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Hotelling (1929) constructed a model of monopolistic competition in which stores were
located along a finite straight line and consumers purchased goods from their nearest store.
Because of locational advantages, stores had some degree of monopoly power, and this power
entered into their pricing decisions. The present analysis uses a circular version of the Hotelling
model, usually labeled as the Salop model and attributed to Salop (1979).1 A major technical
advantage of the circle framework is that it allows for symmetric outcomes by avoiding issues
related to the end points of a finite straight line.?

The finite straight line is an attractive framework in some contexts because the end points
represent extremes of characteristics such as preferences of political parties about the size of
government (Downs [1957]) or of religions about the degree of strictness (Barro and
McCleary [2005]). However, for most applications in industrial organization, these end-point

features do not apply, and the circle model provides a more useful setting.

I. Circular Hotelling Model

The economy, which can be viewed as a city, features consumers distributed uniformly
around a circle with circumference H, as shown in Figure 1. The parameter H represents the size
of the city. Anumber N of stores service the consumers. Each store j produces goods at the

same constant marginal cost, c. (Hotelling [1929, p. 45] assumed that the marginal cost was

Salop (1979) cites Schmalensee (1978) for a prior application of the circular setting. Moreover, the circular
framework was used earlier by Vickrey (1964, Ch. 8), who referred to “... a simple loop (which may or may not be
circular) ...”

2Salop (1979, p. 142) says: “The product space of the industry is taken to be an infinite line or the unit-
circumference of a circle. While neither assumption is realistic, both allow the “corner’ difficulties of the original
Hotelling model to be ignored and an industry equilibrium with identical prices by equally-spaced firms to obtain.”
Hay (1976, p. 243) relied on a very long straight line: “For most of the analysis we assume that the market is very
long in comparison with the market size of the firm. This enables us to avoid the analytic complications of market
intervals at the end points of the market.”



zero.) Store j prices at Pj. In addition to paying Pj for each unit of goods, a customer pays an
amount per unit that increases linearly with the distance, z, from its nearest store, as in Hotelling
(1929, p. 45). This transportation cost per unit is represented by tz, where t>0 is a transport-cost
parameter that depends on transportation technology and the value of customer time. As stressed
by Hotelling (1929, p. 45), “transportation cost” should be viewed as a metaphor for many
differentiating characteristics of goods and stores that cause customers to prefer one seller over
another for a given price charged.®

As in Salop (1979), the stores are assumed to be evenly spaced around the circle, as
shown in Figure 1. Store 1 is adjacent to stores 2 and N, as shown. Going to the right from its
location, store 1 services customers out a distance h, which is the mid-point of the spacing, 2h,
from store 2. Similarly, going to the left, store 1 services customers out a distance h, the mid-
point of its spacing from store N. The even spacing of stores is an equilibrium outcome in the
present model.

Customers located exactly at distance h to the right of store 1 will be indifferent between
buying from store 1 or store 2 and similarly to the left of store 1 for store 1 versus store N.
Behavior at these borders will be crucial for the analysis but is neglected initially for expository

purposes. The market distance, h, will satisfy

_1H
2N’

(1) h

For now, the analysis takes the number of stores, N, as given. However, in a full equilibrium, N

and, hence, h are determined from a free-entry condition.

SHotelling (1929, p. 45) says: “... there will be many causes leading particular classes of buyers to prefer one seller
over another, but the ensemble of such consideration is here symbolized by transportation costs.”
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Consider the choice of price, Pj, for store j, given the prices of other sellers (as in a
Bertrand analysis) and the positions of the other stores. In equilibrium, each store will charge the
same price, Pj=P, and each customer will patronize its closest store. Without loss of generality,
take j=1 and consider only the market going to the right where store 2 is the relevant alternative
to store 1. (The results going to the left, toward store N, will be analogous.) The effective price
per unit faced by customers at position z, where 0<z<#, is

(2 P*(z) = P + tz,
where the store subscript, 1 in this case, is omitted. Equation (2) indicates that a customer

located at z pays the price P set at store 1’s headquarters and also pays the transport cost, tz.*

Denote by q(z) the quantity demanded of store 1’s goods by customers located at

distance z from the store. This demand is assumed to take a constant-elasticity form:®

©) q(z) = A~ [P*(2)]",

where #>0.% The standard analysis requires >1, but this restriction is ultimately unnecessary in

the present model. The parameter A>0 represents the scale of consumer demand.

