satisfy the conditions for a Markov equilibrium. In section 3.3 it is shown that private
sector allocation rules and pricing functions can equivalently be expressed as functions of
the growth rate of the money supply, GG, or of P , the price of the flexibly priced intermediate
goods. Since these representations are equivalent and it is convenient to work with ]5, we
do so here.

The construction of the Markov equilibrium is as follows. Let ¢}, ¢, W*, R*, P* P}, Py
solve (3.7)-(3.12) with R = 1 and with the cash in advance constraint holding with equality.

That is, they are given by

, (B.1)

*_
Cl_

1
1—a\ ™7
4=t < ‘“) | (B.2)

R*=1 Pl =Py =P =1/c;, W= AP*. Let P° = P*. For P> P¢ let the allocation rules
and pricing functions solve (3.7)-(3.12) with (3.8) replaced by ¢; = 1/P;. For P < P¢let
allocation rules and pricing functions solve (3.7)-(3.12) with R = 1. By construction, P¢ and
these allocation and pricing functions satisfy private sector optimality and market clearing.
We need only check optimality of the monetary authority.

Denote the derivative of U in (3.15) with respect to P by L, where:

L = uyc) + uycy + upn/, (B.3)

where 1, us, u, denote derivatives of the utility function with respect to the cash good, the

credit good and employment, respectively. In addition, ¢}, ¢}, and n' denote derivatives of
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the allocation rules defined in (3.14) with respect to P. These derivatives and all others in
this appendix are evaluated at P = P¢. Let " be the right derivative and L~ be the left
derivative associated with L. We show that when our sufficient conditions are met, Lt < 0
and L~ > 0.
Note that:
Pl =(1—p),i=1,2. (B.4)

Using (B.4) and grouping terms in (B.3), we obtain

U, / usz /
L = uy|—dy+ch+— () + &)
Ug Ug
Cy Ch

= (1= Nusey lﬁ + ——] : (B.5)

1 €1 Co
since Uy /uy = R =1 and —u3/uy = A when P = pe

B.1. Right Derivative

We now establish that when our sufficient conditions are met, L™ < 0. In order to evaluate
the derivatives in (B.5) we require expressions for ¢|/c; and c,/co. The first of these is

obtained by differentiating the binding cash in advance constraint:

i 11—
a4 __ -~ B.6
(4] Pe ( )

To obtain ¢, /ce, note that the static labor Euler equation is given by:

e ()L
1—n Co N P27

P ~
(4] P1- T — T
— 1-— = A B.
loz < > + 041 2) ” (B.7)



Differentiating both sides of this expression with respect to P and taking into account
d(P/PQ)/dP = s/ P when P= P¢, we obtain, after some manipulations
il

1—¢ cy ol —cy —co
A — L =) \=—=— A —. B.8
l - w] il (A + 0] , (B.8)

Substitute for ¢} /¢y and ¢}, /cy from (B.6) and (B.8), respectively, into (B.5), we obtain

1—)\)11,261 Co 1—(31 1—/14
Lt = <7 = (A — [ A — B.9
A10101_7/){Ll( +7p) < - wﬂ e (B.9)
Co pal—cp—co
= [ A =—— )}
+Cl< Py 1 >}

The denominator of (B.9) is positive. To see this, use (B.1) to show

1—(31

A

—W):)‘(1+1) <1_a>1_p+7(1—p)>0, (B.10)

c1 A o

since p < 1. We can rewrite (B.9) as

1-\ 1 — 11—
e {— [A L ] (1= )+ My } ,
Py [)‘1;_101 - 'VP%} €2 €2 1
(B.11)
Substituting for ¢; from (B.1) and ¢y/¢q from (B.2), we obtain
1

l—c1—c v 1—a\Tr
_— = — 1 B.12
c1 A [< o > + ( )

Also,

and
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Substituting these results into (B.11) we obtain

[ UsCe(1 — ) - [)\ (&
By [A% - w%}

1
1—a\7r
+Au2<1[< O‘> 1
A Q

Simplifying

)

Vo yuaco(l — A) [1—1— (%)ﬁ} {_(1_p> (1 p) 4o <1;o¢>11_”}‘

By [A% - w%}

Since the term in front of the braces is positive, it follows that L1 < 0 if and only if

(1—p)(1—u1)2u2<1_a>ﬁ- (B.13)

«

B.2. Left Derivative

Next, we establish that under the sufficient conditions of the proposition, L= > 0. The
expression for ¢, /cy is still given by (B.8). To obtain ¢ /¢y, we differentiate (3.9) with R =1
and use (B.4) to obtain:

1-p / ’
o C2 Co O Ho — [
1—a< ) <cl> <02 cl> P ( )

/
Co G _ H2— M

o ¢ (1—p)P
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Substituting for ¢ /c; from here into (B.8) and collecting terms, we obtain, after simplifying

