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1. Introduction

The question of why fiat money, intrinsically useless pieces of paper, can have value has
long intrigued economic theorists. In the cash-in-advance model (see Grandmont and Younes
{1972}, Lucas (1980)), fiat money is simply assumed to be necessary for transactions purposes.
In the infinite horizon economy of Bewley (1980) and in the overlapping generations model of
Wallace (1980), money has value only because there are no other stores of value. The "turnpike”
model of Townsend (1980) is an explicit model of money demand, but the trading arrangement
is rigged so that money is effectively the only means of payment. The random matching models
(see Iwai (1988), Oh (1989), Kiyotaki and Wright (1991)) explain why money has value in
environments with multiple means of exchange. They, howe;rer, do not lend themselves to
analysis of inflation because goods and fiat money are assumed indivisible.

Recently, Engineer and Bernhardt (1991} have considered an extension of the Townsend
model in which barter is given a non-trivial chance to compete with money. Trades occur
simultaneously so that agents cannot use revenues, in goods or money, from trade in one market
to augment purchases in other markets.! Consequently, barter takes place only if there is a
double coincidence of wants and monetary exchange is limited by the cash-in-advance constraint,
The Engineer-Bernhardt model, however, is rather special in its specification of preferences.
Each agent obtains utility only from her own good and her immediate neighbors’ goods, and
one of the neighbors’ goods and her own good are perfect substitutes, which ensures that there

15 2 unique nflation rate below which the only means of exchange is money and over which

! This trading arrangement is similar to, but different from, the market game of Shapley and Shubik (1965).
The marker game admits a multiplicity of Nash equilibria involving inactive markets because if each player
believes that no other player will bring the good to the market, the player's best response is not to bring
the good 1o be traded against. This is not an equilibrium under simultaneous trading because a price is
called to ensure that all mutually advantageous pairwise trades are exhausted. Alonso {1991), which came
into our attention during the preparation of the first draft of our paper, studies monetary equilibria in the
Shapley-Shubik marker game.



money has no value.

This paper significantly extends the Engincer-Bernhardt model by considering a general
utility function in which all goods are potentially desired. This enables us to entertain a richer
pattern of exchange and identify a wider class of optimal monetary policies. We find that in
general the emerging pattern of exchange is mixed in two senses. First, goods acquired exclusive-
ly through money and those acquired exclusively through barter can co-exist. Second, there can
be goods acquired through both means of exchange. Although the Chicago rule ensures
monetary equilibria to be Pareto efficient, we find cases in which efficiency is consistent with
positive or non-constant nominal interest rates with or without active barter exchange. Despite
the rich pattern of exchange it permits, the model remains tractable. For a CES utility function,
we can determine which goods are acquired through barter and/or money and calculate
equilibrium barter and moaney prices.

Our model also includes capital. Although not an essential extension, it ensures that
money has value despite the existence of assets with superior rates of return, and makes our
model 2 monetary growth model with an explicit micro-foundation of the demand for money.
We find that money is super neutral in Tobin’s sense.

The rest of the paper is organized as follows. Section 2 presents a barter economy with
simultaneous trading where preferences and technology are symmetricin a certain sense. Section
3 introduces fiat money to this symmetric environment. We partially characterize monetary
equilibria and examine optimal monetary policy. In Section 4 we provide a complete character-
ization of monetary equilibria the CES ucility function. Secriox; 5 relaxes symmetry and
provides examples with patterns of exchange that cannot arise under symmetry. Section 6

contains concluding remarks.



2. Pure Barter Economy without Resale

Before presenting a monetary economy, we briefly study a barter economy without fiat
money. The relative prices in the barter economy will serve as a useful benchmark in our
characterization of monetary equilibria in Section 4. There are n types of agenrs, indexed by
i =0,1,--,n~1. Each type consists of a continuum of identical agents. There is a complete
specializatipn in endowments, 5o agent i is endowed with good i only. We call the good the
agent is endowed with the home good. In this and the following two sections, we assume the
environment is symmetric in that each agent is endowed with thclume amount, w, of the home
good, and if u(xg, x, -, x, ) is agent O’s utility, agent s utility from the‘ same consumption
bundle is u{x;, x;,1,, X,_ 1 Xgo X3+, %_;). The utility function uf) is assumed to satisfy the
usual properties of differentiability, local non-satiation, and strict concavity, over the set of
desired goods.?

Let.xi be agent 0s consumption of good j and q} be the relative price of good j in terms
of good 0 (with super-script b emphasizing the pure barter economy), Then the representative

agent’s decision problem is:

(2.1) max u(xg--,X,_,} 5. E qli’xi ~w, %20 (=01.,n~1).
=0

We allow q to b= zero or infinity and adopt the convention Ox o = 0, so the agent's decision
problem (2.1} is well defined even when some barter prices are infinite: if q'i’ = oo, the budget
constraint requires that the agent’s demand for good j, x;, be zero. We focus on symmetric

equilibria such that the price of good i+] in terms good i is independent of i Conséquently,

b4 . N . . . g . . . e
~ We require concavity rather than quasi-concavity because this utility function is the instantaneous unility
tunction in the infinite-horizon economy in the following sections.

Y ivj > n-1, then “i+)" is understood to mean "i+j—n". Even if the environment is symmetric, the
equilibrium prices may not be symmetric. See Appendix 2 for an example.
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qg_j equals the price of good 0 in terms of good j, which in turn equals 1/q; by the nature of
n:;lativc prices. Also, given the symmetric environment, X; equals agent i’s consumption of good
i+) and x,,_; equals agent j's consumption of good 0 in symmetric equilibria.

