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1 Introduction

We propose a theory of asset pricing and consumption behavior based on liquidity frictions.
Our starting point is a set of empirical facts in apparent tension with each other:

1. At the household level, consumption behavior is not well described by a simple Euler
equation. Households have a high marginal propensity to consume (MPC) from cash
transfers, even for households with significant wealth (Johnson et al. (2006); Jappelli
and Pistaferri (2010); Kaplan et al. (2014)), but a low MPC from capital gains in the
stock market (Chodorow-Reich et al. (2021)).

2. At the aggregate level, consumption satisfies a simple Euler equation with the zero-
beta rate, the conditionally expected return on a zero-beta equity portfolio (Di Tella
et al. (2023)).

3. Aggregate consumption does not satisfy an Euler equation with safe rates (Hansen
and Singleton (1982)). There is a large and volatile spread between zero-beta and safe
rates.

4. The securities market line is flat on average: the return of zero-beta portfolios is close
to the market return (Black (1972)).

In this paper we show that these facts can be jointly explained by the presence of liquidity
frictions: safe assets are liquid and equities are not. “Two-account” models in the style of
Kaplan and Violante (2014) propose a precise notion of what liquidity means: there are
trading frictions that prevent smooth rebalancing between a liquid and an illiquid account,
and all payments must be made out of the liquid account. Kaplan and Violante (2022) show
that these liquidity frictions can explain the pattern of household-level asset holdings and
marginal propensities to consume (fact 1). We show that the same liquidity frictions can
also explain why at the aggregate level the consumption Euler equation holds for illiquid
assets (fact 2), but not for liquid assets (fact 3), provided that the dividend-price ratio is
volatile and only weakly predicts near-term dividend growth (in line with Campbell and
Shiller (1988) and Cochrane (2008)). An aggregate Euler equation holds for illiquid assets
even though each individual household’s consumption behavior is the result of a complex
interaction between borrowing constraints, idiosyncratic risks, and aggregate risks. We also
show that in spite of these complexities, a simple Consumption CAPM holds in our model,
consistent with small risk premia and a flat securities market line (fact 4).

Our results suggest that the return of equities is well explained by aggregate consumption,
with a large and time-varying zero-beta rate and a small risk premium, while the return of
safe assets mostly reflects a large and volatile liquidity premium.
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The Model. We work with a canonical two account heterogeneous-agent model designed
to explain household-level consumption and asset-holding behavior,1 and we extend it to
incorporate aggregate shocks. Only a fraction of capital income can be used to back liquid
assets that can be used to pay for consumption. The rest must be held in an illiquid account
that can only be rebalanced when a trading opportunity arises with Poisson intensity and/or
at a fixed cost. The spread between liquid and illiquid assets compensates households for
the risk of running out of liquid assets and having to live hand-to-mouth.

In our model the key difference between liquid and illiquid assets is that the former
can be used to pay for consumption. For this reason, we view equities as illiquid, and
money-like instruments as liquid (consistent with high MPCs from cash transfers and low
MPCs from equity wealth). Treasury bonds, like equities, cannot be directly used to make
payments, but can be used by financial intermediaries to back payment instruments such
as bank deposits and money markets. For this reason, we view them as liquid.2 However,
we don’t explicitly model the supply of liquid assets by financial intermediaries and we
don’t distinguish between assets with varying degrees of liquidity (e.g. checking and savings
accounts and money markets).

A key technical contribution of the paper is to solve this heterogeneous-agent model with
aggregate shocks in closed form. This is important when studying asset-pricing features that
would be eliminated by linearization. Our results build on the work of Krueger and Lustig
(2010) and Werning (2015), but we account for many features essential to the question we
tackle: trading frictions, assets in positive supply (both liquid and illiquid), intertemporal
elasticity below one, and general stochastic processes for idiosyncratic labor income and
aggregate output. To obtain exact aggregation we incorporate a form of counter-cyclical
labor income risk (e.g. it is harder to find a job during recessions). This combination
of assumptions allows us to analytically characterize asset prices in a heterogeneous-agent
economy with aggregate risk, without imposing any restrictions on the details of the income
process and frictions that govern the counterfactual steady-state economy.3 Our solution
method involves introducing a stochastic time change that allows us to represent the economy
with aggregate shocks in terms of the economy without aggregate shocks.

Our exact aggregation results, while important to properly characterize asset prices, hinge
on the absence of redistributive effects for aggregate shocks. In our view, the distributive

1e.g. Kaplan and Violante (2014), Kaplan et al. (2018), and Auclert et al. (2023)
2Empirically, the return on payment instruments is almost exactly proportional to that of Treasurys so

fact 3 applies equally to both.
3That is, our results apply to the steady-state economies studied by e.g. Kaplan and Violante (2014),

Kaplan et al. (2018), and Auclert et al. (2023). They also cover, as a special case, steady-state heterogenous
agent models with a single account (as in Aiyagari (1994) and the literature that followed).
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effects of aggregate shocks are likely to play an important role in the explanation of some eco-
nomic phenomena. We view our analytical results as a theoretical benchmark to understand
more complex models that incorporate more meaningful distributional effects.

Main Results. We start with a setting with log preferences and show that while there
is a spread between the return of the liquid and illiquid assets, this spread is invariant
to aggregate shocks. The return of both assets satisfies an aggregate consumption Euler
equation (with different intercepts) and dividend-price ratios are constant.

We then consider the CRRA case with intertemporal elasticity below one. We derive
relations between expected aggregate consumption growth and returns on both liquid and
illiquid assets. The illiquid asset is not very good at insuring idiosyncratic labor income risk
because households may not be able to access it when they really need it, so the aggregate
consumption Euler equation holds as a good approximation. Liquid assets, on the other
hand, allow agents to self insure against idiosyncratic labor income risk, so they carry a
liquidity premium. The liquidity premium moves with the dividend-price ratio. When asset
prices are high relative to output, the supply of liquidity is high relative to the demand
for it and the liquidity premium is small. With low intertemporal elasticity this happens
when expected consumption growth going forward is low, producing a pro-cyclical liquidity
premium. In addition, even though agents face uninsurable risk and trading frictions, a
simple Consumption CAPM explains risk premia in the model.

We derive a sufficient-statistic expression for asset returns that allows us to quantitatively
evaluate the mechanism in the model while abstracting from many microeconomic details.
Our model can quantitatively match the behavior of zero-beta rates, safe rates and market
returns, as long as the dividend-price ratio is volatile and has limited ability to predict
growth. Under these conditions, our model provides a new perspective on classic asset-
pricing puzzles: the equity premium, the flat securities market line, the relatively stable
risk-free rate, and equity volatility, and is consistent with evidence on return predictability.

Related Literature. Our work is most closely related to Krueger and Lustig (2010) and
Werning (2015). Krueger and Lustig (2010) study asset prices in a “one-account” heteroge-
neous agent model in which there are shocks to the level of aggregate output, but not to
its growth rate (aggregate output and consumption growth are I.I.D.). They consider the
case of CRRA preferences and show that the standard “consumption CAPM” holds despite
the presence of uninsurable idiosyncratic income risk and borrowing constraints. The key
proof technique involves constructing a steady-state equilibrium without aggregate risk, and
then constructing the equilibrium with aggregate risk using that steady-state equilibrium.
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The Krueger and Lustig (2010) model has little to say about the consumption Euler equa-
tion directly, as interest rates are constant as a consequence of the I.I.D. growth shocks.
We recover their “consumption CAPM” result in a more general setting with time-varying
expected growth and trading frictions, which allows us to study the aggregate consumption
Euler equation for the zero-beta rate and safe bond rates.

Our paper and Werning (2015) adapt the technique of Krueger and Lustig (2010) to
consider the case in which consumption growth is not constant over time. Werning (2015)
studies three different versions of the log utility case in which the standard aggregate Euler
equation holds: (i) a case with zero asset supply, (ii) a case in which initial bond holdings are
zero, and (iii) an RBC model with fully-depreciating capital (as in the Brock and Mirman
(1972) model).4 The first two of these cases involve models with no aggregate risk (the
aggregate shocks is a one-time, unanticipated shock), and all of these cases are one-account
models. Our results hold in a two-account model in which assets are positive supply and
there is aggregate risk. In this sense, they extend the results of Werning (2015). They are
closest, conceptually, to case (ii) above, in that the aggregate shocks in our model do not
redistribute wealth across agents.

The extension of the Werning (2015) results on the log utility case to the two-account,
positive-asset supply case with aggregate risk brings those results closer to the quantitative
HANK models. However, log utility is a non-starter for the purposes of asset pricing, pri-
marily because it leads to constant price-dividend ratios. In fact, it is exactly this property
that ensures that the assumption of acyclical labor income risk that Werning (2015) empha-
sizes leads to acyclical human capital values, which is the key to aggregation in the log case.
A second contribution of our paper is to provide conditions for the CRRA case involving
cyclical labor income risk that lead to acyclical human capital values, and hence aggregation.
This step is what allows us to provide analytical results for the CRRA case in our model.

More importantly, our results for the CRRA case allow us to study a case in which the
spread between liquid and illiquid assets is not constant, and in fact quite volatile. The third
key contribution of our paper is to show that two-account heterogeneous-agent models with
CRRA preferences can explain why the aggregate Euler equation holds for illiquid assets but
not liquid assets, consistent with the evidence of Di Tella et al. (2023). The model can also
generate high (on average) equity returns with moderate levels of risk-aversion, and at the
same time explain why illiquid assets that are more exposed to aggregate risk (high “beta”
assets) do not offer higher returns than illiquid assets that are less exposed (lower “beta”
assets). That is, the model generates a flat “security market line,” consistent with empirical
evidence (Black et al. (1972); Frazzini and Pedersen (2014); Hong and Sraer (2016)). The

4Werning (2015) has some results for the zero asset supply case that apply in the CRRA as well.
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key to these results is the large spread between liquid and illiquid assets generated by the
two-account model. That is, the two-account model leads naturally to a theory of asset
pricing that emphasizes liquidity instead of risk, in the spirit of Bansal and Coleman (1996)
and Lagos (2010). We treat bonds as liquid, perhaps because they can be used by banks
to back deposits (Diamond, 2020), or because they are held in zero-maturity money market
funds. But we don’t model the liquidity of safe bonds in detail, or the difference between
money markets, saving accounts, and checking accounts.

