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THE OPTIMAL TWO-BRACKET LINEAR INCOME TAX
Joel Slemrod, Shlomo Yitzhaki and Joram Mayshar

1. Introduction

In 1980 a married couple filing jointly in the U.S. faced a graduated income tax system
consisting of 14 brackets with marginal tax rates ranging from 14% to 70%. As of 1991 there are
three explicit brackets, of 15%, 28% and 31%. In the 1980's many other countrics carried out
similar, yet usually less extreme, changes in the income tax structure designed to compress the rate
structure and reduce the number of brackets.

The widespread reliance on income tax structures with a small number of brackets suggests
that it is appropriate to revisit the optimal income tax literature. Following the seminal analysis of
general income tax structure by Mirrlees (1971), most work focused on the optimal linear income
tax. This shift in attention was no doubt due largely to the computational complexity of analysis in
more general cases. An additional reason was the discovery by Mirlees that, at least in the cases
he considered, the optimal nonlinear income tax structure was approximately linear! If that result is
generally true, then the computational advantages of investigating only linear tax structures can be
achieved without sacrificing important insights about optimal tax structure.

In this paper we investigate the implications of adding to the linear income tax one
additional level of generality--a two-bracket linear structure. We find that, in a two-class cconomy,
Pareto-efficient tax schedules of this type feature at least one marginal tax rate equal to zero, and
that the marginal tax rate may be increasing or declining. We then investigate the optimal structure
of taxation when the social welfare function, utility function and distribution of abilities are
characterized as in the standard optimal linear income tax problem, as in Stern (1976). We
discover that in all cases the second marginal tax ratc is less than the first rate but that
progressivity, in the sense of uniformly rising average tax rate, generally obtains. The additional
instrument of a second tax bracket allows the lower marginal tax rate on high-wage peoplec to coax

out enough additional labor supply so that the optimal demogrant is increased. Thus, compared to



2-

the simple linear incoime tax system, both the highest and lowest wage individuals are better off,
while a2 middle range of taxpayers are worse off.

We proceed as follows. Section 2 briefly reviews the conceptual issues that are important.
In Section 3 we characterize Pareto-efficient tax schedules in a two-class economy. In Section 4
we discuss the methodology underlying the numerical simulations, and in Section § present the

results of these exercises. Section 6 concludes.

2. Revi { C L1

Mirrlees (1971) asked what general income tax structure that raised a prespecified amount
of revenue maximized a utilitarian social welfare function, when individuals were free to choose
how much labor to supply. Imposing no restrictions on either the utility function, social welfare
function, or distribution of wages, Mirrlees could show only that (i) the optimal marginal income
tax lay, at all levels of income, between zero and one, inclusively and that (ii) under the optimal
income tax structure some low-wage individuals may choose not to work at all. In order to obtain
more specific conclusions, Mirrlees then proceeded to perform several numerical optimizations
assuming a utilitarian social welfare function, an identical Cobb-Douglas utility function of goods
and leisure for each individual, and a lognormal distribution of wages. With these assumptions he
found that the optimal tax structure is approximately linear (i.e., it features an almost constant
marginal tax rate and an exemption level of income below which tax liability is negative).
Furthermore, the marginal tax rates were quite low by the standards of 1971, usually between
twenty and thirty percent and always lower than forty percent. Note that although the marginal tax
rate was approximately constant, the average tax rate (tax liability divided by income) increased
with income due to the presence of the positive lump-sum transfer.

For the reasons mentioned in the introduction, most work subsequent to Mirrlees focused
on the optimal linear income tax where all individuals receive a demogrant, and all income is taxed
at a constant rate. Stern (1976) argued thar the degree of labor supply responsiveness implied by

the Cobb-Douglas utility function is excessive and thus overstates the costs of increasing tax



progressivity. He claimed that when a more reasonable estimate of labor supply responsiveness is
used (with an elasticity of substitution of 0.4 rather than the 1.0 implicit in the Cobb-Douglas
formulation) the value of the optimal tax rate is substantially higher than those found by Mirrlees.
In Stem's central case, the optimal marginal tax rate a of linear tax system is fifty-four pcrccm.l
This compares to a marginal tax rate of thirty-five percent and a correspondingly lower zero-tax
income level if the elasticity of substitution is set at one. More egalitarian social welfare functions
and less substitutability imply even higher marginal tax rates.