The trading arrangement we envision is one in which, as in the standard Walrasian
model, there are n{n—1)/2 barter markets but in which trading is simultaneons with no resale
of goods acquired in other markets. Thus, in market (0,)) in which good 0Q is exchanged for
good }, only two vypes of agents, agents 0 and }, can participate, and all of the amount transacted
gets consumed. The amount of good 0 supplied by agent 0 is q¥x; if x; units of good j are to
be consumed, while the demand for good 0 is the consumption of good 0 by ageat j which

equals x,_; by symmetry. Thus equilibrium can be defined as:

Definition 2.1: A symmetric barter equilibrium is (x;s qf,’) i = 0 1,,n—1} such that:

(Bi) (xg, ;5 x,,_ ) solves (2.1);

(B2) markets clear:  (marker (0, j)) q?xf- =%, {f=L~n=1)

Because of simultaneous trading, the market clearing condition is not the usual condition under
symmetry, ¥;x; = «, and the equilibrium relative prices need not satisfy the usual triangular
relation qu’qi' - q?+k.

Due to the triction imposed on the barter economy, an equilibrium allocation is not nec-

essarily Pareto efficient. A dramatic illustration is the following.

Definition 2.2: There is 2 complete lack of double coincidence of wants if, for all j = 1,--,n-1,

w,fe) > 0 for some x implies u,, Lx) = 0 for all X', where ufy) = dufx)/ox;

In this case, the only equilibrium is autarchic because no two agents will ever find it advanta-

geous to exchange goods at any terms of trade.



We close this section by providing a parametric example.
Example 2.1: Three goods (n = 3) with logarithmic utility:

ufxg, X, Xz) = aglalxy + aylnfx) + a;ln(x,).
It is easy to show that there exists a unique equilibrium and it is symmetric. The equilibrium
barter prices are ¢} = a,/a; and q} = ay/a;. Unless @, = ay, the allocation is not efficient
because the marginal rates of substitution are not equalized across agents. If a; > 0 but oy =

0, there is a complete lack of double coincidence of wants, with q¥ = o and g} = 0.

3. Monetary Economy
3.1. Monetary Equilibrium

We consider an infinite horizon economy with fiat money. In date 0 a monetary
authority, which is the sole issuer of fiat money, is established, Thereafter it distributes or
extracts money in a lump-sum fashion. Since fiat money has no intrinsic value, agents are
willing to accept it only when they intend to get rid of it. In the present model, this requires
that the economy is expected to last forever. We study an economy inhabited by infinitely-
lived agents with a discount factor of 8€(0,1). Since each type of agents consists of a continuum
of individuals and trading is anonymous, no credit arrangements are possible’ Goods are
perishable, so there can be no commodity money. To highlight the role of fiat money as 2
means of exchange, rather than a store of value, we also introduce capital accumulation: each

agent has access to a technology that converts k units of the home good into f(k) units in the

* Receatly, Kajii {1991) built a finite horizon economy with incomplete markets in which fiat money is
valued in spite of the presence of local non-satiation.

> For models of with money and credit, see Bernhardt (1989), Chatterjee and Corbae (1991}, and Lacker
and Schreft (1993).



following period. To rule out a zero or infinite capital stock equilibrium, we assurne that the
initial capital stock, k(@), is positive and f() satisfies f {0) = oo, £ (o) = 0.

With the addition of n markets where money is traded for n goods, there are n{n+1)/2
markets with simultaneous trading. There are now two ways to acquire goods, barter and
money. If agent O obtains x'j’(t) units of good j through barter in date t and x7(t) units through -
money, her consumption of good j is x',?(t) +xP(t). We focus on symmetric monetary equilibria
in which the money price of goods, P(1}, is the same across goods. Save the terms relating to

barter, the ageat’s decision problem is the same as in cash-in-advance models:

6D max 3 6 (B0 + xH0 )+ B 0)

[ £14]

st x2/PR) + :g qj(t)x'i’(t) + k(t+1) = f(k(s),
5 PORTO + 220 = M)

Mft+1) = x2() + x2() + V(),
X200, x50, x7(0), x2{). M@ = 0, M(0), k(0) given,

where g;(t} is barter price of good j in terms of good 0, x2(t) nominal value of home good sold
for money, x3(t) nominal money balances not used for monetary exchange, M(t) nominal money
balances at the beginning of date t, and V(i) is nominal monetary transfers from the monetary
authority in date t. The first constraint in (3.1) is that the total use of the home good for barter
and monetary exchange and storage equals the initial balance f(k(1), while the second has the
wterpretation of the cash-in-advance constraint; because of simultaneous trading, monetary
proceeds from selling the home good cannot be used to wagment monetary purchases in other
markets. The third constraint describes the sources of cash to be carried over to the next period.

The definition of equilibrium is



Definition 3.1: A symmetric monetary equilibrium associated with a monetary policy (M(0),

{V()}) is a time path {P(s), ML), k(t), g;fe) <56k x2(6), XT() X0 j = 0,1, -, n—1} such that:

(M1) the time path {M(t), kft), X3(t), xhft) X7t x7f0)} is a solution to the agent’s decision problem
(3.1) given {P(t), q;(t)p;

(M2) markets clear: (market (0.5)  q)x) = <) G = 1,-n-1)

n=1

{market (0,m))  xpft)/Ply) = )_:_o: HC

(M3) active monetary exchange: for all t, x:(q) > 0 and X}ft) > 0 for somej # 0.