Our work, which delivers analytical asset pricing results in heterogeneous-agent models,
is part of a literature that attempts to study heterogeneous-agent models with aggregate
shocks analytically. Acharya and Dogra (2020) and Acharya et al. (2023) provide results
for the CARA-normal setting without borrowing constraints. Bilbiie (2008) derives ana-
lytical results for economies in which agents have two types (“TANK” models). Ravn and
Sterk (2021) and Challe (2020) provide results that (like many of the results in Werning
(2015)) apply to an economy with zero-liquidity. We innovate, relative to this literature, by
providing results for the canonical two-account setting, with standard preferences, general
forms of heterogeneity, and positive liquidity. That said, many of the aforementioned papers
incorporate standard New Keynesian features (e.g. price stickiness) that have not yet been
incorporated into our framework.

Our work complements recent efforts to develop numerical techniques capable to studying
asset pricing in these models (Bhandari et al., 2023; Bilal, 2023). Relative to these efforts, our
approach has the advantage of sharp and intuitive analytical results, and the disadvantage of
requiring particular assumptions that limit the redistributive effects of aggregate shocks in
the model. We view the two approaches as complementary: our results show the assumptions
required to generate redistributive effects, and the approaches of Bhandari et al. (2023) and
Bilal (2023) show how quantitative results can be obtained in the presence of these effects.

The structure of the paper is as follows. We begin in Section 2 with the log utility case.
In Section 3 we extend our main results to the CRRA case. In Section 4 we characterize risk
premia. In Section 5 we show via a back-of-the-envelope quantification that the CRRA case
can generate an aggregate Euler equation that holds approximately for the illiquid but not
the liquid assets. In Section 6 we extend our results to the case of transition dynamics. In
Section 7 we conclude.

2 The Log Economy

We first introduce the benchmark model with log preferences. Our analysis in this section
follows closely the arguments of Krueger and Lustig (2010) and in particular Werning (2015),
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applied to the two-account models in the style of Kaplan and Violante (2014).

2.1 Preferences and Technology

There is a continuum of households i ∈ [0, 1] with identical preferences:

U(Ci) = E
[∫ ∞

0

e−ρt log(Cit)dt

]
. (1)

Aggregate output evolves according to the following stochastic process:

dYt

Yt

= gtdt+ σY (Yt, gt) · dMt, (2)

dgt = µg(gt, Yt)dt+ σg(gt, Yt) · dMt, (3)

where Mt is a vector of independent standard Brownian motions. In Sections 2 and 3 we
focus on the special case where σY (Yt, gt) = 0, so that there are shocks to the growth rate
but not the the level of output. This eliminates risk premia and allows us to focus on the
relationship between interest rates and consumption growth. We return to the general case
and characterize risk premia in Section 4. We assume throughout that Yt is bounded below
away from zero.

To simplify our exposition, we study an economy in which output (Yt) is exogenous and
equal to aggregate consumption (Ct). We do not take a stand on what drives movements in
output. Output could change due to exogenous changes in TFP, but could also result from
changes in employment, capital utilization, etc. We assume that the capital stock is fixed
(i.e. there is no investment), and that factor shares are constant. Specifically, a fraction α

of output accrues to capital owners and a fraction (1− α) to workers.5

Households face uninsurable risk to their labor income. Household i’s idiosyncratic state
is a vector eit whose evolution is governed by an infinitesimal generator Le. Its share of
aggregate labor income, denoted e0it, is a function of eit.6 We assume throughout that e0it is
bounded below away from zero. For now, we also assume Le is invariant to aggregate shocks.

5This can be motivated by a Cobb-Douglas production function in conjunction with the assumption that
factors earn their marginal products.

6In the simplest case, eit is a scalar and e0it = eit but the general notation can accommodate cases where,
for instance, idiosyncratic productivity has more- and less-persistent components, or separate productivity
and employment status.
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Aggregate resource constraints are:7∫ 1

0

Citdi = Ct = Yt, (4)

∫ 1

0

e0itdi = 1. (5)

2.2 Market Incompleteness and Trading Frictions

Households have two accounts: an illiquid account, with a balance denoted by Ait, and a
liquid account, with a balance denoted by Bit. Their dynamic budget constraints are:

dAit = ratAitdt+DitdNit + Aitσat · dMt, (6)

dBit =
(
rbtBit + e0it (1− α)Yt − Cit

)
dt− (Dit + κIDit ̸=0Bt) dNit +Bitσbt · dMt, (7)

together with the borrowing constraints Ait, Bit ≥ 0. The accounts have expected returns,
rat and rbt respectively, and may also be exposed to aggregate risk through σat and σbt.
Households pay for consumption out of the liquid account, and receive their labor income
e0it (1− α)Yt into it. Households can only move funds between the illiquid and liquid accounts
at idiosyncratic trading opportunities that arrive at a Poisson rate χ. When an opportunity
arrives, they must also pay a fixed cost κ if they choose to rebalance. The cost is denominated
in units of the liquid asset, so it is scaled by the total value of the liquid asset, denoted Bt.8

Dit are the funds moved into the illiquid account conditional on the arrival of a trading
opportunity and Nit is the Poisson counting process associated with household i’s trading
opportunities.

Household i’s problem is to pick processes (Cit, Dit) to maximize utility (1) subject to bud-
get constraints (6) and (7) and the no-borrowing constraints, taking processes (Y, g, ra, rb, σa, σb)

as given.

2.3 Supply of Liquid and Illiquid Assets

Both liquid and illiquid assets are ultimately claims on capital. A fraction θ of capital income
accrues to the owners of liquid assets and the remaining 1 − θ to owners of illiquid assets.

7Equation (5) involves only exogenous objects, so it is really a consistency condition on Le .
8These are the trading frictions in Kaplan and Violante (2022). They nest a pure Poisson trading friction

and a pure fixed cost as special cases.
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The value of each asset is then:9

At = Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
, (8)

Bt = Et

[∫ ∞

t

e−
∫ s
t rbuduθαYsds

]
. (9)

Although the cash flows are proportional to each other, the discount rates rat and rbt are
different and can move differently in response to aggregate shocks. Consistent with the
budget constraints (6) and (7), the expected return from holding each asset is rat and rbt,
and the volatility of At and Bt pin down σat and σbt.10 The parameter θ represents the
fraction of capital income that can ultimately be used to back liquid assets.

The price-dividend ratios for each asset are:

Pat =
At

(1− θ)αYt

, Pbt =
Bt

θαYt

. (10)

Market clearing for assets requires:∫ 1

0

Aitdi = At,

∫ 1

0

Bitdi = Bt. (11)

2.4 State Space and Generator

It is useful to normalize variables as follows:

cit = Cit/Yt, ait = Ait/At, bit = Bit/Bt, dit = Dit/Bt.

An advantage of this normalization is that ait and bit are the shares of the assets that each
household owns, and are therefore not affected by aggregate shocks on impact (in contrast
to the value of those asset positions, Ait and Bit). That is, there are no diffusion terms in
the evolution of ait and bit.

Lemma 1. In the absence of rebalancing (dNit = 0):

dait =
ait
Pat

dt, dbit =
1

αθPbt

(
αθbit + e0it(1− α)− cit

)
dt.

9Equations(8) and (9) assume that there are no bubbles. The model can be straightforwardly extended
to the case where rb is below the growth rate of the economy and no dividends accrue to the liquid asset,
which is relevant for our quantitative exercises.

10For now there is only one asset in each account, so the volatilities σat and σbt in the budget constraints
(6) and (7) are the ones derived from (8) and (9). In Section 4 we will allow households to trade a complete
set of securities in each account to characterize risk premia.
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See the Appendix for all proofs. Lemma 1 describes how the household’s shares in total
illiquid and liquid assets evolve when the household does not rebalance between accounts.
Dividends from each asset are paid into the corresponding account. For the illiquid account,
no rebalancing means that dividends are reinvested, and as a result share ownership for
these households grows at the rate of the dividend yield (P−1

at ). Rebalancing households
must therefore (by market clearing) be net sellers of the illiquid asset; the price of the
illiquid asset will adjust to ensure this is the case. For the liquid account, the same logic
applies except that there are additional terms that capture labor income being paid in and
consumption being paid out. In both cases the evolution is deterministic: aggregate shocks
may affect asset values but all holders of each asset share this risk pro-rata, so share holdings
(unlike the value of the assets held) are unaffected by aggregate shocks.

Households’ optimal policies depend on the history of aggregate shocks and on their id-
iosyncratic state, cit = ct(ait, bit, eit) and dit = dt(ait, bit, eit). Given these policy functions,
the evolution of (ait, bit, eit) can be described by the infinitesimal generator Labe(ct, dt;Pat, Pbt),
defined for arbitrary test function f(a, b, e):

Labe(ct, dt;Pat, Pbt)f(·) = Lef(·) +
a

Pat

fa(·) +
1

αθPbt

(αθb+ e0(1− α)− ct(·))fb(·) (12)

+χ

(
f
(
a+

θPbt

(1− θ)Pat

dt(·), b− dt(·)− κIdt(·)̸=0, e
)
− f(·)

)
.

The first term captures the evolution of eit, the second and third the evolution of ait and bit in
the absence of a trading opportunity, and the last term captures rebalancing across accounts.
The generator Labe(ct, dt;Pat, Pbt) depends on the history of aggregate shocks through Pat

and Pbt and the policy functions ct(·) and dt(·).
Let µt(a, b, e) be the population measure of households’ idiosyncratic state. Its evolution

can be described with a KFE:

dµt(·) = L†
abe(ct, dt;Pat, Pbt)µt(·)dt, (13)

where L†
abe(ct, dt;Pat, Pbt) is the adjoint operator of Labe(ct, dt;Pat, Pbt).11 Aggregate shocks

can affect the evolution of µt through the operator L†
abe(ct, dt;Pat, Pbt), but they don’t by

themselves change the distribution µt on impact, because of the way we have normalized the
state variables.

11The adjoint operator and the “KFE” equation should be understood in the weak*-sense; in two-account
models, µt will often not be absolutely continuous with respect to the Lebesgue measure.
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We will also use the generator for Y and g (here we use that σY (Yt, gt) = 0):

LY gf(·) = fY (·)gY + fg(·)µg(Y, g) +
1

2
fgg(·)σg(Y, g)

2.

Note that here and throughout the paper, we use the square of a vector to indicate the
ℓ2-norm e.g. σg(Y, g)

2 = σg(Y, g)
T · σg(Y, g).