In a separate development Phelps (1973), Sadka (1976), and Seade (1977) showed the
following striking result: if there is a finite and known top to the distribution of wages, then the
marginal tax rate applied to the highest individual's income should be zero. To see the intuition
behind this result, consider an income tax system in which the marginal tax rate applicable to the
highest observed income is positive. Now consider a second tax schedule which is identical to the
first except that it allows the highest-eaming household to pay no taxes on any excess of income it
had previously decided not to make the effort to eamn, partly because of the tax due on the
additional income. When faced with the second tax schedule, this household is certainly better off,
works more hours, and pays no less tax than under the first tax schedule. Thus, the highest-
eaming household is better off under the zero marginal tax rate scheme, and all other households
are also at least as well off (they may be strictly better off if the increased tax revenue from the
highest-eaming household allows a reduction in tax rates in the lower brackets). A simple
explanation is that raising the marginal tax at the top from zero distorts the labor supply decision of
the highest eamer but raises no revenue.

The practical significance of this result is unclear. It does not imply that marginal taxes

should be zero or very low near the top, only precisely ar the top. In fact, numerical calculations

1I.n this example, the government must raise about twenty percent of national income through the
income tax and the social marginal valuation of income decreases with the square of income.



done by Mirrlees (1976) suggest that zero "is a bad approximation to the [optimal] marginal tax rate
even within most of the top... percentiles.”

What do these results imply about the optimal two-bracket linear income tax? An
eyeballing of Mirrlees' numerical simulation results and the insights of the Phelps-Sadka-Seade
work suggest that there is likely to be a two-bracket linear income tax with the second marginal tax
rate lying below the first (t2 < tl) that dominates the simple linear tax. Whether this is the global
optimum is, however, another question.

This intuition is apparently contradicted by Sheshinski (1989), who presents a proof that a
declining rate structure (t2 < tl) cannever be optimal. However, as we demonstrate in Appendix I
of this paper, Sheshinski's proof is not correct, leaving as an open question the optimal structure
of a two-bracket tax system. In what follows we pursue this issue, first by investigating what
characterizes efficient tax structures in a two-class economy, and then by calculating the social

welfare maximizing tax structure in stylized economies.

A more recent development in the theory of optimal income taxation is Stiglitz' (1982,
1987) general characterization of Pareto-efficient tax schedules, which impose only self-selection
constraints and do not require a particular social welfare function. Under that approach the tax
schedule is designed so that each individual taxpayer (weakly) prefers exactly the consumption-
labor choice that the tax planner intends him to select. In the case of two (classes of) taxpayers, the
redistributive tax system features a zero marginal tax rate for the high-ability individual, while the
low-income individual generally locates at a comer point in the tax schedule with an implicit
positive marginal tax rate. For the case of N taxpayers, such a Pareto-efficient schedule requires in
general N-1 tax brackets, and these have to be custom-tailored exactly to taxpayers' preferences
and skills. Thus any minor variation in preferences or in the skill distribution requires a redesign
of the tax schedule. This extreme sensitivity and the large number of required tax parameters put in

question the practical usefulness of that approach.
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In what follows we adopt an alternative approach to the study of Pareto-efficient income tax
schedules. We posit that exogenous administrative considerations limit the tax schedule to have an
extremely simple form--an intercept plus only two tax brackets, within which the tax function is
linear. The resulting efficient restricted tax schedule should be expected to be rather robust to
minor variations in the underlying information. On the other hand, the structural constraints that
result from the parsimony in the number of tax brackets have to hold in addition to the self-
selection constraints. If one ignores administrative considerations, the resultant tax schedule will
thus clearly be Pareto-dominated by efficient tax schedules that are not hampered by this structural
constraint. The distinction between the two approaches will become evident in the illustrative two-
class case examined below, but is clearly much more pronounced in the more policy-relevant case
that features an entire distribution of taxpayers and large costs to fine-tuning the tax schedule.