4An issue with literal transportation costs is that some of these costs, such as for travel time, would be independent
of the amount purchased. These fixed costs for shopping are difficult to incorporate into the present model because
the quantity bought, q(z), is modeled as an infinitesimal flow. In this respect, the model may be more appealing
when “transportation costs” are interpreted broadly to encompass costs from consuming a good with characteristics
that deviate from a customer’s ideal type. As noted by Schmalensee (1978, p. 309), “ ... the formal correspondence
between Lancastrian models with two characteristics and one-dimensional spatial models is almost exact.” See
Baumol (1967) and Lancaster (1975) in this context.

SEquation (3) is assumed to reflect substitution effects from changes in P*(z) and neglects income effects. In fact,
customers located at higher z will effectively have lower income because they spend more on transportation costs for
a given q(z). However, this income difference would be exactly offset by lower residential rents if the only
dimension of residential location that matters is its distance from the nearest store.

SHotelling (1929, pp. 45, 56) effectively assumed n=0. He says (p. 56): “The problem ... might be varied by
supposing that each consumer buys an amount of the commaodity in question which depends on the delivered price.
If one tries a particular demand function the mathematical complications will now be considerable ... * Smithies
(1941) and Hay (1976) extended the Hotelling analysis to allow for elastic consumer demand, though in the form of
linear demand functions.



A modeling device that turns out to be convenient treats q(z) as contributing an

infinitesimal amount to the total quantity of goods demanded, Q, from store 1; that is,

aQ

- = 4(2).

The total quantity, Q, sold by store 1 to customers to the right of the store’s location equals the

integral of g(z) for z going from O to h:

h
Q = J, a(2)dz.
Using the demand curve from Eq. (3) and making a change of variable from z to P*(z), the

integral can be evaluated to get

A

= 1-n _ 1-n
pro— [P (P + th)*™1],

(4) Q

where »>1 is assumed at this stage.

The marginal effect of P on Q can be calculated from Eq.(4) as

(5) Z=—(3) P -a+eSyE |

The essence of the Hotelling analysis is the term Z—’;, which indicates how an increment to P
affects the location of the border between stores. However, to see the relation to standard results

on markup pricing, the analysis assumes to begin that Z—Z =0.

The profit flow for store 1 (for sales to the right in Figure 1) is
(6) =P -c)Q -9,

where @ > 0 is the fixed cost of operating a store. (® could correspond to the rent paid on the
store’s premises. In the subsequent analysis, this fixed cost also covers sales to the left of store 1

in Figure 1.) The first-order condition for choosing P to maximize « follows from Eq. (6) as



) 0
(7) Z=Q+((P-0)5e=0.

Substituting into Eq. (7) for Q from Eq. (4) and for z—lf from Eq, (5) (assuming g—ﬁ = 0) leads,

if #>1, to the first-order maximization condition:

®) (ﬁ) [PY = (P +th)' "] = (P = o)[P7" = (P + th)™"].

The results simplify if the maximal operative transport cost, th, is small compared to the
price, P; that is, if the main component of the effective price, P*(z) in Eg. (2), is always the price
charged, P, rather than the transport cost, tz. Ultimately, the required condition will be that the
marginal production cost dominates over transport cost, so that th <« c¢. When this condition
holds, Eq. (8) simplifies to deliver the standard result (described in Lerner [1934]), whereby P is

a constant markup on marginal cost, c:’

(9) Prc- ()

so that the markup ratio is

P—c 1
(10) ~ ~ar

Therefore, when the effect of P on the location of the border is neglected, the markup ratio is
determined by the elasticity of demand, n, with a higher elasticity implying a lower markup ratio.
Finite price, P, and profit, 7, require #>1.