2.5 Competitive Equilibrium

For an initial measure µ0, a competitive equilibrium is a set of adapted policy functions
(c∗t (·), d∗t (·)), price and return processes (r∗at, σ∗

at, P
a∗
t , rb∗t , σ∗

bt, P
b∗
t ), and a measure µ∗

t such
that (1) policies are optimal in households’ problem, (2) µ∗

t satisfies KFE (13) with initial
condition µ∗

0 = µ0, (3) prices and returns satisfy (8) and (9), and (4) markets clear:∫
supp(µ∗

t )

bdµ∗
t (a, b, e) = 1,∫

supp(µ∗
t )

adµ∗
t (a, b, e) = 1, (14)∫

supp(µ∗
t )

c∗t (a, b, e)dµ
∗
t (a, b, e) = 1.

In the absence of aggregate shocks, Yt = 1, gt = σY = µg = σg = 0, we can define a steady
state competitive equilibrium as a set of policy function (c̄(·), d̄(·)), prices (r̄a, r̄b, P̄a, P̄b) and
a measure µ̄ such that (1) policies are optimal in households’ problem, (2) µ̄ satisfies the
KFE (13) with initial condition µ0 = µ̄, (3) P̄a = r̄−1

a and P̄b = r̄−1
b and (4) markets clear

analogously to (14).

2.6 Steady State Equilibrium

We start with the steady state equilibrium. The value function for a household is V̄ (a, b, e)

and the HJB equation is:

ρV̄ (a, b, e) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

ln c+ Labe(c, d; P̄a, P̄b)V̄ (a, b, e). (15)

The policy functions c̄ and d̄ are derived from the the HJB, and the KFE is:

L̄†
abe(c̄, d̄; P̄a, P̄b)µ̄ = 0. (16)
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Finding a steady state equilibrium requires finding P̄a , P̄b such that the policy functions c̄

and d̄ derived from (15) and the measure µ̄ derived from (16) satisfy market clearing. In
what follows, we will simply assume that a steady state equilibrium can be found.

2.7 Competitive Equilibrium with Aggregate Shocks

We conjecture a competitive equilibrium with aggregate shocks that is Markov in (Y, g) and
where P ∗

at = P̄a and P ∗
bt = P̄b. Given this conjecture, the generator is the same as in the

steady state, conditional on the policy functions:

Labe(c, d;P
∗
at, P

∗
bt) = Labe(c, d; P̄a, P̄b).

The value function is V (a, b, e;Y, g), and the HJB is:

ρV (a, b, e;Y, g) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

ln(Y )+ln c+Labe(c, d; P̄a, P̄b)V (a, b, e;Y, g)+LY g(Y, g)V (a, b, e;Y, g).

(17)
We can then guess and verify that:

V (a, b, e;Y, g) = V̄ (a, b, e) + ϕ(Y, g).

Under the guess, the HJB simplifies to:

ρV̄ (a, b, e)+ρϕ(Y, g) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

ln(Y )+ln c+Labe(c, d; P̄a, P̄b)V̄ (a, b, e)+LY g(Y, g)ϕ(Y, g).

Using the steady state HJB (15) to cancel out terms, we get:

ρϕ(Y, g) = ln(Y ) + LY g(Y, g)ϕ(Y, g), (18)

with solution:
ϕ(Y, g) = E

[∫ ∞

t

e−ρ(s−t) ln(Ys)ds|Yt = Y, gt = g

]
, (19)

which verifies our guess. The policy functions c and d are therefore the same as in the steady
state equilibrium. This means that, if we start at µ0 = µ̄,

L†
abe(c

∗
t , d

∗
t ;P

∗
at, P

∗
bt)µt = L†

abe(c̄, d̄; P̄a, P̄b)µ̄ = 0,
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so the measure remains at µt = µ̄. Since both policy functions and the measure µt are as
in the steady state equilibrium, we have market clearing. It only remains to pin down the
returns rat, rbt, σat, and σbt. For the illiquid asset,

Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
︸ ︷︷ ︸

At

= P̄a(1− θ)αYt.

Taking time derivatives on both sides we get:

(ratAt − (1− θ)αYt) dt+ Atσat · dMt = P̄a(1− θ)αYtgtdt.

We immediately get σat = 0. Dividing throughout by At = P̄a(1−θ)αYt and using P̄a = r̄−1
a ,

we obtain rat = r̄a + gt. The same argument works for the liquid asset, so rbt = r̄b + gt.

Proposition 2. Assume σY (Yt, gt) = 0 and that there exists a steady state equilibrium
(c̄, d̄, r̄a, r̄b, P̄a, P̄b, µ̄) with C1 value function V̄ (a, b, e) satisfying the HJB equation (15). Then
if µ0 = µ̄ and and ϕ(Y, g) as defined in (19) is finite, there exists a competitive equilibrium
with

c∗t (·) = c̄(·), d∗t (·) = d̄(·), P ∗
at = P̄a, Pbt = P̄b, µ∗

t = µ̄.

There is an aggregate consumption Euler equation for both assets j ∈ {a, b},

rjt = r̄j + gt, (20)

and assets are locally safe, σat = σbt = 0.

This result allow us to construct the competitive equilibrium with aggregate shocks as-
suming the initial distribution is µ0 = µ̄. In Section 6 we extend this result to construct the
competitive equilibrium with aggregate shocks for any initial distribution µ0.

Discussion of the Log Economy

Exact aggregation is possible because the aggregate shocks do not redistribute wealth. There
is no redistribution between capital and labor (fixed capital share α) or between liquid and
illiquid assets (fixed θ). In addition, there is no redistribution between labor-endowment
types eit. This last property is due to the combination of log preferences and the invariance
of the generator Le to the aggregate state. Consider two households, one who is currently
employed and one who is not. The unemployed one has a backloaded labor income profile
relative to the employed one. When a shock lowers gt, all households expect lower labor
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income in the future, but thanks to log preferences the interest rates fall one-for-one with gt,
so there is no redistribution (in a net-present-value sense) between back-loaded and front-
loaded labor income profiles. In addition, the distribution of that labor income between the
two households is unchanged because the generator that governs labor market dynamics, Le,
is independent of the aggregate state of the economy. This last condition—that the process
governing idiosyncratic income shares is unaffected by aggregate risk—is the same condition
used by Werning (2015) to derive the standard aggregate Euler equation in his analysis of
the log utility case.

The log economy generates a spread between liquid and illiquid assets and an aggregate
consumption Euler equation for illiquid assets. This spread reflects the convenience of liquid
assets, which are necessary to sustain consumption after periods of low labor income. To see
this, abstract from the fixed cost (κ = 0) and consider a household with a trading opportunity
who can decide to increase their consumption and reduce their holding of liquid or illiquid
assets. For the illiquid asset, the cost is the return until the next trading opportunity, τa.
For the liquid asset, the return until either the next trading opportunity τa or the point at
which the household runs out of liquid assets, τb . They could reduce their consumption
before that, but they cannot guarantee postponing the reduction in consumption beyond
that point. We can then write the following household-level Euler equations:

C−γ
it = Et

[
e
∫ τa
t (ras− 1

2
σ2
as)dt+

∫ τa
t σasdMsC−γ

iτa

]
= Et

[∫ ∞

t

χe−χ(u−t) × e
∫ u
t (ras− 1

2
σ2
as)dt+

∫ u
t σasdMsC−γ

iu du

]
,

(21)
C−γ

it = Et

[
e
∫ τa∧τb
t (rbs− 1

2
σ2
bs)dt+

∫ τa∧τb
t σbsdMsC−γ

iτa∧τb

]
. (22)

Relative to the illiquid asset, the liquid one provides insurance against the event τb < τa

that the household runs out of liquidity before it can access its illiquid assets, which is a
high marginal-utility state. If this is guaranteed not to happen, P (τb < τa) = 0, then the
household will never hold liquid assets (at the margin) as long as there is a positive spread.
Households reduce their liquid holdings up to the point that a positive probability of running
out of liquid funds compensates for the higher return of illiquid assets. In equilibrium the
spread is constant because the supply of liquid assets is in constant relation to the liquidity
needs derived from idiosyncratic labor income shocks and trading opportunities.

The last expression in (21) also shows that the return of the illiquid asset can be inter-
preted as an intertemporal price. The illiquid asset can be thought of as a security whose
payoffs follow an exponential decay. Its return is therefore an exponentially-weighted average
of intertemporal prices between time t and t + u (analogous to how the return of an asset
with a one-year maturity is the intertemporal price between t and t + 1). Expression (22)
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shows this interpretation is not valid for the liquid asset. Its payoff structure depends on the
realization of idiosyncratic labor income risk of the holder through τb. In this sense we can
think of it as providing insurance.

The log economy has important shortcomings:

1. The spread between liquid and illiquid assets is constant, and as a result an aggregate
Euler equation holds for both the liquid and illiquid assets, contradicting our Fact 3.

2. Estimates of the intertemporal elasticity using the aggregate Euler equation fall well
below one. An intertemporal elasticity of 1 is rejected, so the log economy can fit Fact
2 qualitatively but not quantitatively.

3. Price-dividend ratios are constant in the model, whereas in reality they are quite
volatile. The log economy is thus a non-starter for the purpose of explaining asset
prices.

These failures motivate us to extend the model to CRRA preferences with intertemporal
elasticity below 1.

3 The CRRA Economy

We modify the economy of the previous section in two ways. First, households have CRRA
preferences:

U(Ci) = E
[∫ ∞

0

e−ρt C
1−γ
it

1− γ
dt

]
.

We are interested in the γ > 1 case. Second, the generator for idiosyncratic labor endowment
and the trading friction now depend on the aggregate state of the economy. The generator
is now:12

x−1
t Le, (23)

and the arrival rate of a trading opportunity is:

x−1
t χ, (24)

where:
xt = x(Yt, gt) = ρ

1

Y 1−γ
t

E
[∫ ∞

t

e−ρ(s−t)Y 1−γ
s ds|Yt, gt

]
. (25)

12This is still consistent with the aggregate resource constraint (5).
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The object x(Y, g) happens to be the price-dividend ratio in a representative-agent economy,
normalized by ρ.13 Our model does not distinguish between a claim to aggregate consumption
and a claim to dividends, so we will interpret xt as both a wealth-to-consumption ratio and
a price-dividend ratio. With γ = 1 (log), x(Y, g) = 1 and we have the setting in the previous
section. With γ > 1, x(Y, g) is high when growth is expected to be low (e.g. during the
contraction phase of the cycle). The reason is that with γ > 1 interest rates fall more than
one-for-one with expected growth gt. We will assume that the stochastic process for (Yt, gt)

is such that x(Yt, gt) is finite for all gt and Yt > 0.
Adjusting the generator and trading frictions by this precise amount is the condition

needed to obtain exact aggregation, by eliminating any distributional effect of aggregate
shocks on impact. Of course, redistribution is likely to be central to the explanation of some
economic phenomena. Our model is in effect setting up a baseline where redistribution is
absent. Our assumptions also have an economic meaning. Expressions (23) and (24) say
that during contractions the process for idiosyncratic risk slows down. This is disproportion-
ately bad for those who currently have low labor income or who hold mainly illiquid assets,
who will tend to stay in their current state for longer. For example, currently unemployed
households are disproportionately less likely to find a job during a recession.14 Likewise,
during contractions liquidity frictions become more severe. While we view both of these
assumptions as directionally reasonable, we are imposing a precise functional form, without
any free parameters, for the purpose of obtaining exact aggregation.