Assume that each individual i selects labor effort L, and consumption Ci in order to
maximize a standard common utility function U(Ci' 1- Li)' Individual i's before-tax income is
Yi = wiLi’ where w; is the wage rate. Consumption is Ci = Yi - T(Yi' @), where the tax function

is continuous and piece-wise linear such that

T(Y,®) = -G+1,Y Y<Y

1

-G+t1?+t2(Y-Y) Y2Y.

The tax parameters are: © = (G, 1t It ‘2’ ). Astar superscript will identify the preferred levels of
the choice variables by each individual. In particular, U;(G) is the indirect utility function of
individual i, and T: (©) is his tax payment. Wg seek to characterize Pareto-efficient and socially
optimal tax schedules that raise a given revenue R.

Assume now that the economy consists of only two types of individuals: n; of type L and
ny of type H, where wy > W The following proposition provides a rather general

characterization of the socially optimal tax schedule for this case,
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Propgsition: The socially optimal © can be restricted to be one of the following five cases:
Progressive, that is, redistributing towards the less able:

. * r
with YL =Y

Iy 0 = t1<t2,

»
(2) 4 > tz =0, with UH touching both branches of the budget set.

Regressive, that is, redistributing towards the more able:

*
3) ) <t =0,withYH=Y

2

*
4 0 = 1>, with Uy touching both branches of the budget sct.

Nondistributive:

The proof of this proposition applies the standard techniques employed by Sadka (1976), Seade
(1978) and Stiglitz (1987), and is therefore only sketched in Appendix II. The linear tax schedule,
which gives up a degree of freedom in selecting a second tax bracket, is seen to be cfficient only
when it is tantamount to equal lumnp-sumn taxation of both individuals. Otherwise, one can always
improve on it by serting to zero either the higher or the lower income tax rate. On the other hand, if
we permit a third bracket, it is clear that we would have enough degrees of freedom to obtain
Seade's result that one could restrict attention to schedules where the marginal tax rate is zero at
both the highest and the lowest brackets.

As an illustration, consider the utility function examined in Sheshinski (1989): U=C -
0.5L2. In this case labor supply has a zero income elasticity. Consider further the special case of
ny g =1,R=0,w = 2'” and wy; = 2. The utility possibility frontier (UPF) that results in this
example from altemative tax structures is shown in Figure 1. Given the ability to use
discriminatory lump sum taxes the UPF is AOB, where point O represents the case of no taxes.
When discrimination is not possible, so that both individuals have to face the same tax schedule,

but the tax schedule is unrestricted (the case considered by Sadka, Seade and Stiglitz), the UPF is



confined to be above the 45° line and is marked as A'AOB'B'. In the case of a linear tax schedule
thcv UPF becomes AOOBO.

The two-bracket piece-wise linear tax schedule, our concern here, can be calculated with
the aid of the proposition above. The UPF in this case lies between the UPF for the linear tax
schedule and the UPF for the case where the tax schedule is unrestricted but common to both
individuals. The no-tax point, O, is common to all the UPF's. If attention is restricted to the cases
of decreasing marginal tax rates, the UPF is AZOB &4 reflecting the tax schedule of type (2) in the
progressive range and the tax of type (4) in the regressive range. Restricting attention to increasing
marginal tax rates, the UPF is AIOB3; employing the tax schedule of type (1) to the right of point
O and the tax schedule of type (3) to the left.2

The efficient UPF for the two-bracket piece-wise linear schedule in this example is thus
A20B3, consisting of type (2) with diminishing rates at the progressive segment of the UPF, and
of type (3) with increasing marginal (yet negative) rates at the regressive range of the UPF.