To understand the equilibrium condition in (M2} for market (0, m) where the home good is
exchanged for money, we note that the left-hand-side, x2(t)/P(), is the amount of good 0
supplied by agent 0. The amount of good 0 demanded by agent i equals x¥_; by symmetry.
The right-hand-side is the sum of the demands over all agents. This condition and (M3) imply

that money has value, ie, 0 < P{t) < co.

3.2. Partial Characterization of Monetary Equilibrium
What mix of barter and money emerges in a monetary cquilibriﬁm? We provide a partial

characterization in terms of the inflation rate and the gross nominal interest rate:

(32 =) = FY-PE-DVP{-1) and R() = £ k(D1 +x()] - £ GOYPR/PE-~1).

As in cash-in-advance models, the nominal interest rate (the nominal rate of return from capital)
can never be negative in a monetary equilibrium, because otherwise agents can expand the
budget constraint by substituting money for capital. If, »n the other hand, the nominal interest
rate is positive, then there is the interest cost of holding money, which prompts agents to limit
the mirtial money balances to what is required for transaction purposes (so x™(1} = 2) and avoid

using monetary exchange for acquiring the home good (so x3{t) = 0.
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More interesting is the choice between barter and money. The cost in terms of the home
good of obtaining one unit of good j through barter is, of course, g(t). That through monetary
exchange is not 1 but R(t). The reason is- familiar from cash-in-advance models: the initial
money balances represent a lost opportunity of saving in the previous period.® The more
expensive means will not be used in exchange. In particular, g;(t) must be no greater than R(t)
if agent O barters with agent ). But by symmetry, agent 0 also barters with agent n—j, so q,_;(t)
(= 1/q{t}) = R(D). Thus qj(t) lies berween 1/R(t) and R(t). It also follows that there will never
be a two-way monetary exchange if the nominal interest rate is positive. When agent O uses
money over barter to obtain good j from agent j, it must be that ) = R{t} > 1. But then
agent j will not use money to acquire good 0 (which by symmetry means x™_.(t) = 0} because
the barter price of good 0 in terms of good j, which equals 1/q;{x), is less than R(t). The absence
of a two-way monetary exchange means that, if two agents consume each other’s goods, at least
some of the consumption is acquired through barter. That is, a double coincidence of wants

necessarily leads to barter if the nominal interest rate is positive. We have thus proved:

Proposition 3.1:
() RE) = 1 forall o IFRE) > 1, then x(t) = 0 and (1) = 0.
) xf) > 0= L/RE) < g) < RE); <74 > 0= g} = RA)
(@ Y RE) > 1, then x7ft) > 0 and <7 _it) > 0 never hold simultaneously.

() If RE) > 1, then () +x7(t) > 0 and =

#=j

Y+ x7_ift) > 0 (50 agents 0 and j consume each

other’s goods) imply that agents 0 and j barter.

® To obtain one additional unit of good j through money in date t, the initial money balances M(t) have
ta be increased by P(t) dollars, which is possible if the sale of the home good for money in date t—1,
x2{t—1), is increased by P(r) dollars. But this reduces saving in date t—1, k{t), by P{t)/P{t~1} units, so the
initial balance of the home good in date t, f{k{t), is less by & (k({) (P(}/Pl-1)] = R().

-8-



Since the agent can obtain capital through barter with herself at the exchange rate of

one,” it is not surprising thar money is swper neutral:

Proposition 3.2: (Super Newtrality} In a stationary monetary equilibrium in which xf(r), 7 q;lt),

kft), and =ft) are constant over time, the gross real interest vate, f* (kft)), equals 1/8.

Proof: See Appendix 1.

3.3, Optimal Monetary Policy

Now we turn to the issue of optimal monetary policy. We say that a monetary policy
1s optimal if there exists an associated symmetric monetary equilibrium whose allocation {x;(2).
k()} with x(t) = x(t) + x(1) is Pareto efficient. In the present symmetric environment, there

is only one efficient allocation, and it is the solution to the planner’s problem:

max i Bt U(Xo(t), ""xn-—l(t)) 5.L. xO(t) +oeet xn-l(t) + k(t'i' I') - f(k(t))r t = 0:13 2)

n
1=y

Therefore, a necessary condition for optimal monetary policy is that the marginal rate of
substitution between any two goods be 1 if both goods are consumed. Since our definition of
monetary equilibria requires active monetary exchange, we assume t}_ut the efficient allocation
in any date is not autarchic.

The question of our concern is whether the Chicago rule of setting the nominal interest

rate to zero is optimal. The answer is yes.

Proposition 3.3: (Optimality of Chicago Rule) There exists an optimal monetary policy with Rft)

= 1 for all ¢.

Proof: See Appendix 1.

7 In the terminology of Lucas and Stokey (1983), capital goods are "credit goods™.
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Grandmont and Younes (1973) have proved for a cash-in-advance economy that a monetary
policy that provides just enough money for agents to purchase the efficient allocation valued at
Arrow-Debreu prices brings about zero nominal interest rates. The crux of the proof of
Proposition 3.3 s that the same monetary policy admits barter prices that leave agents indiffer-
ent between the two means of exchange.