The price, P, shown in Eq. (9) is the one chosen by store 1. However, the same price
applies for each store around the circle in Figure 1 as long as the marginal cost, ¢, and the
elasticity of demand, #, are the same in each territory. The analysis now turns to the crucial

influence on pricing behavior from the interactions at the borders between stores.

"The second-order condition for profit maximization is satisfied here if >1.
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I1. Hotelling Effect at the Borders

At the border between stores 1 and 2, where z=h in Figure 1, customers are indifferent
between buying goods from store 1 or store 2 when the prices are the same. Starting from a
position of equal prices and holding fixed store 2’s price, a positive increment in store 1’s price,
dP>0, would motivate customers located at the border to make all of their purchases from
store 2.8 (Similarly, a negative change, dP<0, would induce the opposite shift.) Since q(h) is
the quantity bought, the amount q(h)-dP is the extra cost imposed on buyers located at the border.
In response, the border has to shift leftward toward store 1; that is dh<0 applies. This change
corresponds to a reduction by tq(h)-dh in the amount paid on transport costs by customers at the
border. In order for persons located at the new border to be indifferent between buying from
store 1 or store 2, the magnitude of tq(h)-dh must equal that of q(h)-dP. That is, tq(h)-dh +
q(h)-dP=0 must hold. Therefore, the key condition that connects the position of the border to the

increment in price is:

oh 1
(11) 5 = — ?

Substituting the result from Eqg. (11) into the expression for |n Eq. (5) results in the
cancellation of the term that involves 1 + tg—z on the right side to get:

(12) 2=—-p.

Substitution of this result into the expression for Z—Z in Eq. (7) yields the new first-order

maximization condition:

8Since the quantity q(h) is modeled as a flow of infinitesimal size, it might seem that this effect is negligible. In fact,
an infinitesimal increase in price results in the loss of the full infinitesimal quantity of sales at the border, and this
overall effect is not negligible.



(13) (n—fl) [P0 — (P + th)!™"] = (P — )P,

If we again assume that th is small compared to P (and c), Eq. (13) simplifies to:
(14) P ~c+th®°

so that the markup ratio is

P—c th
(15) —~=

c

There is a sense in which this result for the markup ratio accords with the standard
formula based on the elasticity of demand in Eq. (10). The standard result holds if 7 is
interpreted not as the parameter in the individual demand curve in Eq. (3) but rather as the full
magnitude of the elasticity of Q with respect to P—including the extensive margin whereby a
store loses all of the business at its borders by raising its price. In this setting, the micro-level
elasticity of demand, »—effectively the intensive margin for quantity demanded—does not affect
the markup ratio (as an approximation when th<<c holds).

In the equilibrium, where all stores price according to Eq. (14), the value th on the right-
hand side is the maximum markup on marginal cost that an individual store can employ without
losing all of its business at its borders. Moreover, when th<<c, the borders are close enough to a
store’s location to be effective constraints on its pricing strategy. That is, while each store might
want to employ a higher markup (related to the elasticity of demand, #), the threat of losing
border customers to neighboring stores makes this option unattractive. In the range

where th<<c, the markup, given by th, is independent of #, and the restriction #>1 is not

9The second-order condition for profit maximization is satisfied here if #>0.
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required.’® If stores could collude to carve out customer territories (so that Z—Z = 0 holds for each

store), the pricing strategies and the equilibrium markups would be different (and would
correspond to the standard results in Egs. [9] and [10]).

Return now to the assumption that the stores are evenly spaced around the circle in
Figure 1. Suppose that store 1 takes as given the positions of stores 2 and N. Suppose, starting
from a position equidistant between stores N and 2, that store 1 considers moving its location,
say by a distance X to the right. The market border with store N would then shift from a distance
h to a distance h+X/2 from store 1’s location. The border with store 2 would shift from a
distance h to a distance h-X/2. Therefore, the total distance covered by store 1 would remain
at 2h. However, there is a shift toward customers who are relatively far from the store (in the
region toward store N) and away from those who are relatively close (in the region toward
store 2). Because of the downward-sloping demand curve in Eq. (3), the more distant customers
buy a smaller quantity and are less profitable for store 1. Hence, on net, store 1’s profit declines.
It follows that store 1 would not move and is best off remaining equidistant between stores 2
and N. That is, the equal-spacing pattern is an equilibrium outcome.!! Note that this result
depends on the downward-sloping demand curve—the result would not apply under the common
assumption that each household buys exactly one unit of the good (for example, in the Salop
model described in Tirole [1988, Section 7.1.2]).