3.1 State Space and Generator

We have the same state space as in the log economy, but the generator is now modified to:

Labe(ct, dt;Pat, Pbt, xt)f(·) = x−1
t Lef(·) +

a

Pat

fa(·) +
1

αθPbt

(
αθb+ e0(1− α)− ct(·)

)
fb(·)

(26)

+x−1
t χ

(
f
(
a+

θPbt

(1− θ)Pat

dt(·), b− dt(·)− κId(·)̸=0, e
)
− f(·)

)
.

It now depends on the history of aggregate shocks not only through policy functions and Pat

and Pbt, but also through xt.

13To see this, write xt = ρE
[∫∞

t
e−ρ(s−t)

(
Ys

Yt

)−γ
Ys

Yt
ds|Yt, gt

]
, and notice that in the representative-agent

case the SDF is e−ρtY −γ
t .

14The generator pertains to each household’s share of aggregate labor income, eit not the aggregate level
of labor income (1− α)Yt. If every households’ income is expected to be lower in the same proportion, the
generator Le would not be affected. The model also doesn’t distinguish lower aggregate labor income from
lower wages or from lower aggregate employment/higher unemployment.
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An important property of the generator is that it and its adjoint are homogeneous of
degree −1 in the last three arguments:

Labe(c, d;xPa, xPb, x) = x−1Labe(c, d;Pa, Pb, 1), (27)

L†
abe(c, d;xPa, xPb, x) = x−1L†

abe(c, d;Pa, Pb, 1). (28)

3.2 Steady State Equilibrium

The steady state equilibrium can be characterized by the HJB equation:

ρV̄ (a, b, e) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

c1−γ

1− γ
+ Labe(c, d; P̄a, P̄b, 1)V̄ (a, b, e). (29)

The policy functions c̄ and d̄ are derived from the the HJB, and the KFE is:

L†
abe(c̄, d̄; P̄a, P̄b, 1)µ̄ = 0. (30)

As before, we assume that a steady state equilibrium can be found.

3.3 Competitive Equilibrium with Aggregate Shocks

We conjecture a competitive equilibrium with aggregate shocks that is Markov in (Y, g) and
where P ∗

at = xtP̄a and P ∗
bt = xtP̄b. Given this conjecture, we can use the properties of the

generator Laeb in (27) and (28) to write:

Labe (c, d;P
∗
at, P

∗
bt, xt) = x−1

t Labe

(
c, d; P̄a, P̄b, 1

)
,

and the adjoint:
L†

abe (c, d;P
∗
at, P

∗
bt, xt) = x−1

t L†
abe

(
c, d; P̄a, P̄b, 1

)
.

The HJB equation is:

ρV (a, b, e;Y, g) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Y 1−γ c1−γ

1− γ
+ x (Y, g) −1Labe

(
c, d; P̄a, P̄b, 1

)
V (a, b, e;Y, g)

(31)

+ LY g (Y, g)V (a, b, e;Y, g) .
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We guess and verify that:

V (a, b, e;Y, g) = x (Y, g)Y 1−γV̄ (a, b, e) .

Replacing our guess into the HJB we get:

ρx (Y, g)Y 1−γV̄ (a, b, e) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Y 1−γ

(
c1−γ

1− γ
+ Labe

(
c, d; P̄a, P̄b, 1

)
V̄ (a, b, e)

)

+ V̄ (a, b, e)LY g (Y, g)
(
x (Y, g)Y 1−γ

)
.

Using the steady state HJB (29), we see the policy functions are unchanged. Dividing
throughout by V̄ (a, b, e) , we obtain:

ρx (Y, g)Y 1−γ = ρY 1−γ + LY g (Y, g)
(
x (Y, g)Y 1−γ

)
. (32)

We can integrate this expression using the Feynman-Kac formula to obtain:

x (Yt, gt)Y
1−γ
t = Et

[∫ ∞

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
,

which verifies the guess.
The policy functions are the same as in the steady state, c∗t = c̄ and d∗t = d̄, so if we start

at µ0 = µ̄ the KFE is:

dµ∗
t = L†

abe (c
∗
t , d

∗
t ;P

∗
at, P

∗
bt, xt)µ

∗
tdt = x−1

t L†
abe

(
c̄, d̄; P̄a, P̄b, 1

)
µ̄dt = 0,

so µ∗
t = µ̄. Since the policy functions and the measure are both as in the steady state, we

have market clearing.
All that remains is to pin down the returns. For the illiquid asset we have:

Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
= xtP̄a(1− θ)αYt. (33)

Take time derivatives on both sides and divide by Āt, recalling that (1 − θ)αYt/Āt =

1/(P̄axt) = r̄a/xt, to obtain:(
rat −

r̄a
xt

)
dt+ σat · dMt =

(
µxt

xt

+ gt

)
dt+

σxt

xt

· dMt,

where σxt = σx(Yt, gt) = xg(Y, g)σg(Y, g) + xY (Y, g)σY (Y, g) and µxt is the drift of xt. We
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therefore have σat =
σxt

xt
. From the definition of xt we can compute:15

µxt

xt

= ρ− ρ

xt

− (1− γ)gt,

so we obtain
rat = ρ+ γgt −

ρ− r̄a
xt

.

The same procedure works for the liquid asset.

Proposition 3. Assume σY (Yt, gt) = 0 and that there exists a steady state equilibrium of
the CRRA economy (c̄, d̄, r̄a, r̄b, P̄a, P̄b, µ̄) with C1 value function V̄ (a, b, e) satisfying the HJB
equation (29). Then if µ0 = µ̄ and x(Yt, gt) as defined in (25) exists and is finite, there exists
a competitive equilibrium with:

c∗t (·) = c̄(·), d∗t (·) = d̄(·), P ∗
at = xtP̄a, P ∗

bt = xtP̄b, µ∗
t = µ̄.

Expected asset returns are

rjt = ρ+ γgt −
ρ− r̄j
xt

, j = a, b, (34)

and asset volatility is σat = σbt =
σx(Yt,gt)
x(Yt,gt)

.

As in the log case, this result allow us to construct the competitive equilibrium with
aggregate shocks assuming the initial distribution µ0 = µ̄. In Section 6 we extend this result
to construct the competitive equilibrium with aggregate shocks for any initial distribution
µ0.

Discussion of the CRRA Economy

The CRRA economy allows for exact aggregation in spite of the time-varying price-dividend
ratios because the state-dependent idiosyncratic labor income process and trading oppor-
tunities prevent redistribution in response to aggregate shocks. With γ > 1 interest rates
fall more than one-to-one with growth gt. If the labor income generator was invariant to
the cycle, as in the log economy, the onset of a recession (low gt) would redistribute from
those whose labor income is front-loaded to those whose labor income is backloaded. Unem-
ployed households would gain, in present value terms, with the start of a recession (relative

15To see this, notice that
∫ t

0
e−ρsY 1−γ

s ρds+ e−ρtY 1−γ
t xt is a martingale. Computing its expected change

we obtain the expression for µxt

xt
.
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to employed households). Scaling the generator by x−1
t as in (23) prevents this redistribu-

tion: This scaling slows down the idiosyncratic shock process when gt falls, which means
that currently-unemployed (or more broadly currently-low-labor-income) households bear a
disproportionate share of the reduction in future labor income. This exactly compensates
for the lower discounting on future labor income. Thus, the model features cyclicality in
labor income risk but no cyclicality in the net-present-value-of-labor-income risk.

But the time-varying price-dividend ratios do change the supply of liquidity and therefore
affect the spread between liquid and illiquid assets. Since with γ > 1 interest rates fall
more than one to one with growth, the onset of a recession raises the supply of liquidity
relative to the needs derived from labor income and trading risk. As a result, the spread
st = (r̄a−r̄b)/xt shrinks during recessions, when xt is large. Exact aggregation with aggregate
shocks depends on three elements adjusting in the same way: price-dividend ratios, the
generator for idiosyncratic labor income, and trading frictions. This can be seen in the
inverse homogeneity property of the Laeb generator in (27).16

4 Risk Premia and Zero-Beta Rates

Up to this point we’ve assumed that aggregate consumption is locally deterministic. In this
section we bring consumption volatility back in and study risk premia. This is important
because the motivating Fact 2 is that the aggregate consumption Euler equation works when
we use the zero-beta rate, the expected return of equities after controlling for risk premia.

The main result in this section is that, even though agents face uninsurable idiosyncratic
risk and trading frictions, asset prices nonetheless satisfy a simple Consumption CAPM.
We show this in two steps. First, we assume that aggregate consumption may be volatile,
σY (Yt, gt) > 0, and show how the competitive equilibrium is modified. Then we introduce
zero-net-supply derivatives to complete the market and price any cashflow, and show that
the derivatives are not traded and the Consumption CAPM holds.

Step 1: Adding aggregate volatility. With σY (Yt, gt), relative to the model in Section
3, we need to modify the aggregate generator to account for the volatility of Y and the
covariance of the shocks to Y and g:

LY gf(·) =
[
gY µg(Y, g)

]
· ∇gY f(·) +

1

2
tr[σ(Y, g)∇2

gY f(·)σ(Y, g)T ],

16Trading frictions become worse during recessions, x−1
t χ, which raises the spread. With constant χ the

spread would fall even more.
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where ∇gY and ∇2
gY are the gradient and Hessian with respect to (g, Y ), and σ(Y, g) =[

σg(Y, g) σY (Y, g)
]
.The derivation in Section 3 is unchanged except for the computation of

asset returns off of (33).

Proposition 4. Assume σY (Yt, gt) > 0 and there exists a steady state equilibrium of the
CRRA economy (c̄, d̄, r̄a, r̄b, P̄a, P̄b, µ̄) with C1 value function V̄ (a, b, e) satisfying the HJB
equation (29). Then if µ0 = µ̄ and x(Yt, gt) as defined in (25) exists and is finite, there
exists a competitive equilibrium with

c∗t (·) = c̄(·), d∗t (·) = d̄(·), P ∗
at = xtP̄a, P ∗

bt = xtP̄b, µ∗
t = µ̄.