1 ¢ pal—cp—co Ho — [
T L R S p -y
C1 Cy P2 (4] ( ’yp) (1 - p) P
Then, using (B.12), we obtain
Lcy o 1—a\T7 po — 1
~a_ R 1] + (A Ham i
crey P < « > T+ A+ (1—p) P

Now substitute out for ¢} /¢y and ¢}, /¢y into (B.5) to obtain, after simplifying

1
_ UgC17Y 1—a\lr
L =(1—-)A)——— > 0.
( )P6<)\—|—’y) {/’L2< o > +M1}

C. Uniqueness Result

We prove Proposition 3.4 by contradiction. Suppose that there exists a Markov equilibrium
outcome with R > 1. The contradiction is achieved in two steps. First, we establish that
a deviation down in P can be accomplished by some feasible deviation in G. We then
establish that such a deviation is desireable. That a Markov equilibrium exists follows from

Proposition 3.3.

C.1. Feasibility of a Downward Deviation in P

Let P¢ denote the expected price level in the Markov equilibrium, and let G° denote the
money growth rate in the corresponding equilibrium outcome, i.e., G¢ = X (P*¢). We establish
that for any Pina neighborhood, U, of P¢, there exists a (G belonging to a neighborhood,
V, of G¢, such that P = P(Pe, (7). Here, P(Pe, (7) is the price allocation rule in the Markov
equilibrium.

Substituting from (3.9) into (3.13) and using the assumptions, ¢ = 1 and p = 0, we

obtain:
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G(P¢, P) = PQ(PQ,P)CQ(PQ,P)l vy (1, P¢, X (P?)). (C.1)

From the analogs of (B.6) and (B.8) obtained for the case g/ > 1 and using p = 0, it can be
determined that co( P€, ]5) is a strictly increasing function of P for P in a sufficiently small
neighborhood, U, of P¢. It is evident from (3.12) that P, is globally increasing in P. This
establishes that G/(P¢, ]5) is strictly increasing for Pel. By the inversion theorem G(P*¢, ]5)

has a unique, continuous inverse function mapping from V = G(P¢,U) to U. By continuity

of P(Pe, (7), this inverse is P(Pe, (7) itself. This establishes the desired result.

C.2. Desireability of a Downward Deviation in P

To show that a deviation, P < P? is desireable we first establish properties of the private
sector allocation rules and pricing functions in Markov equilibria in which the interest rate

is strictly greater than one. Let
(P, P) = |c4(P°, P), ¢&(P°, P),..., RY(P°,P)|

denote the solutions to (3.7)-(3.12) with (3.8) replaced by the cash in advance constraint

holding with equality. Let
2P(P°, P) = | (P, P), &(P°,P),..., R(P°,P)|,

denote the solutions to (3.7)-(3.12) with (3.8) replaced by R = 1. For any P, P¢, private
sector allocations and prices must be given either by x%(P*, ]5) or z(P°, ]5) We now show
that for all P in a neighborhood of P¢ the private sector allocations and prices must be given
by x¢(P¢, P).

Consider P = P¢. Solving (3.7)-(3.12) with (3.8) replaced by the cash in advance con-
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straint holding with equality and with P= P¢, we obtain:

N [(Lza N7 o

1+ (14 7) R 1

+ {1+ \ < " > + \
Solving the analogous equations for ¢ (P¢, P¢), we obtain:

1
1—a\Tr
1+(1+1)< a> +
A «

Evidently, P¢ch(P¢, P¢) > P¢c%(P¢, P¢). By continuity, for all P in some neighborhood of
Pe, Pc?(ﬁ, Pe) > PC%(P, Pe). Since PC%(P,PE) = 1, it follows that Pc?(ﬁ, Pe) > 1 for all P

(P, P°) =

cli(Pe, pPe) =

> =2

in a neighborhood of P¢. Since the cash in advance constraint is violated, a:b(P, P¢) cannot
be part of a Markov equilibrium. We have established that for P in a neighborhood of P,
private sector allocation rules and prices must be given by a:“(P, pe).

With these pricing and allocation functions, the derivative of the utility function with

respect to ]5, evaluated at P¢ = P can be shown to be:

P.
L= e )

where ¢ is the growth rate of money at the supposed outcome and

™= /1 =r
9 9 gy * e
a(=) = [=—A )\—I—’y+’y<—> < > 1—p) | (1—p

g g

Condition (ii) guarantees that a(1) > b(1).° In addition under (i) a and b are linear with

5Tt is easily verified that this is equivalent to the condition, (B.13).
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slopes, @’ and ¥ respectively, given by:

Yo

a = ()\er)(l—/il)
yoo= (1_)‘>7/JJ2‘

Given (iii), it is trivial to verify that L < 0 for all g/3 > 1. Thus, the supposition that there

is an outcome with 2 > 1 leads to the implication that the monetary authority can raise
utility by reducing P. This contradicts monetary authority maximization. We conclude that

there are no Markov equilibrium outcomes with R > 1.
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