This illustrative calculation provides a counterexample of Sheshinski's claim to have shown
that the optimal two-rate schedule will always exhibit increasing marginal rates. This example also
suggests that the case of decreasing marginal rates may have to be taken more seriously than it has
been until now. Figure | demonstrates, however, that even when decreasing marginal rates are
Pareto-dominant, the linear tax system is Pareto-inferior even to the increasing marginal rates
schedule. Increasing the complexity of the tax schedule enables society to increase the welfare of

both classes. Given a specific social welfare function on the one hand, and given a measure of the

210 range (2), where t; >t, = 0, the problem is : Max Ul(el) =G, + (- ‘1)2' given
U;1<sz 1)=G, +2=Uy; U;(Gl, t)=G, +2(1- t)? = Uy T'L(el) + T:l(ez) -
[2(1 - tl) - GI] - G2 =0;0< Y < 1. In range (1), where t = 0< L, the problem is:
Max U =G, +¥ - (D4, subject to ¥t, =G, - G; Ul(Gy 1) = Gy + 201 - ()% = U
T{(@)+ (@) = - G, + 41 - tp)ty - G,] =0.
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social costs associated with complexity on the other, one can then find the optimal degree of
complexity of the income tax schedule.

Yet how general is this example? A partial answer to this question can be gleaned by
considering the extreme case where for at least one of the two types of individuals, the local
elasticity of substitution between consumption and leisure is zero. Figure 2 presents some
indifference curves of the two types of individuals in the Y-C space (see Appendix II}. In Figure
2-a, both individuals have a zero elasticity of substitution. Assuming for simplicity that R = 0 and
the groups are of equal size, denote by Uj(k)[Ui] the highest level of Uj that can be achieved by a
tax schedule of type (k) for any given level of U,. Given Uy;” at point B, it is clear that UL(Z)
[UH'] = UL' is reached at point A with the type (2) tax schedule OABE. On the other hand, given
UL', the efficient tax schedule of type (1) is O'ABE', affording the original point B for the more
able individual. Thus, in this case, Uy 11U PU11 = Uy This demonstrates that in the
progressive rate case, the UPF's for the taxes of type (1) and (2) coincide.

In Figure 2-b only the less able individual exhibits no substitutability.3 In this case, given
UH' as in point B, the supporting efficient tax schedule of type (2) is OADBE implying that
UL(Z)[UH'] = UL' is reached at point A. On the other hand, given UL' at A, the efficient tax
schedule of type 1 is O'AB'E’, implying that point B’ and UH' < UH' for the more able
individual. Thus, in this case, UH(Z)[UL(I)[UH']] < UH'. This demonstrates that in the
progressive range, the tax of type (1) is Pareto-domninated by that of type (2). The reverse happens
in Figure 2-c, where the high ability person has a zero elasticity of substitution. Here, with the
same notation, UH(Z)[UL(I)[UH']] > UH', demonstrating that in the progressive range, the
increasing marginal tax rates case of type (1) is Pareto-superior.

These examples demonstrate that it is impossible to establish in general that either the case

of increasing or decreasing marginal tax rates is superior. These examples further suggest that if

3Evcn though we refer to one individual displaying substitutability with the other displaying none,
this need not violate our assumption of common preferences; the elasticity of substitution is a
local property of preferences and the two individuals end up in different C, L combinations.
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the elasticity of substitution is lower at higher levels of utility, other things equal the increasing tax
rates system is more likely to be optimal, with the reverse happening when the elasticity of
substitution is higher at higher levels of utility. Given our limited knowledge on how the elasticity
of substitution varies, it seems that one should then confine attention to the case where all

taxpayers share a constant elasticity of substitution utility function.

4. Social Welf Maxi ith M Individuals - Methodol

The investigation of efficient tax structures in a two-class economy reveals that the shape of
the tax structure will depend on the particulars of the problem studied. A logical next step is to
investigate what characterizes tax structures that maximize social welfare, when the form and
parameterization of the social welfare function, utility function and distribution of wages are
specified. This approach, which requires numerical optimization methods, has been followed by
Stern (1976) and others in the study of the optimal linear tax system. In what follows we adapt
that methodology to the study of the optimal two-bracket linear income tax system.