The Chicago rule, however, is not necessary for optimality. If there is 2 complete lack
of double coincidence of wants, thus effectively reducing the model to a pure cash-in-advance
model, and if agents do not desire the home good, then there exist efficient monetary equilibria
with positive interest rates.” The absence of barter guarantees that the terms of trade between
the home good and non-home goods is given by the cost of monetary exchange which, as shown
in Proposition 3.1, is the gross nominal interest rate. But a positive nominal interest rate is not
distortionary if the home good is not desired. Conversely, if the home good is consumed or if

there is a double coincidence of wants, then the Chicago rule is necessary as well as sufficient:

Proposition 3.4: Suppose the Pareto efficient allocation is such that either (a) xoft) > 0 for some t,
or (&) xt) > 0 and x,_{t) > 0 for some j 3 0 fio agents 0 and j consume each other’s goods) for

some t. Then the Chicago rule is necessary as well as sufficient for optimal monetary policy.

Proof: As already noted, if the home good is consumed, a positive interest rate is distortionary.
If two agents consume each other’s goods, the two agents barter by Proposition 3.1(d). So the
marginal rate of substitution between the two goods is set to the barter price, which has to be
one by efficiency. In a monetary eqt.;ilibrium, there exists a good v # 0 such that x?(t) > 0.

[f v = j, then R(t) = 1 by Proposition 3.1(a) and (b). If v # j, the marginal rate of substitution

¥ This point has been noted in Woodford (1990). Section 4 has an example of this for an arbitrarily high
inflation rate. If symmetry is relaxed, even active barter exchange is not an obstacle for cfficiency under
arbitrarily high inflation rates, see Example 5.2.
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between vand jisnot 1 unless R(t) = 1. B

A separate question is what i1s 2 necessary condition for optimal monetary policy
applicable to any Pareto efficient allocation. One such condition is nominal interest rate

smoothing:

Proposition 3.5: If a monetary equilibrium is Pareto efficient, then Rft} = R = 1.

Progf: We consider the case in which the same good, j, is obtained through money in two
successive dates t and t+1, so that x7(t) > 0and x¥(t+1) > 0. (The proof of the more general
case is in Appendix 1.} Since the home good cost of monetary exchange is the gross nominal
interest rate, a reduction of the cash purchase of good j by one unit allows the agent to increase
the cash sales of the home good by R{{)P(t) dollars which can be used to increase the cash
purchase of good j in date t+1 by R{(t}-P(t)/P(t+1) units. So the agent sets the marginal rate
of substitution berween dares t and t+ 1 for good j to 8-R(t)-P(t)/P{t+1). But efficiency requires

this to equal 8- (k(t+1)). This and (3.2) imply R(t) = R(t+1). W

4. The CES Utility Function

This section presents a complete characterization of the pattern of monetary and barter
exchange that endogenously emerges for a specific utility function. As 2 by-product, we obtain
a condition on the growth rate of money under which a stationary monetary equilibrium exists.

The utility function we entertain is 2 CES function given by

n-1

#.1) U(Xgs ) Xy_y) = E o (xj)l-*/(l—'y), O<y<2, qy 2z =22 @, > 0.
|=c

Whether the home good is desirable {ap > 0) or not will not affect the equilibrium prices,

although, as elucidated in Proposition 3.4, the efficiency of monetary equilibria critically depends

It -



on it. That all o’s (except possibly a) are positive implies that all non-home goods are essential
tn that du(x)/ 3x; > o0 as x; —~ 0, which, given the assumed existence of barter markets, ensures
positive consumption of all non-home goods. Later we show that it is straightforward to allow
some o’s to be zero, Cases in which ¥ = 2 or 4 > 2 are covered in Appendix 3.

We first examine the pure barter economy. As shown in Appendix 2, the only equilibri-
um in this symmetric environmeat with 0 < v < 2 is the symmetric barter equilibrium studied
in Section 2. The first-order condition for the agent’s optimization (2.1) and the reciprocal

nature of barter prices under symmetry (q} = l/qf:_i) imply

y
(4.2) Q¢ - (o c‘u—j)%(xn—i/ x)" ’

(=1,-,n~1).
Use of the barter equilibrium condition (B2) on {4.2) yields

/2= )
(4.3) . @ = (o/an )" G = 1,-,n-1).

Thus we have proved

Proposition 4.1: The pure barter econonyy has a unique equilibrium and it is symmetric. The barter

prices are given by (4.3) and are independent of the endowed amount, w, of the home good.

We now turn to the monetary economy. Since all non-home goods are consumed,
Proposition 3.1{d) guarantees that x}(t)} > 0 for j = 1,~,n~1. Therefore the marginal rates of

substitution between any pairs of non-home goods are controlled by the barter prices. Thus

(.2) qi(t) = (ai/aﬂ—i)u[xn—i(t)/xi(t)]vz 0 = 1,~,n-1),
where x(t) = x5() + xT(1). It is then easy to establish a relationship berween the b:l.r;:er prices

in the pure barter economy and those in the monetary economy.

Lemma 4.1: Suppose the nominal intevest rate is positive (50 Rft) > 1) Then the following bolds

Jorj=12,..n-1 (a)x’;’(r) - anjﬁ) = qi.’; {b)x’;’(t) > 0= qj(t) < q:', wbereq? is the symmet-
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ric pure barter equilibrium price defined in {4.3).