The results in Egs. (14) and (15) are reminiscent of models of contestable markets, as
described by Baumol, Panzar, and Willig (1982). In those models, an individual firm’s markup is

limited by the cost of production for potential entrants into a market, and marginal-cost pricing

"9Specifically, the terms that blow up in Eq. (13) when »<I cancel out.
UThis conclusion accords with Vickrey (1964, p. 330).



prevails under assumptions that include zero costs of entry and exit and equal access of all firms

to all technologies. A difference in the present, Hotelling context is that the relevant competition
depends on actual participants in the market—neighboring stores—rather than hypothetical entry
by potential participants. Moreover, the Hotelling-type model does not predict marginal-cost

pricing but rather price markups that depend on the distances between active stores in the market.

I11. Free-Entry Condition

Given store 1’s price, P = ¢ + th from Eq. (14), the total quantity sold, Q, by store 1 (or
any store) can be determined from Eq. (4) to be:

(16) Q ~ 2hA(c + th)™,
where the 2 reflects store 1°s sales on both sides of its location in Figure 1. The associated profit
is given from Eq. (6) by

(17) T ~ 2tAh? - (c + th)™ — @.

If T > 0, there is an incentive for new stores to enter the market, thereby raising N and

lowering h = %% .12 The decrease in h lowers 7 in Eq (17) (for sure if th<<c, the condition that

was already used in deriving Eq. [17]). This process continues as long as = > 0. If the integer
constraint on N can be neglected, as will be satisfactory if N is large,* the free-entry condition

will be T = 0. Equation (17) then implies

2 o @
2tA(c+th)™m

12The assumption here is that firms can immediately relocate to preserve their equal spacing around the circle in
Figure 1. More realistically, the model applies to a long-run, steady-state situation, rather than to the dynamics of
entry and exit.

8For example, for New York City, with a central city population of 8 million in 2019, the New York State
Comptroller reports that the number of retail businesses at that time was about 33,000, each servicing on
average 242 domestic residents. In this context, where N is 33,000, the integer constraint would be of no
consequence. Mankiw and Whinston (1986) discuss integer constraints for a related model.
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The derivation has already assumed th<<c, which implies the further approximation:

, @
(18) h=~ | zac

Therefore, under free entry, the spacing between stores, which equals 2h, follows a square-root

rule, whereby h is larger the lower the transport cost per unit, t, the higher the fixed cost ¢ of
operating a store, and the smaller the quantity that would be sold to each buyer, Ac™", if buyers
paid the marginal cost, c, for their goods.'* The last two effects arise because the fixed cost is
effectively scaled by the quantity sold to each buyer. Note that h does not depend on the overall
size of the city, represented by H in Figure 1.

The solution for market size, h, in Eg. (18) implies that the number of firms is given from
Eq. (1) by

tAc™"
20

H
(19) N=L~H-

Therefore, N is proportional to city size, H, and rises with the square root of the transport cost
per unit, t, and the quantity sold to each buyer, Ac™", if buyers paid the marginal cost, c, for their
goods. The number N varies inversely with the square root of the fixed cost, @, of operating a
store.

The free-entry result for market size, h, in Eq. (18) implies from Eq. (14) that the price
charged will be

to
2Ac™M"

(20) P~=c+

That is, the markup on marginal cost, c, is increasing with the transport-cost parameter, t, and the

fixed cost @ of operating a store and decreasing with the quantity sold to each buyer, Ac™", if

to

14The condition th<<c requires c? >» =
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buyers paid the marginal cost, c, for their goods. The markup does not depend on H, the overall
size of the city. The markup also does not depend on the elasticity of demand, #, except for a
positive effect that involves the quantity sold, Ac~". Moreover, the results hold for any #>0

(including Hotelling’s case where =0).