Expected asset returns are

rjt = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γ

σxt

xt

· σY t −
ρ− r̄j
xt

, j = a, b, (35)

and asset volatility is σat = σbt =
σx(Yt,gt)
x(Yt,gt)

+ σY (Yt, gt).

Step 2: Completing asset markets. Second, we introduce zero-net supply derivatives
into each account, with unit loading on each element of Mt and premia πjt. This completes
the market within each account, allowing us to price any cashflow. We will show that πjt =

πj(Yt, gt) = γσY (Yt, gt) and there is no trading in the derivatives, so that the equilibrium is
not affected at all by the completion of the market.17

Let δait and δbit be household i’s derivatives position in the illiquid and liquid accounts, as
a fraction of the balance in each account. The budget constraints (6) and (7) are now:

dAit = (rat + δait · πat)Aitdt+DitdNit + Ait (σat + δait) · dMt,

dBit =
(
rbtBit +Bitδ

b
it · πbt + e0it(1− α)Yt − Cit

)
dt−(Dit + κIDit ̸=0Bt) dNit+Bit

(
σbt + δbit

)
·dMt.

The laws of motion of ait and bit, in the absence of a trading opportunity, are now:

ait = ait

(
1

Pat

+ δait · (πat − σat)

)
dt+ aitδ

a
it · dMt,

dbit =
1

αθPbt

(
αθbit + bitδ

b
it · (πbt − σat) + e0it(1− α)− cit

)
dt+ bitδ

b
it · dMt.

17We allow households to continuously trade derivatives even in the absence of a trading opportunity.
Since we prove that there is no trading in the derivatives, a hypothetical restriction of derivatives trading to
the arrival of trading opportunities would not bind.
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Define δ =

[
aδa

bδb

]
. The generator L(c, d, δ;Pa, Pb, x, π, σa, σb) for (a, b, e, Y, g), defined for

arbitrary test function f is:

Lf = Labe(c, d;Pa, Pb, x)f + LY gf

+ (aδa) · (πa (Y, g)− σa (Y, g)) fa +
(
aδb
)
· (πb (Y, g)− σb (Y, g)) fb

+ tr[δT · ∇ab∇gY f · σ(Y, g)] + 1

2
tr[δT · ∇2

abf · δ],

where ∇ab and ∇2
ab denote the gradient and Hessian with respect to (a, b). The new terms in

the second line account for the modified drift of a and b, and the third line accounts for the
covariation of the marginal utility of a and b with Y and g, and the second order covariation
of the marginal utilities of a and b.

The HJB equation for the value function V (a, b, e;Y, g) is

ρV = max
c≥0,δ,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Y 1−γ c1−γ

1− γ
+ LV.

With the same guess as before, V (a, b, e;Y, g) = x(Y, g)Y 1−γV̄ (a, b, e), and applying the
generator L to V , the HJB is the same as with δa = δb = 0⃗, plus the following terms on the
right hand side:

x (Y, g)Y 1−γ V̄a (a, b, e)×
[
(aδa) · (πa (Y, g)− σa (Y, g)) +

(
bδb
)
· (πb (Y, g)− σb (Y, g))

]
+x (Y, g)Y 1−γ V̄a (a, b, e)×

[
(aδa) ·

(
σx(Y, g)

x(Y, g)
+ (1− γ)σY (Y, g)

)
+
(
bδb
)
·
(
σx(Y, g)

x(Y, g)
+ (1− γ)σY (Y, g)

)]
+
1

2
x (Y, g)Y 1−γtr[δT · ∇2

abV̄ (a, b, e) · δ].

Using σa(Y, g) =
σx(Y,g)
x(Y,g)

+ σY (Y, g) and πa(Y, g) = πb(Y, g) = γσY (Y, g), the first and second
lines of this expression cancel out. The third line is negative as long as V̄ (a, b, e) is concave in
(a, b) for all e, and equal to zero if δa = δb = 0⃗. Thus, there is no trading in the derivatives in
either account, and the competitive equilibrium is therefore unchanged by the introduction
of these derivatives.

Our economy was carefully constructed to ensure there are no redistributive effects of
aggregate shocks. It should not come as a surprise that, starting from this initial point,
agents have no desire to trade derivatives on aggregate risk; they have already shared this
risk perfectly, despite their inability to insure each other against idiosyncratic risks.

A central object of interest are the zero-beta rates, the expected returns of each asset
after controlling for risk premia. In the steady state economy there are no risk premia and
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therefore r̄0a = r̄a and r̄0b = r̄b. With aggregate shocks, we must remove the risk premium
from the return of each asset to recover the zero-beta rate, e.g. r0at = rat − πat

(
σxt

xt
+ σY t

)
.

Proposition 5 (Consumption CAPM). Assume V̄ (a, b, e) is concave in (a, b), and that the
conditions of Proposition 4 hold. Then the price of risk is πj (Y, g) = γσY (Y, g) for j = a, b.
The zero-beta rates satisfy:

r0jt = ρ+ γgt − (γ + 1)
γ

2
σ2
Y t︸ ︷︷ ︸

representative-agent Euler eq.

−
ρ− r̄0j
xt

. (36)

Notice that the first part of the expression for the zero-beta rate is simply the aggregate
consumption Euler equation in a representative agent model. In the case without volatility
in aggregate consumption, σY (Yt, gt) = 0, studied in Section 3, there is no risk premium so
asset returns are zero-beta returns, r0jt = rjt, and expression (36) simplifies to (34).

The additional term ρ−r̄0j
xt

reflects the benefit the asset offers as insurance against idiosyn-
cratic risk. In the steady state model, this benefit is what leads to a the difference between
the rate of time preference and the interest rate, ρ − r̄0j . In the model with aggregate risk,
this difference is scaled by x−1

t , reflecting changes in the scale of liquidity needs relative to
liquidity supply.

It is tempting, but incorrect, to think of this term as arising from the interaction of
precautionary savings and aggregate risk, along the lines of Constantinides and Duffie (1996).
As those authors show, when the magnitude of precautionary savings effects are correlated
with aggregate risks, those aggregate risks will carry a price, creating departures from the
Consumption CAPM. This is not what is happening in our model; the Consumption CAPM
holds exactly, and aggregate risks have (by design) no redistributive effects, and therefore
do not drive changes in the relative marginal utilities of consumption across agents. That
is, for the purpose of obtaining aggregation, we have shut down the forces that animate
the results of Constantinides and Duffie (1996). Instead, in our model, assets have value as
insurance against binding borrowing constraints (in the spirit of Aiyagari (1994)), and this
value fluctuates with the state of the economy.

5 Quantitative Evaluation

In this section we evaluate our model quantitatively. We first derive a sufficient statistic
expression for asset returns that allow us to calibrate the model abstracting from microeco-
nomic details. We then ask whether the model can match our motivating facts. As equations
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(35) make clear, this will depend on the behavior of the price-dividend ratio xt, so we exam-
ine how xt needs to behave for our model to fit the facts, and whether this fits the evidence
on price-dividend ratios. By working directly with xt, we sidestep the need to fully spell
out the stochastic process for (Yt, gt). Lastly, we study the implications of our quantitative
exercise for classic puzzles in macro-finance.

5.1 A sufficient statistic expression for asset returns.

To simplify our exercise, we will assume σY is constant and define the “effective” discount
rate

ρ̃ = ρ+ γE[gt]− (γ + 1)
γ

2
σ2
Y .

Under these assumptions, we can rearrange (36) to obtain the following expression:

r0jt = E
[
r0jt
]
+ γ (gt − E [gt])−

(
ρ̃− E

[
r0jt
])

×

(
x−1
t

E
[
x−1
t

] − 1

)
. (37)

The advantage of this expression is that, insofar as we can observe r0jt, gt, and xt, the only
free parameters are the preference parameters ρ̃ and γ. All the microeconomic forces in the
model (idiosyncratic shocks, trading frictions costs, etc.) matter for asset prices only through
their effect on the average zero-beta liquid and illiquid rates. Any combination of parameters
that produces the same averages will generate the same macroeconomic implications. Note
also that, up to a linearization,

x−1
t

E
[
x−1
t

] − 1 ≈ ln
(
x−1
t

)
− ln

(
E
[
x−1
t

])
.

5.2 Basic calibration.

We use the following calibration targets:

• Liquid assets: we use MZM (zero-maturity monetary assets). This includes cash,
checking deposits, saving deposits and money market fund shares. Their weighted
average nominal return is just under half the federal funds rate, and moves almost
linearly with it.18 The mean annualized real return is approximately E[r0bt] = −1.5%.19

18This implies that Euler equations using the MZM rate or the federal funds rate will fit equally poorly.
19This results from the following calculation. We assume that the nominal return on cash plus checking

deposits (M1) is zero; the nominal return on savings deposits (M2 minus M1 minus small denomination
time deposits) is 0.43 times the federal funs rate, following Kurlat (2019); and the nominal return on money
market mutual funds is equal to the federal funds rate. This yields a weighted average nominal return on
MZM between 1973 and 2020 of 2.39%, which corresponds to a -1.47% real return, which we round to -1.5%.
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• Illiquid assets: We adopt the view as in Di Tella et al. (2023) that stocks are illiquid,
consistent with the evidence on marginal propensities to consume out of capital gains.
We set the mean real return to E[r0at] = 8.5% annual.20 The mean spread is E[st] =
E[r0at]− E[r0bt] = 10%.

• Mean growth is E[gt] = 1.5%. We set the standard deviation of expected growth to
std(gt) = 0.5%. This means that aggregate consumption growth is somewhat but not
very predictable. Assuming a volatility of realized consumption growth of 1.22% (as
in Campbell and Cochrane (1999)), it implies an R2 ≈ 0.17 in a regression predicting
consumption growth using gt.

• We want the aggregate consumption Euler equation to hold for r0at with an intertem-
poral elasticity of 0.2 (Fact 2). We set γ = 5 and ρ − (γ + 1)γ

2
σ2
Y = 1%. This yields

ρ̃ = E [r0at] = 8.5%, and the aggregate consumption Euler equation for r0at fits perfectly.

• We want the aggregate consumption Euler equation to fail for r0bt (Fact 3). Consider
the linear projection of the dividend-price ratio onto gt,

x−1
t

E
[
x−1
t

] = 1 + β (gt − Et [gt]) + ϵt, E [ϵt] = E [ϵtgt] = 0.