Proof: If xT(t) = 0, then q;{t)x,() = qj(th?(t) - xﬁ_i(t) < X,-jt)}. Dividing both sides by x(t)
> 0, we obrain t) < x,_j{6)/x;(). This and (4.2") imply qt) = (a/e,_)"® ™ = ¥ since 0
<y < 2. xP() > 0, then qith() > qEx3(1) = xE_i()) = x,_,(); the last equality follows
because x3_;(t) = 0 by Proposition 3.1{c). So qjt} > x,_;{t)/x;(r). Combine this with (4.2)) to

obtain the desired result. W

This lemma lends itself to a complete characterization of symmetric monetary equilibria.
Since {o;} is non-increasing in j, so is {qli’}. Also, b =12 Q.. Thus if R(t) > 1 there is

a unique integer ) < n-1, call it j*{t}, such that
(4.4) q'i’ >R forl <) < j*t) and q? < Rt) for j*(1) < j < n-1

(If there is no such j*(t) = 1, set j*(t) = 0) By definition, we have j*{t) < n-j*{t) and hence

case (b) below is possible.

Proposition 4.2: Suppose the nominal interest rate is positive. Then:

@ for 15 )< j*6h <) > 0and gif) = Rk
@) for i) < j < n—) #3) = 0 and ) =

@) forni"l) S 1 S n=1, £30) = 0.and ) = /R

Proof: (a) Suppose 1 < j < j*(t) and xT(t) = 0. Then by Lemma 4.1 and {4.4), q;(t) = q‘i’ >
R(t), which contradicts Proposition 3.1(b} since x';(t) >0, Thus x¥(t) > 0for 1 £ < j*{1),
which, combined with Proposition 3.1(b), implies that qit) = R(r).

(c} Since xT{t} > Ofor 1 < j s j*(t) and R{t} > 1, Proposition 3.1(c) implies that x_(t) = 0,
or xT(t} = Ofor n-j*(t} < j < n-1. Since by symmetry q,_;{t) ~ 1/q;{t}, we get q(t) = t/R()

for n~i*t) < j < n-1L



(b) Suppose xT(t) > O for some j with j*(t} < j < n=)*{t). By Lemma 4.1 and (4.4), q;(t) <
q¢ < R(), which contradicts Proposition 3.1(b). So x7(t) = 0 for all j such that j*(t) < j <
a~j*(t). Thus (4.2') holds for such j with x(t) = xti’(t) and x,_;(t} = xz_i(t). This and the barter

market equilibrium condition q;(t)xb(t) = x5_;(t} imply that qi(t) = q°. B

That is, agent C obtains goods [1, j*(t}], which are the most desirable goods to agent 0, through
both barter and money, and obtains the rest of the goods exclusively through barter, while
selling her home good for cash to agents [n—j*(t), n—1]. This pattern of exchange is illustrated
in Figure 1 (set v = 0 in the Figure).

This characterization explains why the demand for money is an increasing function of
the interest rate. If the nominal interest rate is positive, there will be no idle money balances
{Proposition 3.1). Thus from the second constraint in (3.1) real money balances M(t)/P(t) equal
ji? xP(:). Money demand depends on the interest rate for two reasons. First, for any good
;E[l, 7*(®] for which x7{t} > 0, the amount acquired through money depends on the price R(1).
Second, the range [1, j*(t)] of those goods shrinks as the nominal interest rate increases. Since
all non-home goods are essential, the demand for money remains positive as long as the range
remains non-empry, ie, as long as ¢} = R(t). In a stationary equilibrium, R(t) = (1+0)/8
where o 1s tﬁc growth rate of money, since the constant inflation rate » equals o and the gross

real interest rate is given by 1/8 by super neutrality. It follows that

Proposition 4.3: Let o be the constant growth rate of the money supply. There exists a unique
symmerric stationary monetary equilibrium if 1 < (1+a)/8 < g, (= (a /2, }P~Y). Otherwise,

there exists no symmetric stationary monetary equilibrium.

Extension to the case in which the last v goods are not desired (ie, &,_, = a,_,,y ==

@,_; = v} is immediate. If v = n/2, then there is a complete lack of double coincidence of
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wants, and all goods are acquired through monetary exchange. Since the marginal rate of
substitution between any two non-home goods acquired through money is one, the equilibrium
is efficient for any inflation rate if the home good is not desired. The Chicago rule is not
necessary for efficiency here.

The more interesting case is one in which v < n/2. There is a lack of double coinci-
dence of wants for market {0, J) for j = 1,-,v, so thar x'j’(t) = 0 and q‘i‘ = o forj=1,--,vand
0 forj = n—~v,-,n~1. Buc this is covered by (4.3) since “i/“n—i = o forj = 1,--,vand 0 for
j = n=v,-,n-1. Accordingly, Propasition 4.1 holds for this case. -Proposition 4.2 also holds,
with the additional property that v =< j*(t) and x'j’(t) w(Qforjm1,-,vandj = n-v,-,0~1.
That 1s, goods [, v}, which are most desirable, are acquired exclusively thr;'.:ugh money, goods
[v+l, -j"(t)] are acquired through both meney and barter, and goods [j*(0)+1, n~v—1] are
acquired exclusively through barter. The home good is still sold for cash to agents [n—j*{1),
n—1). This pattern of exchange is graphically illustrated in Figure 1. Proposition 4.3 also holds.