We app.roximatc a lognormal distribution of wages with an economy of 1,000 individuals,
whose wages are drawn from a lognormal distribution with it = -1 and 6 = 0.39. Thus the lowest
wage is at the cumulative frequency of 0.0005, the second lowest is at 0.0015, and so on until the
highest wage is at 0.9995 of the cumulative distribution. We compute the optimal decision of a
taxpayer that maximizes a CES utility function with elasticity of substitution ¢ while facing a two-

bracket linear income tax, i.e.,

el -
Max Ui=(0t Cia +(1-a)(l- L) £
11

subject to Ci = wiLi'Ti

where T.

G+t w.L wL.5Y
i 1771 i

-G+ tlY + tz(wiLi -Y) wiLi >Y
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Here Ci is consumption, Li is labor, Wi is the wage rate, T is total tax payments, G is the
demogrant, ty and 1, are the marginal tax rates applied to the first and second brackets,
respectively, and Y is the cutoff level of income between the two brackets. Solution of this
maximization problem requires checking of the possible comer solutions that can arise.

The next step is to choose the values of )ty Y, and G that maximize the social welfare

function, which takes the standard form of
1000 * * v
W= Lulc (w., G, t Y)L.(w., G Y)
= igl v il “ wi' s 1v‘2: g wi' 9t1|t2’

1000
subjectto 3 T.=R
i=1 1!

* *

where C; and L; are the solutions to the problem of expression (1) and R is the required revenue
of the government. We execute this maximization by conducting a grid search, with grid size of
0.001, over values of oty Y and the value of G which assures that the revenue constraint is

met.

5. Social Welf Maxi ith M. Individuals_- Resul

Table 1 presents the results of these calculations. To facilitate comparison with earlier
results, we focus on certain parameterizations investigated by Stern (1976). We present the
eighteen permutations of v =1, -2, of R = 0, 0.05, and 0.10 and of € = 0.2, 0.4, and 1.0.5 The

parameter settings are shown in the first three columns of Table 1. The fourth and fifth columns

“The value of G is solved using the tax programming model described in Yitzhaki (1982); the
revenue constaint is satisfied within a tolerance of 10~V of national income. The fact that when
ty <t] tax revenue is not continuous requires the combination of a grid search and standard
numerical optimization techniques.

5Following Stern (1976) we select the value of « so that, in the absence of taxes, as we vary €, Lj
for the taxpayer with mean skills equals 0.67. This procedure yields o =033 whene=1, o=
0.41 when € =04, and o. = 0.56 when € = 0.2.
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present the demogrant and tax rate of the simple linear case6 and the next four columns present the
parameters of the optimal two-bracket linear income tax.

The most striking aspect of these results is that in all cases the marginal tax rate that applies
to the second bracket (i) lies below the marginal tax rate that applies to the first bracket (t ).
Note, however, that in all cases where the optimal G is positive, the average tax rate is increasing
in income. This latter result can be checked by verifying that in all cases 15> (tlY - GyY. Thus,
using the terminology of Musgrave and Thin (1948), the optimal two-bracket linear income tax
generally exhibits average rate progressivity but not marginal rate progressivity.

A lower value of v, which corresponds to a greater social preference for equality, increases
the optimal demogrant as well as both 4 and ty. The gap between Y and ty also widens. Figure 3
shows the effect of moving from a v of one to a v of -2 in the case where R = 0.05 and e = 0.4.
Higher values of the revenue requirement reduce the optimal demogrant and increase both t; and
t while the gap between t and 1y widens. Figure 4 shows the effect of increasing R from O to
0.05 or 0.10, when v is -2 and € = 0.4. Higher values of € reduce the demogrant and both
marginal tax rates, but do not have a consistent effect on the gap between t 1 and ty. Figure 5
shows the optimal tax schedule for the three values of €, whenR=0.05 and v = -2.

Figure 6 illustrates the difference between the optimal one-bracket and two-bracket linear
income tax schedules for the case where v = -2, € = 0.4, and R = 0.05. Compared to the optimal
linear income tax, the optimal two-bracket linear income tax leaves both the highest and lowest
wage taxpayers better off, at the expense of the middle-income eamers.

The optimal cutoff point between the two brackets, ¥, lies for these simulations between

0.233 and 0.371. Its value is not highly sensitive to the value of v or R, but does decline

6Because our optimization techniques are not identical, our solution to the optimal linear income
tax generally is slightly different from what is presented by Stem (1976). The optimal values of
G and t generally differ by no more than 5 percent.