If we plug this into the expression for rbt, (37), and use that ρ̃ = E[r0at] , we obtain:

r0bt − E
[
r0bt
]
= (γ − βE [st])× (gt − E [gt])− E [st] ϵt. (38)

If the dividend-price ratio x−1
t was perfectly correlated with gt (that is, ϵt = 0), then

we would recover an aggregate consumption Euler equation for rbt, but with a dif-
ferent intertemporal elasticity, (γ − βE [st])

−1. For the aggregate consumption Euler
equation to fail for rbt we need significant volatility in ϵt. In other words, we need
the consumption-wealth ratio to have a component that is uncorrelated to current ex-
pected consumption growth. This is consistent with a central fact in asset pricing:
dividend-price ratios are volatile and only weakly predict cashflow growth (Campbell
and Shiller, 1988; Cochrane, 2008).

For the behavior of xt we calibrate std(x−1
t /E[x−1

t ]) = 26% and β = 20. The stan-
dard deviation of the dividend-price ratio of 26% is in line with the calibration of the
consumption-wealth ratio in Campbell and Cochrane (1999) and a little below the log

20This is close to the point estimate in the main specification of Di Tella et al. (2023) (8.3%). We round
to 8.5% to make the exercise that follows easier to follow.
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volatility of the dividend-price ratio for stocks, while β = 20 implies a coefficient in
the inverse regression (gt on x−1

t

E[x−1
t ]

) of 0.0074, in line with Cochrane (2008).21

With this calibration, the Euler equation for r0bt fails. A regression of r0bt on expected con-
sumption growth gt, would have an R2 of 28%. That is, most of the variance of r0bt is not
explained by gt. In contrast, the Euler equation for r0at fits perfectly by construction, with
an R2 of 100%. In terms of realized consumption growth instead of expected consumption
growth, the R2 of a regression predicting consumption growth with rbt is 0.044, while using
rat it is 0.17, broadly consistent with the evidence of Di Tella et al. (2023).22

5.3 Asset Pricing Puzzles

Let us now consider the implications of our calibration for three classic asset pricing puzzles:
the equity premium puzzle, the risk-free rate puzzle, and the equity volatility puzzle, and
for return predictability. These asset pricing puzzles have been extensively discussed in the
literature; our definitions will follow Weitzman (2007). To fix ideas, let us imagine that
ln(
(
x−1
t /E

[
x−1
t

])
) follows an Ornstein-Uhlenbeck (OU) process,

d ln

(
x−1
t

E
[
x−1
t

]) = κ

(
µ− ln

(
x−1
t

E
[
x−1
t

])) dt+ σdM1,t,

with κ = − ln(0.91) and σ2

2κ
= (0.26)2. This process is the continuous time analog of an

AR(1) process with an annual auto-correlation of 0.91, and it has a steady state standard
deviation of 26% (as in our calibration above). The annual auto-correlation of 0.91 matches
the observed auto-correlation of the price-dividend ratio.

Equity premium puzzle. Our model, calibrated to match the zero-beta rate E[r0at] and
MZM safe rate E[r0bt], will roughly match the average returns of equity over the MZM safe
rate provided that the risk premium E[rat−r0at] is small, in which case it will also be consistent
with the finding of a flat security market line. That is, our calibration requires a small, not
large, risk premium to match the observed equity premium, because the liquidity premium is
substantial. The risk premium in our model is the one implied by the consumption CAPM,
and hence will be small under standard assumptions. Put another way, there is an equity

21The coefficient in the inverse regression is cov
(
gt,

x−1
t

E[x−1
t ]

)
/var

(
x−1
t

E[x−1
t ]

)
=

βvar (gt) /
(
β2var(gt) + var(ϵt)

)
, and var(ϵt) = var

(
x−1
t

E[x−1
t ]

)
− β2var(gt).

22Separate regressions of one-year ahead real consumption growth on the real T-bill rate and real zero-beta
rate in the main specification/sample of Di Tella et al. (2023) yield R2 values of 3% and 16%, respectively.
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premium in our model, but there is no puzzle, provided that one calibrates to E[r0at] and
E[r0bt].

Equity Volatility Puzzle. Stock returns are much more volatile than, and not particu-
larly correlated with, consumption growth. In our model, the instantaneous volatility of the
illiquid asset is σx(Y,g)

x(Y,g)
+ σY (Y, g), and the instantaneous volatility of consumption growth is

σY (Y, g). In our calibration, the instantaneous volatility of the illiquid asset (a consumption
claim) is σ = 11.3%, which is an order of magnitude larger than the volatility of annual
consumption growth. Most of the volatility in returns comes from the volatility of the
dividend-price ratio. Moreover, if we assume (as is realistic) that there is only a small cor-
relation between consumption growth and expected future consumption growth, our illiquid
asset returns will have a low correlation with realized consumption growth. These findings
would only be accentuated in a model that distinguishes between consumption and divi-
dends. We conclude that our model will qualitatively match the facts of the equity volatility
puzzle provided that it is calibrated to generate a volatile and persistent dividend-price ratio.

Risk-free rate puzzle. Our model is calibrated to match E[r0bt]. Matching the level of the
risk-free rate (the aspect of the puzzle emphasized by Weitzman (2007)) is straightforward,
provided that the model generates a large liquidity premium, which is the case in standard
calibrations of two-account heterogeneous agents models (Kaplan and Violante (2022)). Our
calibration implies a volatility of rbt of 2.8%, which should be compared to the volatility of
the MZM rate of 1.94%, in the data (using realized inflation over the past 12 months as a
measure of inflation expectations).

Return Predictability. Valuation ratios (in our context, x−1
t ) predict the future excess

return of the market (rat) over treasury bills (r0bt), as documented in e.g. Campbell and Shiller
(1988) and Cochrane (2011). Most models that attempt to explain return predictability do
so by linking valuation ratios with risk premia. In our framework, a different mechanism
exists. Even if risk premia are zero (rat = r0at), we will have, by (37),

r0at − r0bt =
(
E
[
r0at
]
− E

[
r0bt
]) x−1

t

E
[
x−1
t

] .
Consider a regression of four years’ worth of expected excess returns on the dividend-price
ratio (x−1

t ), take as given the OU process assume above. It follows that (up to a linearization):∫ t+4

t

(
r0as − r0bs

)
ds = 3.3×

(
E
[
r0at
]
− E

[
r0bt
])
× x−1

t

E
[
x−1
t

]+νt+h, E [vt+h] = E
[
νt+hx

−1
t

]
= 0,
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where the coefficient of 3.33 accounts for the persistence of x−1
t .23 With our calibration of

E[r0at]− E[r0bt] = 10%, the implied regression coefficient is 0.33. Up to the linearization that
equates the log dividend-price ratio with x−1

t

E[x−1
t ]

− 1, this is exactly the coefficient observed
in the data (as reported in Wachter (2013)). This should not be a surprise– our model is
calibrated to match the persistence of the log dividend-price ratio and the weak ability of
that ratio to predict dividend growth, and hence by the Campbell-Shiller approximation will
necessarily lead to return predictability (Cochrane (2008)).

Our calibration can explain return predictability regressions entirely through the ability of
valuation ratios to predict the spread between liquid and illiquid assets, even in the complete
absence of risk premia (consistent with the VAR evidence Di Tella et al. (2023)). Moreover,
this property will hold in any calibration that matches empirical evidence on (i) the spread
between illiquid zero-beta rates and liquid rates, (ii) the persistence of valuation ratios, and
(iii) a low correlation between the slope of the security market line and valuation ratios. The
last of these ensures that risk premia (relative to zero-beta rates) are largely unrelated to
valuation ratios, and hence do not substantially affect the above regression.

5.4 Remaining Quantitative Questions

We have argued that, properly calibrated, our model can match both our motivating facts
about Euler equations and a set of classic asset pricing facts, given our assumptions on
the preference parameters (ρ, γ). Because our model generates tractable, closed-form asset
pricing expressions, we have been able to show this without specifying any of the details of the
steady-state heterogeneous agent model. At the same time, we have imposed assumptions
on the variance, covariance, and persistence of (x−1

t , gt), without explicitly constructing a
process for (Yt, gt) that would give rise to these dynamics.

This leaves open three questions for future research. First, can a two-account hetero-
geneous agent model with this (ρ, γ) match evidence on MPCs, given realistic assumptions
on trading frictions and individual income processes? The evidence of Kaplan and Violante
(2022) suggests that this is possible. In particular, those authors usually estimate a ρ that is
close to r̄0a, which is exactly what our model requires for an aggregate Euler equation to hold
for the illiquid asset.24 Note, however, that our calibration requires γ = 5, not log utility,
and that the steady-state equilibrium interest rates differ substantially from their empirical

23If the OU mean reversion parameter is − ln(0.91), then Et

[∫ t+4

t
ln

(
x−1
t

E[x−1
t ]

)
ds

]
=

(0.914−1)
ln(0.91) ln

(
x−1
t

E[x−1
t ]

)
≈ 3.3

(
1 +

x−1
t

E[x−1
t ]

)
.

24This is not a coincidence, and arises from the presence of relatively wealthy agents in the calibration.
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means, as a consequence of trend growth and aggregate risk:

r̄0j = ρ+
ρ̃− E[r0jt]
E[x−1

t ]
.

Second, what kind of process for (Yt, gt) is required to generate a consumption-wealth
ratio with the desired volatility, persistence, and predictability properties? The behavior of
the consumption-wealth ratio in the model coincides with the expression for the consumption-
wealth ratio in a representative-agent model, an object that has been extensively studied
in the asset-pricing literature. Our calibration requires a strong relationship between short-
run expected consumption growth (gt) and the dividend-price ratio (xt), which will occur
in models with persistent growth. At the same time, it requires substantial variation in xt

that is unrelated to gt; persistent shocks to the volatility of gt are a natural source of such
variation. The long-run risks model of Bansal and Yaron (2004) has both of these features,
and hence (at least in terms of functional forms) is potentially consistent with what our model
requires. But Bansal and Yaron (2004) (and existing asset-pricing models more generally)
generate volatility in x−1

t and low predictability of consumption growth by generating a large
and volatile risk premium. Our model points in a different direction: the risk premium is
small, in line with Consumption CAPM and a flat securities market line. Instead, what is
needed is a model where the zero-beta rate (the mean of the SDF) is volatile.

Third, we should note again that our model intentionally shuts down redistributive effects
for the purpose of obtaining aggregation. We expect that these effects have important
implications for asset prices but exactly what those are remains an open question. Our
exercise should be understood as developing a tractable benchmark and then evaluating
that benchmark, rather than as a complete quantitative theory of macroeconomics and asset
pricing.