Since g = oo, there exists 2 monet uilibrium for an arbitrarily high inflation rate.
qi ary ¢q ¥

5. Non-symmetric Economies

Given the repeated use of symmetry, it is of some importance to see which results in
Section 3 remain valid when symmetry is relaxed. Te permit non-symmetry, we denote agent
i’s variables by adding super-script i, and write the barter price of good j in terms of good i as

q;- The decision problem of agent 1 is
G- max 3 A o0 + R0 00 +xi ()
t=0

5. xIMO/P( + '}féqii(:)xé"(t) - Wi+ 1) = B,
3
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':o Pxi™() + x;™() = M(),
Mi(t+1) = xj,b(t) + xninm(t) + Vi(t),

xif’(t), X220, xé“‘(t), XL, M) = 0, M(0), ki(0) given.
Accordingly, the definition of monetary equilibrium becomes

Definition 5.1: A monetary equilibrium associated with a monetary policy (M'(0), {Vi(1)}) is a
time path {P,(th MY, (0, guft) ¥k 230) ) xi™) i j = 0,1, m~1} such thar
(M1) the time path (k') 2'(t), x 35t} €] x5t} M)} is a solusion to agent i's decision problem
(5.1) given {P0), q.(6));
(M) markess clear: (market (i) Gt = B (i f = O 1, ym=1i # )
-

(market i, m)  xi¥E)/Pf) = Y ™0 fi=01-n-1;
70
{M3) active monetary exchange: for all fi, o), x:Pt) > 0 and x;’"(;} > 0 for some | # i, m.

The partial characterization of monetary equilibria in Proposition 3.1 easily carries over
to the non-symmetric case. The main change is that in the non-symmetric case the nominal
interest rate is good-specific.

Proposition 5.1: Let R,ft) = f* (R'(t)P.()/P._ ft) be the gross nominal interest rate ors good i. Then:
(@) Rift) = 1 forall fi,s) IfRft) > 1, then xi™(t} = 0 and X™() = 0.
B 2 > 0= 0 < g ) < REPE/PH; 27 > 0 i) = RYPE/PL)
) IfR() > 1, then x}’"{t) > 0and XX™(t) > 0 never bold simultaneously.
@ IfRft) > I, then x}”(r)+xj:"'-(r) > 0 and xib) + 2"t} > 0 imply agents i and j barter.
It is also easy to show that super neutrality (Proposition 3.2) and the optimality of the

Chicago r:le (Proposition 3.3} can be extended with obvious modifications. (The proof of



Propositions 3.2 and 3.3 in Appendix 1 is actually for this more general non-symmetric case.)
Propositions 3.4 and 3.5 do not generalize, as illustrated by the following two examples.
In the first example, the monetary equilibrium is Pareto efficient, but nevertheless an asymmetric
distribution of initial money balances causes the nominal interest rates to oscillate rather than
remain constant over time. In the second example, the equilibrium is Pareto efficient with
positive nominal interest rates even if there is active barter exchange due to 2 double coincidence
of wants. This example also illustrates the point that money and barter can co-exist under

arbitrarily high inflation rates.

Example 5.1: There are four types of agents (a = 4) with id;ntiml technology fi(k) = 2yk and
identical initial capital stock k'(0) = Bz (which also is the steady ;tate capital stock since f'/ (k'(0))
~ 1/3). Preferences exhibit a complete lack of double coincidence of wants: u'(x!) = vix!, ).
So there is no active barter exchange, which is supported by any barter prices as long as q;, ,(t)
= o and ;;,(t) = 0. Consider a Pareto efficient allocation that is stationary: X oilt) = ¢, ki)
-8 i = 0,1,2,3), wherec = 283 — g’. This can be supported by a monetary policy with zero
growth of money but with an asymmetric distribution of initial money balances: M%(0) = M*(0)
= 2¢c, M{0) = M0} = ¢;-Vi{t) = 0. The associated monetary equilibrium is: Py(t) = Py{t) =
1, P,{t) = Pys) = 2 (for t even), Plt) = P,(5) = 2, Pyr) = P;(t) = 1 (for t odd); X2 {t) = c. So
RefD) = R = 1/(28), Ry(t) = Ry(t) = 2/8 (for t even), Roft) = Rt} = 2/8, Ry(t) = Ry(r) -

1/(28) (for t odd).

Example 5.2: Let o = 6, (k) = 2yk, %% = log(x) + log(x), u'(x") = log(x}), w?(x} =
log(x2), u*(x’) = log(x}) + log(xd), u*(x’) = log(x), u¥(x’) = log(x3). Note that there is a double
coincidence of wants between agents 0 and 3. The steady state capital stock I equals 8’ and the

gross nominal interest rate is R = {1+x)/8 forall 1. Letc = fi@i) -k =28 -8 Itcanbe
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shown that the following is a stationary monetary equilibrium: x{¥ = x3* = Rc/(1+R), x™ =
P = ™ = ki =0, xf™ = ™ = S(14R), 1M = 120 = X3 = x3(0) - <, x0(0) ~
x 5@ = c/(1+R), zero for all other X’s; qo; = Q30 = 1, Qy0 = G5y ™ G = Qo3 = Q54 ™ Qa5 =
®, gy = Gz = Qa9 = Q3¢ ™ Q45 ™ Qs3 = O, arbitrary for all other q; with j # i M) -
(1+m) MO = M(D), Vi) = =(1+7) M(0) for arbitrary M(@); P,(t) = P,{t) = P,(t) = P,{t) =
M(t)/c, Pot) = P3(t) = (1+R)M(t)/c. The flow of goods and money is shown in Figure 2.
Note that every agent participates in monetary exchange, satisfying the stringent requirement
(M3). The allocation is efficient for arbitrarily high inflation rates, because no pairs of goods

are desired by more than one agents. W

6. Concluding Remarks

We presented a tractable monetary model in which divisible fiac money competes with
barter as a means of payment and with capital as a store of value. Barter exchange is limited by
the extent of a double coincidence of wants, while monetary exchange is costly due to the cash-
in-advance constraint. We provided an extensive characterization of the emerging mix of money
and barter exchange. .