IV. Socially-Optimal Entry

Heuristically, there are two elements in the model that may cause the free-entry choices
of spacing, 2h, and number of stores, N, from Eqgs. (18) and (19) to deviate from socially-optimal
values. The first “distortion” is the markup, th, which corresponds to an excess of the effective
price, P*, over social marginal cost, c+tz, in Eq. (3). This “excessive” price leads to quantities of
goods consumed that fall short of socially-optimal values. That is, at the existing quantity sold,
each household’s willingness to pay, P*, for an additional unit—corresponding to the inverse-
demand function implied by Eq. (3)—exceeds the social marginal cost, c+tz. Therefore, the
profit flow in Eq. (6), which is the signal for entry, is too low in the sense of falling short of the
amount that corresponds to the socially-optimal quantity of goods produced. On this ground, one
would expect the free-entry choice of the number of stores, N, to be too low, corresponding to the
choice of spacing, 2h, being too high.

The second “distortion” is that an entering firm’s profit includes revenue that is
transferred from incumbent firms. That is, there is a “business-stealing effect,”*> which is a

private reward for entry that has no social benefit. (The distortion here can be viewed as

5This term appears in Mankiw and Whinston (1986, p. 49). See also Tirole (1988, p. 284). The business-stealing
effect plays a large role in growth models that feature creative destruction, as in Aghion and Howitt (1992). The
term creative destruction was used by Schumpeter (1942, p. 83): “This process of Creative Destruction is the
essential fact about capitalism. It is what capitalism consists in and what every capitalist concern has got to live in.”
It is unclear whether Schumpeter’s vision was preceded by Picasso’s famous quote: “Every act of creation begins
with an act of destruction.”
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generated by the lack of property rights for incumbent firms in their profit flows.) On this
ground, one would expect the free-entry choice of the number of stores, N, to be too high,
corresponding to a choice of spacing, 2h, that is too low.

Much of the existing literature on monopolistic competition argues that free entry results
in too much entry, indeed this result is sometimes described as an “excess entry theorem.”® This
result arises in Mankiw and Whinston (1986) (which is not a model based on locations) and
Tirole (1988, Ch. 7), because they consider the second force described above while neglecting
the first. Specifically, Mankiw and Whinston (p. 50) say: “We consider the second-best problem
faced by a social planner who can control the number of firms that enter the industry but not their
oligopolistic behavior once they have entered.” Tirole (p. 284) says “... we compare the free-
entry equilibrium with the allocation selected by a social planner. We already know that the
price charged by the firms is greater than the marginal cost. However, in this case, where
consumers all receive the same utility from the good and each consumes only one unit, this price
introduces no distortion.” Because only the distortion from business-stealing is considered, the
conclusion in Mankiw and Whinston (1986, p. 51, Proposition 1) and Tirole (1988, p. 284) is that
the free-entry equilibrium features excessive entry.

Suppose in the present model that the social planner can dictate not only the spacing
between stores, 2h, but also the quantity of goods purchased, q(z), by each household. However,
the planner is assumed to accept the uniform distribution of consumers around the circle in
Figure 1. Optimality entails the equation of each customer’s willingness to pay, corresponding to
the demand price from the inversion of Eq. (3), to the social marginal cost, c+tz. The socially-

optimal value of h can then be derived, following the approach of Mankiw and Whinston

8This terminology comes from Suzumura and Kiyono (1987).
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(1986, p. 50), by maximizing an expression for aggregate consumer surplus (netting out costs of
producing and transporting goods and the fixed costs of operating stores). The result, derived in
the appendix, is that the social planner’s choices of store spacing, 2h, and number of stores, N,
correspond to the free-entry choices given in Egs. (18) and (19). (The social-planner and free-
entry solutions are each approximations based on the condition th<<c.) The key point is that the
two distortions cancel out as an approximation when th<<c holds, and there is no tendency in
this model for entry of stores to be too high or too low from a social perspective.

A difference between the social-planner and free-entry outcomes is that the quantity g(z)
consumed in each location in the social-planner’s solution exceeds that in the free-entry case. In
the social-planner’s problem, q(z) is the quantity given by the demand curve in Eg. (3) when the
effective price, P*, equals the social marginal cost, c+tz, which is inclusive of costs of
production, ¢, and transport costs, tz. In the free-entry equilibrium, q(z) equals the quantity given

by the demand curve in Eg. (3) when P*=c+tz+th, which also includes the markup, th.