6 Transition Dynamics

In Sections 2 and 3 we constructed competitive equilibria with aggregate shocks for the case
where the cross-sectional distribution starts at its steady state value, µ0 = µ̄. Here we extend
those results for an arbitrary initial distribution, µ0,. We construct competitive equilibria
that feature both aggregate shocks and transition dynamics.

This exercise is useful in two distinct ways. First, as we will show, we can “add on”
aggregate risk to arbitrary transition dynamics. There is an extensive literature studying
transition dynamics in the presence of incomplete markets, and our results show one way
in which the insights of this literature can be extended to consider the effects of aggregate
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risk. Second, for our particular purposes, incorporating transition dynamics can allow us to
consider one-time unanticipated redistributive shocks in our framework while at the same
time allowing for aggregate risk. We leave a further exploration of these possibilities to
future research.

6.1 Deterministic path

Consider a aggregate-deterministic economy starting with an arbitrary (Y0, g0) and µ0 but
no aggregate shocks Mt = 0, and associated paths Ȳ (t), ḡ(t), and x̄(t). Assume that there
exists a competitive equilibrium,

c̄(·, t), d̄(·, t), P̄a(t), P̄b(t), r̄a(t), r̄b(t), µ̄(t),

and σ̄a(t) = σ̄b(t) = 0. The generator Labe is as in (26). The value function is V̄ (a, b, e, t),
with HJB equation

ρV̄ (a, b, e, t) = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Ȳ (t)1−γ c1−γ

1− γ
+Labe

(
c, d; P̄a(t), P̄b(t), x̄(t)

)
V̄ (a, b, e, t)+V̄t (a, b, e, t) .

(39)
The policy functions c̄(·, t) and d̄(·, t) are derived from the HJB equation, and the KFE is

dµ̄(t) = L†
abe

(
c̄(·, t), d̄(·, t); P̄a(t), P̄b(t), x̄(t)

)
µ̄(t)dt,

with µ̄(0) = µ0.
The deterministic path is a generalization of the steady state equilibrium we used in

Sections 2 and 3. If we start with the initial distribution µ0 corresponding to the steady
state, then the deterministic path coincides with the steady state equilibrium.

6.2 Stochastic Time Change

We will construct the competitive equilibrium using the deterministic path with a stochastic
time change. Define the stochastic process τt as the solution to the SDE

τt =

∫ t

0

x̄(τs)x
−1
s ds,

where xt = x(Y, g) is as in (25). τ is a strictly increasing stochastic process, but the speed
is not uniform. Time goes always forward, but at varying speed. It encodes the history
of aggregate shocks in terms of deviations from the deterministic path. If shocks actually
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realize all to zero (Mt = 0), then xt = x̄(t) and τt = t. Aggregate shocks that raise xt relative
to the deterministic path (with γ > 1, a period of low growth relative to the path, such as
a recession), are encoded as a slowdown of time τ .

6.3 Competitive Equilibrium with Shocks

We will look for a competitive equilibrium that is Markov in (Y, g, τ) with P ∗
at =

xt

x̄(τt)
P̄a(τt)

and P ∗
bt =

xt

x̄(τt)
P̄b(τt). Notice that the deterministic-path objects x̄(·) and P̄j(·) are evaluated

at the stochastic time τt instead of the usual t. Using (27), the generator is

Labe (c, d;P
∗
at, P

∗
bt, xt) = x̄(τt)x

−1
t Labe

(
c, d; P̄a(τt), P̄b(τt), x̄(τt)

)
. (40)

We will also use the infinitesimal generator for Y , g, and τ ,

LY gτf(·) = fY (·)gY + fg(·)µg(Y, g) + fτ (·)x̄(τ)x(Y, g)−1

+
1

2
fgg(·)σg(Y, g)

2 +
1

2
fY Y (·)σY (Y, g)

2 + fgY (·)σg(Y, g)
T · σY (Y, g).

The value function is V (a, b, e;Y, g, τ) and the HJB equation (suppressing arguments to avoid
clutter)

ρV = max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Y 1−γ c1−γ

1− γ
+ x̄(τ)x (Y, g) −1Labe

(
c, d; P̄a(τ), P̄b(τ), x̄(τ)

)
V + LY gτV.

We guess and verify that

V (a, b, e, Y, g, τ) =
x(Y, g)

x̄(τ)

(
Y

Ȳ (τ)

)1−γ

V̄ (a, b, e, τ) .

Plugging this into the HJB equation:

ρ
x(Y, g)

x̄(τ)

(
Y

Ȳ (τ)

)1−γ

V̄ =

(
Y

Ȳ (τ)

)1−γ

×
{

max
c≥0,

d∈[−a 1−θ
θ

P̄a/P̄b,b]

Ȳ (τ)1−γ c1−γ

1− γ
+ Labe

(
c, d; P̄a(τ), P̄b(τ), x̄(τ)

)
V̄ + V̄τ

}

+V̄ LY gτ

[
x(Y, g)

x̄(τ)

(
Y

Ȳ (τ)

)1−γ
]
.
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Use the deterministic-path HJB to notice the policy functions will be unchanged but evalu-
ated at τ , c∗t = c̄(τt) and d∗t = d̄(τt). Plug in (39) and divide by V̄ to get:

ρ
x(Y, g)

x̄(τ)

(
Y

Ȳ (τ)

)1−γ

= ρ

(
Y

Ȳ (τ)

)1−γ

+ LY gτ

[
x(Y, g)

x̄(τ)

(
Y

Ȳ (τ)

)1−γ
]
, (41)

which, expanding the last, term is:

ρ
x(Y, g)Y 1−γ

x̄(τ)Ȳ (τ)1−γ
= ρ

Y 1−γ

Ȳ (τ)1−γ
+

LY gτx(Y, g)Y
1−γ

x̄(τ)Ȳ (τ)1−γ
− x(Y, g)Y 1−γ

x̄(τ)Ȳ (τ)1−γ

LY gτ x̄(τ)Ȳ (τ)1−γ

x̄(τ)Ȳ (τ)1−γ
. (42)

To verify our guess we need to make sure this expression is true. First, write x(Y, g) and
x̄(t) in the following form

x(Y, g)Y 1−γ = E
[∫ ∞

t

e−ρ(s−t)ρY 1−γ
s ds|Yt = Y, gt = g

]
,

x̄(t)Ȳ (t)1−γ = E
[∫ ∞

t

e−ρ(s−t)ρȲ (s)1−γds

]
.

We can write the HJB equations for each,

LY gτx(Y, g)Y
1−γ = ρx(Y, g)Y 1−γ − ρY 1−γ, (43)

∇tx̄(t)Ȳ (t)1−γ = ρx̄(t)Ȳ (t)1−γ − ρȲ (t)1−γ, (44)

=⇒ LY gτ x̄(τ)Ȳ (τ)1−γ = (ρx̄(τ)Ȳ (τ)1−γ − ρȲ (τ)1−γ)× x̄(τ)x(Y, g)−1, (45)

where the last expression uses the time change. Plugging (43) and (45) into (42) and can-
celling terms, we verify our guess.

Since the policy functions are unchanged, the measure µt = µ̄(τt). The KFE is

dµt = L†
abe (c

∗
t , d

∗
t ;P

∗
at, P

∗
bt, xt)µtdt = Labe

(
c̄(τt), d̄(τt); P̄a(τt), P̄b(τt), x̄(τt)

)
µ̄(τt)︸ ︷︷ ︸

dµ̄(τ)/dt

x̄(τt)x
−1
t dt︸ ︷︷ ︸

dτt

.

(46)
Since both policy functions and µ correspond to the deterministic path evaluated at τ , we
also have market clearing.

All that remains is to pin down the returns. For the illiquid asset

Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
=

xt

x̄(τt)
P̄a(τt)(1− θ)αYt.
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Take time derivatives and match terms to obtain

r∗at = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γ

σxt

xt

· σY t −
x̄(τt)

xt

(ρ+ γḡ(τt)− r̄a(τt)),

σat =
σxt

xt

+ σY t.

The same argument can be applied to liquid assets.

Proposition 6. Take initial conditions Y0, g0, and µ0 as given, with associated determinis-
tic path Ȳ (t), ḡ(t), and x̄(t). Assume there exists a deterministic equilibrium of the CRRA
economy (c̄(·, t), d̄(·, t), r̄a(t), r̄b(t), P̄a(t), P̄b(t), µ̄(t)) with C1 value function V̄ (a, b, e, t) satis-
fying the HJB equation (39). Assume furthermore that x(Y, g) as defined in (25) exists and
is finite and that

lim
T→∞

E

[
e−ρT xT

x̄(τT )

(
YT

Ȳ (τT )

)1−γ
]
= 0.

Then there exists a competitive equilibrium with:

c∗t (·) = c̄(·, τt), d∗t (·) = d̄(·, τt), P ∗
at =

xt

x̄(τt)
P̄a(τt), P ∗

bt =
xt

x̄(τt)
P̄b(τt), µ∗

t = µ̄(τt).

where asset returns are:

r∗jt = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γ

σxt

xt

· σY t −
x̄(τt)

xt

(ρ+ γḡ(τt)− r̄j(τt)), j ∈ {a, b} (47)

and asset volatility is σat = σbt =
σx(Yt,gt)
x(Yt,gt)

+ σY (Yt, gt).

Propositions 3 and 4 can be viewed as special cases of this result, in which ḡ(t) = 0,
x̄(t) = 1, and µ̄(t) is constant an equal to the ergodic population measure.

We can introduce derivatives into each account to dynamically complete the market. An
analogous argument as in Section 4 shows there is no trading in the derivatives and a simple
Consumption CAPM holds in each account.

Proposition 7 (Consumption CAPM). Assume V̄ (a, b, e, t) is concave in a and b. Then the
price of risk is πj(Y, g) = γσY (Y, g) for j = a, b. The zero-beta rates satisfy for j = a, b :

r0jt = ρ+ γgt − (γ + 1)
γ

2
σ2
Y t︸ ︷︷ ︸

representative-agent Euler eq.

− x̄(τt)

xt

(ρ+ γḡ(τt)− r̄j(τt)). (48)
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6.4 Summary

We have shown that normalized consumption, income, and share holdings (cit, eit, ait, bit)
will follow the same transition path in the economy with aggregate risk that they would
have followed in the absence of aggregate risk. However, the speed at which they follow this
transition path it itself stochastic. In particular, when shocks cause aggregate growth to
slow down, the speed at which the economy converges towards its steady state also slows
down. This is true regardless of the nature of the transition, which could itself be caused by
a one-time, unanticipated shock with redistributive consequences.