This model could be extended in several directions. The CES model could be calibrated
to measure the welfare cost of inflation. A two-country extension would provide a model of
exchange rate determination. It would be interesting to examine what patterns of exchange

emerge if other means of payment such as credit and bearer notes are allowed to compete.

These are left for furure work..
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Appendix 1: Proofs

The Kuhn-Tucker conditions for agent i’s optimization (5.1) are:

KT 6w exm0) $ N, "= i xPE) >0 (= 0,1,-0-1),
®KT2)  Fuidb)+x™Q) < P)s), "=t X0 > 0 (= O1,,n-1),
XT3 NQ/PG) = e+ 1),

KT4) K@ 2 piee), "= ifxim > o,

KTS) N = Nes 1) e+ 1).

Since x °(t) > 0 in a monetary equilibrium, the first and the third constraints in (5.1) can be
combined to eliminate x:*(t). A(t) here is the Lagrange multiplier for the combined constraint,

Since Mi{t) > 0 in a monetary equilibrium, (KT3) holds with equality.

Proposition 3.2: (Super Nentrality) In a stationary monetary equilibrium in which the inflation rate

Pft+ 1)/P,(t) — 1 is constant aver time and the same across goods, [ {ki(t) = 1/B forall i = 0,1, -, n—1.

Proof: In a stationary monetary equilibrium, there exists a j # i such that x,i’“(t) > Oforall t. For

such j, (KT2) holds with equality for t and t+1. This and (KT3) and (KTS) imply

y'i®) B Py(es))

T RS G M X £ (k (1))

Since x'(t) and P;(t)/P,(c— 1) are constant over time and Pi(t+1)/P;(t) = Pi{t+1)/P;(t} by stationarity,

the desired result follows. M

Let {xI*(), k*()} (i,j = 0,1,~,n—1; t = 0,1,~) be a Pareto efficient allocation. By the

Second Welfare Theorem, there exists Arrow-Debreu prices {p;*(1)} and a transfer scheme {yi{)} with

-1
y'() ER® and 3 y}(t) = 0, such that {x"*(1),k"*()} is a solution to the decision problem:
=
(Al.1) max ¥ B ui(x(t))
=0
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[ n-1
st § [{EE_'; OGN0 + i)} + pr(O0E+1) - FKE)] = 0, ¥ = o.

If & is the Lagrange multiplier associated with the constraint, we have

(A1.2) B uiixi*W) < 6 (Y, "=" i x*E > 0,

ALy Pt = pi*(t+ 1) £ (k™ +1)).

By the assumption that f” {cs) = 0, the capital stock is bounded from above, so that

a-1
(A1.4) limp@k*() = 0 and lim z; PR = O,

Proposition 3.3: (Optimality of the Chicago Rule} For every Pareto efficient allocation such that, for any
fi, 1), there exists a ,' with x}*(t} > 0, there exists an optimal monetary policy in which R,(t} = 1 and
=Z=§ ,i; V= -E M)

Proof: We construct a candidate equilibrium as follows. For prices, set: Qi) = 9,*(©/p:* (1), Pi(0) =
p;*(9). For quantities, sev: Ki(g) = ki*(9), xiP(0) = 0 G = 0,1,,n~1), xi3(0) = PEIFRE) - Kie+ 1)),
™)) = x*() § = 0,1,~,n~1), and x () = 0. Thus the home good is acquired exclusively though
money. For the monetary policy, choose (MH(0), {V())}) so that Mi(r) - :‘Zo: PO xi* ().

By construction, (M2) and (M3} are satisfied. For (M1), all the three constraints in (5.1} are
satisfied by construction. The Kuhn-Tucker conditions (KT1)-(KT5) are satisfied with #i(t) = & and
N(t) = p*()¢ by (A1.2) and {A1.3). By (A1.4) the transversality conditions, tiizg)\i(ﬂki(t) = Oand
‘l_l.l':': p@MiY) = 0, are satisfied. The Kuhn-Tucker conditions and the transversality conditions
constitute a sufficient condition for (M1).

n=-l =

Thar Ri(t) = 1 for all (i, t) follows from {(A1.3). That ¥} 3 Vi) = - E M) follows
isQ taQ

from (A1.4) w.l the budger constraint in (Al.1). M
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Appendix 2: Symmetry of Exchange Equilibrium under the CES Utility Function
This appendix proves the following claim.

Claim: For the pure barter economy with the CES utility function in Section 4, the equilibrium is unique
and is symmecric {ie., qf’,j"- is independent of i) if 0 < v < 2
We will also show by a counter example that this claim is not true if ¥y > 2. As explained in

Section 4 and as clear from the proof below, there is no equilibrium if v = 2.

Agent 1i's decision problem is
n-1 ey -1 .
max z; o (xly) /(1-7) st Z.; q',’,,i'; Xl =,
| ¥ .

where we employ the modular notation for subscripts: 1+) = mod{i+j,n). The demand function for

good i+] 1s
. . I -1/ .