One other methodological difference is worth mentioning. We allow the demogrant to be
negative while Stem does not allow such a solution. Thus, in the three cases where the optimal
G is negative, our results diverge from Stem's more than usual.
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significantly when € is 1.0 compared to when it is either 0.2 or 0.4. The fraction of taxpayers in
the first bracket, denoted f in Table 1, varies much more widely than Y, from a low of 0.459 to a
high of 0.832. Note that, in comparing two tax structures, a higher Y does not necessarily
correspond to a higher fraction of taxpayers in the first bracket. This is because not only Y, but
also G, 4y and th, influence where on the budget set a taxpayer chooses to locate. The column of
Table 1 headed W/L/W shows the number of taxpayers who, respectively, gain, lose, and gain in
moving from the optimal one-bracket to the optimal two-bracket linear income tax. These figures
vary within a fairly narrow range, with the poorest 22 to 34% gaining, the middle 54 to 58%
losing, and the top 11 to 24% gaining. The number of upper-income gainers is positively related
to the elasticity of substitution between leisure and consumption.

Figures 7 and 8 plot, by the cumulative distribution of the wage rate, for two different
elasticities of substitution but the same value of v and R, the difference in taxes paid and utility
under the optimal linear and two-bracket systems.7 Note the discrete increase in taxes paid at the
point where it is optimal for a taxpayer te "jump" to the lower marginal rate second bracket; utility
is, however, continuous at this point. Note also that an individual could have higher welfare when
facing a tax system under which he pays more tax, reflecting either higher consumption, higher
leisure, or both. Until the cutoff income is reached , the higher the income, the greater the loss,
because the two-bracket tax always has a higher demogrant and a higher t. At incomes greater
than Y, the utility difference is made up because 1y under the two-bracket tax is below the optimal
linear rate. Note finally that the number of high-income gainers is greater in Figure 7 (€ = 1) than
in Figure 8 (¢ = 0.2) because the bracket cutoff comes much sooner in the wage distribution.
Figure 9 shows in C - Y space the indifference curves of the critical taxpayers for the
parameterization of Figure 6, and the budget sets for the optimal linear and optimal two-bracker tax

schedules. Individuals 288 and 852 are both indifferent between the two schedules. Individual

7To facilitate the comparison, these figures show the change in utility from moving to a two-

bracket tax, and minus the change in tax liability.
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771 is the taxpayer who, under the two-bracket schedule, jumps between the lower and upper
branches. Individuals with a wage rate higher than that of individual 771 will have flatter
indifference curves in C - Y space, and will therefore locate on the upper portion of the schedule.

How valuable, from a social point of view, is it to have the extra tax instrument of a second
bracket? Figure 6, which shows that the optimal two-bracket tax does not differ markedly from the
optimal linear tax, suggests that the value is limited. The column of Table 1 headed B provides
some information to evaluate that apparent conclusion. B is defined as the additional amount of
revenue that could be raised by a two-bracket tax, compared to the optimal linear tax, while holding
social welfare constant at the value achieved by the two-bracket tax. While at its greatest value of
0.0005040, the gain is equal to 0.199% of national income (where national income is defined as 3,
w;L,), at its lowest value of 0.0000005 it is equal to just 0.0002% of national income. Thus, folr
the range of parameters we have investigated, the gain varies by a factor of one thousand.

As a standard comparison, consider that in the United States the budget of the Internal
Revenue Service is currently 0.145% of national income. If, for example, the incremental cost of
administering and enforcing a constant-quality two-bracket tax is one-tenth of the current total
administrative cost, then moving to a two-bracket system increases national income if the gain is
greater than 0.0145% of national income. This standard is met in many, but clearly not ali, of the
examples considered here.