In a decentralized setting, the social optimum could be achieved by implementing the
appropriate subsidy on purchases of goods, financed by lump-sum taxes. No subsidy/tax would
apply to entry of stores. In practice, the goods subsidy would be difficult to implement when

there is heterogeneity in markups. Moreover, lump-sum taxes are likely to be unavailable.

V. Summary

In a circular Hotelling model, customers are uniformly distributed around a circle with
circumference H and number of stores N. Equal spacing of stores applies in equilibrium. A
customer’s transportation cost per unit is tz, where z is the distance from the nearest store. The

effective price paid is P*=P+tz, where P is the price at the store’s location. The marginal cost of

13



production is constant, and the elasticity of each customer’s quantity demanded with respect
to P* is constant.

Stores serve customers out a distance h=H/2N. If production costs dominate transport
costs, each store’s equilibrium price approximates the markup th over marginal cost, independent
of the elasticity of demand. The key element in a store’s markup is the threat of losing business
at its borders. In a free-entry equilibrium, h is larger the lower t, the higher the fixed cost of
operating a store, and the smaller the scale of quantity demanded. Given these factors, the
number of stores, N, is proportional to city size, H, and the markup is independent of H.

Two distortions affect the equilibrium: the excess of price over marginal cost implies
inefficiently low quantities of goods produced, and a business-stealing effect implies that a new
entrant’s profit includes revenue transferred from incumbent stores. These distortions have
opposing effects on entry and approximately cancel out; hence, the number of stores and their
spacing approximate socially-optimal values. However, quantities consumed are inefficiently

low.
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Appendix
Social-Planner Problem
The social planner effectively prices goods at the social marginal cost, which is c+tz for a
household located at distance z from its nearest store. The associated socially optimal quantity of
goodsis q(z) = A+ (¢ + tz)~" from Eq. (3). The consumer surplus, 2(z), for an agent at z is

then

(A1) 22 = [}9| & - ¢ - tz] dg,

where (2)1/’7 is the demand price associated with . The integral can be evaluated to get

A(c+tz)t 1

(A2) 0(z) = 222

where #>1 is assumed at this stage (but is ultimately an unnecessary restriction).

The consumer surplus given in Eq. (A2) applies for z=(0,h) to the right of store 1 in
Figure 1. Including also the analogous term to the left of store 1, the total consumer surplus for

all customers of store 1 is

+tz)11

(A3) n=2 thA(Cn_l dz.

Using a change of variable from z to c+tz, the integral can be evaluated to get

2A

(A4) Q=—
t(n-1)(m-2)

[c2" — (c + th)?™].

The analysis at this stage assumes #>2, but this restriction (or > 1) is ultimately not needed for

the results.
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The consumer surplus in Eq. (A4) applies from Eq. (1) to N=H/2h markets. The fixed

cost of operations is N&. The social planner chooses h to maximize the overall net surplus:

_Hf 4 y.2-n 2-n_2
(A5) Net consumer surplus - {t(n—l)(r/—z) [c (c + th)="7] 2}.

Setting the derivative of Eg. (A5) with respect to h to zero to get the first-order maximization

condition leads to

o A 2-1 o Ah 1—
—=—]|C —(c+th)* " ——(c+th)'™.
2 t(n—l)(n—Z)[ (c +th) ] n—l( +th)

Using the condition from before, th<<c, the right-hand side simplifies as an approximation

to Ath?c™". Therefore, the approximate solution for h is

e
(A6) h~ |z

which is the same as Eq. (18). Therefore, subject to the condition th<<c, the free-entry solution

generates the socially optimal amount of entry.
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Figure 1

Salop-Hotelling Circular City

Circumference=H

1 Distance =2h

Note: Consumers are uniformly distributed around a circle with circumference H. Stores are
located at positions 1, 2, ..., N, with a spacing of 2h. Store 1’s market extends out a distance h
to the right and left of its location.
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