(A2.1) Xiej = (“j)l Qb)) w/Es
where

n-1

v 1-1/

(A2.2) £ = % () (ab) -

"

The market equilibnum condition for market (i, i+)) is
(A2.3) CHRTE R 1)

Substitute {A2.1) with (A2.2) into (A2.3) and use the reciprocal relation ¢° iej = 1/ qt,-’ﬂ_i to obtain

1/ 1-1/ 1/ 1/ :
(A2.4) () (b)) (@hs) e
Solve this for q° 4+ 10 obtain
F{2— -
{A2.5) Qi = (ﬂj/ﬂa_j)l ¢ T)(Eiq-;/ Ei)."j(z v

Thus the equilibrium barter prices are functions of {§;}. We can obtain the system of equations for

{£;} by substituting (A2.5) into {A2.2):

n-1
(A2.6) z, = Y bz, (i =01,,n-1),
R
where
V(- - -y
(A2.7) 7 = (&) ( *r). b,' N (uj)l/[[ Th}(“n—j)( W 1)1-],p Y

Coefficients {b;} can be mapped back 0 {«;} one-to-one because
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-1 .
(A2.9) ap = b o = biba) = 1,2,,0-1).
Written out in full, {A2.6) is a system of nonlinear simultaneous equations in z's:

Zy ™ bozop + l"11’-1" + o+ bn—-Zzn-Zp + bn-—lzn—lp
] 2
(A2.9) 2y = bugzg +b@| -+ bagzay + b sz

...............................

Zoo1 = bz +bz e« +bygzey *+ Doz
Since o's are non-negative and unique up to a scalar, they can be normalized so that
(A2.10) b = 1, b; = 0.

To prove the clatm, it is sufficient to show that the unique sbiution to (A2.9) isthar z; = 1,
¥j, because then q%,;; is independent of i by (A2.5). The proofis trivial if y = 1. For0 < vy <
lorl < g < 2, we prove by deriving contradiction. Suppose, then, that z; 3 1 for some j. If z;
=z forall i, j (= 0,1,~,n-1), then evidently z; = 1, Vj by (A2.9). So there must exist some i, )
such that z; # z;. Without loss of generality, we can suppose tha

(A2.11) Zg Sz €-<z,; and 25 < z_;.

Case 1: 1 < ¥ < 2. Since by definition p = v — 1, we have 0 < p < 1, so that
(A2.1) 7y €2 S-S zn_l”.

Suppose zy = 1. Then by (A2.11) z,_, > 1. From the last equation in (A2.9) (the one for z__,)},
we can derive z,_; < z,_, by using (A2.10) and {A2.12). But this is a contradiction since z,_; >
tand 0 < p < 1. So zg <' 1. Then from the first equation in (A2.9), we can derive 2y > zs by
using (A2.10) and (A2.12). This is a contradiction since zg < tand 0 < p < 1.

Case 2: 0 < v < I Since -1 < p < 0, we have
(A2.13) 29 22 222,

Suppose z,.; < 1. Then by (A2.11} zy < 1. From the first equation in (A2.9) we can denive 25 =
z,.. by using (A2.10) and (A2.13). Thusz,.,” < 1, which is 2 contradiction since p < 0.
Soz,.; > 1. By (A2.10) the first equation in {A2.9) can be written as

(A2.14) -z, = by{l-2¢) + -+ by_y{1~2,_,)-

Since 1-23’ < 1-z,_,\ ¥ by (A2.13), this and (A2.10) imply 1-25 < 1-z,,_,1’, or
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(A2.15) Zoo| S Zg
By (A2.10) the last equation in (A2.9) can be written as
(A2.16) -z, = by{l-2g) + -+ bo{l-z__,").

Since l-sz = 1-zq , ¥j by (A2.13), this and (A2.10) imply 1-z,_; 2 l—zop. orzg = Z,_;- Since
» < G, this last inequality 1mplies that

(A217) 2 S (20"

Combining {A2.15) and (A2.17), we obtain: zn_lp < (zn_l)w. Sincez, ;> iand -1 < p <0,

this is a contradiction. This completes the proof of the claim. B

We now show that this claim 15 not true if ¥ > 2 by providing the following counter-
example. Letn = 3,y = 3, and oy = (2/3)’. Q) =y = (1/6)3. So by = 2/3,b; = by = 1/6 by
(A2.7). Itis easy to verify that (2o, z;, z,) = (2/3, 2/3, 4/3) is a solution to (A2.9). (Other solutions
includes (4/3, 2/3,2/3),(2/3, 4/3,2/3), (1, 1, 1}.} A set of equilibrium barter prices, given by (A2.5),
is: qlt’,o -1 qg.a - 8, qlz’.l -5 qg.l -1, qg,z = 1/8, qll',z - 1/8.

Appendix 3: The CES Model withy = 2and y > 2

Ify = 2, (4.2) implies q'j’x]-/xn_j = /o, _j, so unless o’s are all equal, there is no symmetric
barter equilibrium, so q‘i’ cannot be defined. For the monerary economy, an argument similar to the
proof of Lemma 4.1 shows that Proposition 4.2 holds with j*(t) replaced by n/2, except that if n is
even, xT(t) = 0 and g;{t) =1 for j = n/2. Proposition 4.3 holds with q} = 0.

Finally, consider case ¥ > 2. As shown in Appendix 2, for the pure barter cconomy, there
€xists a non-symmetric equilibrum. If symmetry is imposed, (4.2) and (4.3}, and hence Proposition

4.1 still hold. However, this equilibrium has a rather strange property. (4.2) and (4.3} imply

q? X/ Xpoj = (qu,)l—ﬂ'r(uj/a _i)”T.
If y > 2, the "Marshall-Lerner condition” for market (0, j} does not hold: B(q‘j’xj/xn_i)/aq? >0,
which is responsible for the property that the more desirable goods (small j's) are less expensive.
Accordingly, for the monetary economy, Proposition 4.2 for case y > 2 states that less desirable
goods are acquired through money. The upper bound for (1+06)/8 in Proposition 4.3 is now given

V{2-)
by q:-l = {a,_/ay) .
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Figure 2

Flow of Goods and Money
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