The value of B is, holding the other parameters constant, positively related to R and
negatively related to v. The partial relationship of B to € is not, however, monotonic. The
intuition for this result is as follows. The value of having two brackets lies in the ability to impose
a lower marginal rate on higher-income people, thus inducing them to supply more labor. An
increase in € increases the gain from a lower tax rate, but at the same time reduces the attractiveness
of all non-lump-sum taxes. When v is -2, as € rises the latter effect comes to dominate the former,
so that the optimal difference between Yy and L first rises as € goes from 0.2 to 0.4, but falis when
€ goes to 1.0 (in the cases where R = 0 or 0.05). The social value of being able to set Y lower

than Y is lower when a lower general level of all marginal tax rates is called for. This also explains
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the effect of R and v on B. A higher R calls for higher marginal taxes at an optimum, so that

differentiating ty from t, is more valuable. The same reasoning applies to declines in v.

6. Conclusions

A linear income tax, with demogrant, offers considerable administrative advantages over
more complex graduated income tax systems. Yet historically countries have accepted the higher
administrative costs in order to achieve a more progressive distribution of the tax burden than that
offered by a linear income tax system.

The results presented in this paper challenge the wisdom of this pervasive policy. We
show that the benefits of allowing two brackets rather than one are very sensitive to the
parameterization of the problem, and thus may or may not be sufficient to justify the additional
administrative cost. Most strikingly, we show that if a second bracket is to be employed, income
in the higher bracket should be taxed at a Jower rate than income in the first bracket, not at a higher
rate as characterizes the statutory tax schedules of most countries. The second bracket should be
utilized to induce greater labor supply from the most productive segment of society, with the
increased tax revenue used to lower the tax burden of the least productive segment. Although the
calculated optimal tax system features declining marginal tax rates, it still generally features
increasing average tax rates, so that it is progressive but not graduated, in the standard sense of
these terms.

All of the foregoing conclusions are derived from a highly stylized model with only labor
income and using a small set of parameter choices, and therefore at this stage ought to be treated
with some caution as to their generality. However, the model and parameterizations are standard in
the optimal income tax progressivity literature, so the conclusions drawn from them are important
extensions to previous knowledge. Furthermore, we have demonstrated in a much more general
setting that efficient income tax structures may exhibit either declining or increasing marginal tax
rates, contrary to earlier work which purports to demonstrate the sub-optimality of declining

marginal rate structures. Which kind of tax structure is optimal and what its quantitative
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characteristics are depend on obtaining more precise information about the structure of individual
preferences, social tradeoffs between equity and efficiency, the distribution of skills sand the

administrative costs of tax structures of varying complexity.
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APPENDIX 1
In this appendix we refute Sheshinski's (1989) proof that, in a two-bracket linear income
tax, at the optimum t, cannot be less than Y. In what follows we use Sheshinski's notation, in
Wmm?=Yﬁ1=14y32=1*T“1=(LMd“fLG+H?-
Sheshinski's proof is flawed because it fails to account for the fact that, in the case where
Bz > Bl’ as the tax instruments (onl, %y, Bl' BZ' or ¥ change, W will change, where W is the
wage rate at which an individual will be indifferent between which segment of the budget set he
locates. In fact, as (say) ¥ increases, some individuals will "jump" from the higher segment of
their budget constraint to the lower segment. Although utility is continuous with respect to w at w,
tax revenue is discontinuous. Thus each of the first-order conditions (27) through (30) in
Sheshinski (1989) needs to have an extra term appended to it for the revenue cost of "jumpers.” In
each case the extra term has the form A(AR) f(Ww) c(lix_i'v’ where, A is the LaGrange multiplier for the
revenue constraint, AR is the change in revenue from a jump from the highest segment to the lower
segment of the budget constraint and x is a tax instrument.

Using the definition of W (expression (25) in Sheshinski), we can derive dw as follows:

dy
u“'(ﬁl, oy ) = u*(Bz, oy, v~v)
ut(By oy W) = “*(Bz' oy + (By-By)7: W)

" Lety change, and calculate the change in & that must occur to maintain the above equality

£

Jdu*

u* N .  duv N
%(ﬁl‘ ey w) dw:g&;(ﬁzv xg W) (ﬁl - (32) dy+5'; (BZ‘ oy, w) aw

Ju*
But we know (see Sheshinski's footnote 3) g, yielding

Jdu* N\ g~ Ou* -~ _ du* N
—E)TBI L“"(Blw) dw=E(B2, x,, w) (Bl - BZ) dy+¥B2 Q“'(Bz w) dw
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Rearranging, we can write
du ~
i(ﬁz'“z' %) (B, -B2)

= OJu* ~ - ’
W [By(Br¥) - By 2 (By¥)]

o

which is greater than zero if Bz >B |- (Note from Sheshinski's footnote 3 that [32 2 "(ﬁzﬁ) >

By 2+(B#).
The change in tax revenue upon moving from the higher to the lower segment, AR, is equal

to

(1-B2) (war(B%) - 5)- (1 - By ) (7-we(B,%)).

which is strictly negative when Bz >B I

Now focus on expression (31), on which Sheshinski's proof of the non-optimality of

concave budget sets rests. To this term must be added

A[(l -By) (Wﬂ*(ﬁza’) - ?)‘ (1- B1) (?'WE*(B1‘7’))]'
%;(Bz’ vk c"’) (51 'Bz)
% [51 ‘2*(51‘.‘7) -B, 2*([3266)]

which is strictly positive if Bz > [31.

f(w)

Sheshinski's proof rests on the negativity of (31), which means that there is no interior
solution to y. But now that this additional positive term has been added, it is possible that an

interior y will be optimal.
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APPENDIX II

Following Sadka (1976), it is convenient to transform the choice space and to consider
each individual as selecting C.1 and Yi to maximize Ui(Ci, Yi) = (Ci' 1- Yi/ wi), given the
common budget constraint: Ci = Yi - T(Yi' 0©). An efficient tax system ©, can be considered to
maximize & U;(@) + U;{(G), where & = nd', with &' 2 0 representing the social relative weight
for the utility of the less able individual and n = nL/nH. The revenue constraint on © can be
presented as: nT;:(E-)) + T:I(G) 2 R°, where R* = R/nH. Given the single-crossing property of
indifference curves it is possible to establish that at the socially optimal ®: (1) The revenue

* _ *
constraint is met with equality, (2) 4y < 1and ty <1,(3) iftl #1t,, then YH(G) 2Y 2 YL(G).

20
Sadka's argument establishes that when 1 2 t,> 0 (and also when Y < < 0) one can increase
Y and change t, to zero, 5o as to keep the lower ability individuals unperturbed while improving
the welfare of the more able individuals without reducing their tax payments. Seade's mirror
argument implies that if, ty 2 y> 0 (or if t < t < 0) one can lower ¥ and set t, to zero, keeping
the high ability individuals unperturbed, while improving the welfare of the low ability individuals,
without altering their tax payments. The cases where 1y < 0< ty or where > 0> 1, can be
eliminated by the same reasoning.

The more novel parts of the proposition relate to the tangency conditions. Presenting only

the case of redistribution towards the less able, suppose that t1 > t2 =0, and yet, as illustrated in

*
Figure 10-a, Uy does not touch the lower branch of the tax schedule OAD. By changing the

*
schedule from OADBE to O'AFD'BE one is able to increase UL while collecting more (net) tax
* L
revenue and leaving Uy unchanged. Similarly, suppose that ty>t = Oand yet Yy <Y, as
*
illustrated in Figure 10-b. By changing the schedule from OADBE to OABE', Uy increases while
increasing the tax revenue. The intuition behind these tangency conditions is simply that, holding
constant the zero tax rate for either the top or bottom bracket, the schedule should be adjusted to

make the other marginal tax rate as low as possible.
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FIGURE 1

Utility Possibility Frontiers for Different Tax Systems
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FIGURE 3
Effect of Changing v
(e=0.4, R=0.05)
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FIGURE 4
Effect of Changing R
(v=-2, e=0.4)
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FIGURE 5
Effect of Changing e
(v=-2, R=0.05)
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FIGURE 6

Comparison of Optimal Linear and

Two-Bracket Tax Schedules
(v=-2, e=0.4, R=0.05)
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FIGURE 9
Optimal Tax Systems and Indifference Curves of
Critical Taxpayers
(v=-2, e=0.4, R=0.05)
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