7 Conclusion

In this paper, we propose a liquidity-based theory of consumption and asset prices. We
analytically characterize asset prices in a two-account heterogeneous agent model with unin-
sured idiosyncratic risk, borrowing constraints, and aggregate risk. The main result is that
the trading frictions implied by the high marginal propensity to consume at the household
level can explain (1) a zero-beta rate for equities that satisfies an aggregate consumption
Euler equation, (2) a safe rate that does not, and (3) volatile price-dividend ratios weakly
related to expected consumption growth, and (4) a flat securities-market line. Our methods
can be extended to the case of transition dynamics and thus provide analytical results in
models that are close to the quantitative models of the existing literature.
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A Appendix

A.1 Proofs

Lemma 1

Proof. The realized return on the illiquid asset is the same in the aggregate and for the
individual household, so:

ratdt+ σatdMt =
dAt

At

+
α(1− θ)Yt

At

(49)

=
dAit

Ait

From the definition of ait, it follows that:

dait =

(
dAit

Ait

− dAt

At

)
ait

Replacing 49 and using the definitions of Pat:

dait =
α(1− θ)Yt

At

ait

=
ait
Pat
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Similarly, for the liquid asset:

rbtdt+ σbtdMt =
dBt

Bt

+
αθYt

Bt

=
dBit

Bit

+ cit
Yt

Bit

− e0it (1− α)
Yt

Bit

and therefore:

dbit =

(
dBit

Bit

− dBt

Bt

)
bit

=

(
−cit

Yt

Bit

+ e0it (1− α)
Yt

Bit

+
αθYt

Bt

)
bit

=
−cit + e0it (1− α) + αθbit

θαPbt

Proposition 2

Proof. This is a special case of Proposition 4 with γ → 1 and σY (Yt, gt) = 0.

Proposition 3

Proof. This is a special case of Proposition 4 with σY (Yt, gt) = 0.

Proposition 4

Proof. It remains to show the derivation of asset returns and the verification of the HJB
equation.

(1) We will compute returns for the illiquid asset A. An analogous argument works for
the liquid asset B. Start with

Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
= xtP̄a(1− θ)αYt.

Taking time-derivatives we obtain

(
ratxtP̄a(1− θ)αYt − (1− θ)αYt

)
dt+ Ātσat · dMt = xtP̄a(1− θ)αYt

(
µxt

xt

+ gt + σY t ·
σxt

xt

)
dt

+ Āt

(
σxt

xt

+ σY t

)
· dMt.
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Matching terms we obtain
σat =

σxt

xt

+ σY t,

ratxtP̄a(1− θ)αYt − (1− θ)αYt = xtP̄a(1− θ)αYt

(
µxt

xt

+ gt + σY t ·
σxt

xt

)
.

Divide throughout by xtP̄a(1− θ)αYt and use P̄−1
a = r̄a to get

rat =
r̄a
xt

+
µxt

xt

+ gt + σY t ·
σxt

xt

.

To compute µxt/xt, start with the observation that∫ t

0

e−ρsY 1−γ
s ρds+ e−ρtY 1−γ

t xt = Et

[∫ ∞

0

e−ρsY 1−γ
s ρds

]
is a martingale. It’s expected change is therefore

e−ρtY 1−γ
t ρ+ e−ρtY 1−γ

t xt

(
−ρ+ (1− γ)gt − γ(1− γ)

1

2
σ2
Y t +

µxt

xt

+ (1− γ)σY t ·
σxt

xt

)
= 0,

and solving for µxt

xt
we obtain

µxt

xt

= ρ− ρ

xt

− (1− γ)gt + γ(1− γ)
1

2
σ2
Y t − (1− γ)σY t ·

σxt

xt

. (50)

Plug this into the expression for rat above,

rat = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γσY t ·

σxt

xt

− ρ− r̄a
xt

,

as desired. An analogous computation works for the illiquid asset.
(2) For the verification of the HJB equation we need to show that for any feasible policy

for Cit and Dit, the terminal term

lim
T→∞

Et

[
e−ρTx(YT , gT )Y

1−γ
T V̄ (aiT , biT , eiT )

]
≥ 0,

with equality for the optimal policy.
Start with the definition of xt,

x(Yt, gt)Y
1−γ
t = Et

[∫ ∞

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
which we assume exists and is finite for all (Yt, gt). Since Yt > 0 we have that x(Yt, gt) > 0.
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Decompose it into

x(Yt, gt)Y
1−γ
t = Et

[∫ T

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
+ E

[
e−ρ(T−t)x(YT , gT )Y

1−γ
T |Yt, gt

]
,

or rearranging,

E
[
e−ρ(T−t)x(YT , gT )Y

1−γ
T |Yt, gt

]
= x(Yt, gt)Y

1−γ
t − Et

[∫ T

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
.

Now take limits on both sides as T → ∞

lim
T→∞

E
[
e−ρ(T−t)x(YT , gT )Y

1−γ
T |Yt, gt

]
= x(Yt, gt)Y

1−γ
t − lim

T→∞
Et

[∫ T

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
Use the monotone convergence theorem on the last term to obtain

lim
T→∞

E
[
e−ρ(T−t)x(YT , gT )Y

1−γ
T |Yt, gt

]
= x(Yt, gt)Y

1−γ
t − Et

[∫ ∞

t

e−ρ(s−t)ρY 1−γ
s ds|Yt, gt

]
︸ ︷︷ ︸

=x(Yt,gt)Y
1−γ
t

= 0.

Since γ > 1, we have V̄ (a, b, e) < 0. Because eit and Yt are bounded below away from
zero and the borrowing constraints do not allow negative assets, Ai,t, Bit ≥ 0, each house-
hold’s consumption is also bounded away from zero and so the steady-state value function
is bounded below, V̄ (ait, bit, eit) ≥ −κ. We then can construct the bounds

0 ≥ lim
T→∞

Et

[
e−ρTx(YT , gT )Y

1−γ
T V̄ (aiT , biT , eiT )

]
≥ − lim

T→∞
Et

[
e−ρTx(YT , gT )Y

1−γ
T κ

]
= 0,

for any feasible policy, including the optimal one.

Proposition 5

Proof. See the main text for the bulk of the proof. The expression for the zero-beta rates
comes from applying the definition of the zero-beta rate to the expression in (35) and using
πjt = γσY t.

Proposition 6

Proof. Relative to the proof of Proposition 4 we need to (1) recompute asset returns and (2)
verify the HJB equation.
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(1) For asset returns, we will work with the illiquid asset. An analogous argument works
for the liquid one. Start with

Et

[∫ ∞

t

e−
∫ s
t raudu(1− θ)αYsds

]
=

xt

x̄(τt)
P̄a(τt)(1− θ)αYt.

Taking time derivatives we get(
rat

xt

x̄(τt)
P̄a(τt)(1− θ)αYt − (1− θ)αYt

)
dt+ Ātσat · dMt

=
xt

x̄(τt)
P̄a(τt)(1−θ)αYt

µxt

xt

+ gt + σY t ·
σxt

xt

+
∇τ

[
P̄a(τt)
x̄(τt)

]
P̄a(τt)
x̄(τt)

× x̄(τt)x
−1
t

 dt+Āt

(
σxt

xt

+ σY t

)
·dMt

Matching terms we get
σat =

σxt

xt

+ σY t

and

rat
xt

x̄(τt)
P̄a(τt)(1− θ)αYt − (1− θ)αYt

=
xt

x̄(τt)
P̄a(τt)(1− θ)αYt

µxt

xt

+ gt + σY t ·
σxt

xt

+
∇τ

[
P̄a(τt)
x̄(τt)

]
P̄a(τt)
x̄(τt)

× x̄(τt)x
−1
t

 .

Divide throughout by xt

x̄(τt)
P̄a(τt)(1− θ)αYt

rat − (
xt

x̄(τt)
P̄a(τt))

−1 =

µxt

xt

+ gt + σY t ·
σxt

xt

+
∇τ

[
P̄a(τt)
x̄(τt)

]
P̄a(τt)
x̄(τt)

× x̄(τt)x
−1
t

 .

The expression for µxt/xt is the same as in (50). Plug in and rearrange to get

rat = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γσY t ·

σxt

xt

− x̄(τt)

xt

 ρ

x̄(τt)
− 1

P̄a(τt)
−

∇τ

[
P̄a(τt)
x̄(τt)

]
P̄a(τt)
x̄(τt)

 .

Now we compute ∇τ

[
P̄a(τt)
x̄(τt)

]
/ P̄a(τt)

x̄(τt)
. From the definition of P̄a(t) we get

r̄a(t)P̄a(t)(1− θ)αȲ (t)− (1− θ)αȲ (t) = P̄a(t)(1− θ)αȲ (t)

(
P̄ ′
a(t)

P̄a(t)
+ ḡ(t)

)
,
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and rearranging
P̄ ′
a(t)

P̄a(t)
= r̄a(t)−

1

P̄a(t)
− ḡ(t).

Likewise, from the definition of x̄(t) we get

ρx̄(t)Ȳ (t)1−γ − ρȲ (t)1−γ = x̄(t)Ȳ (t)1−γ

(
x̄′(t)

x̄(t)
+ (1− γ)ḡ(t)

)
,

x̄′(t)

x̄(t)
= ρ− ρ

x̄(t)
− (1− γ)ḡ(t).

Putting the two things together and evaluating at t = τt, we have

∇τ

[
P̄a(τt)
x̄(τt)

]
P̄a(τt)
x̄(τt)

= r̄a(τt)−
1

P̄a(τt)
− ḡ(τt)− ρ+

ρ

x̄(τt)
+ (1− γ)ḡ(τt),

= r̄a(τt)−
1

P̄a(τt)
− ρ+

ρ

x̄(τt)
− γḡ(τt).

Now plug this into the expression for rat above,

rat = ρ+γgt−(γ−1)
γ

2
σ2
Y t+γσY t·

σxt

xt

− x̄(τt)

xt

(
ρ

x̄(τt)
− 1

P̄a(τt)
− r̄a(τt) +

1

P̄a(τt)
+ ρ− ρ

x̄(τt)
+ γḡ(τt)

)
,

and simplify to obtain the desired expression

rat = ρ+ γgt − (γ − 1)
γ

2
σ2
Y t + γσY t ·

σxt

xt

− x̄(τt)

xt

(ρ+ γḡ(t)− r̄a(t)) .

(2) To verify the HJB equation we follow a similar strategy to that in the proof of
Proposition 4. We still have that V̄ (ait, bit, eit) is negative and bounded for any feasible
strategy, V̄ (ait, bit, eit) ≥ −κ. Using the assumption that

lim
T→∞

E

[
e−ρT xT

x̄(τT )

(
YT

Ȳ (τT )

)1−γ
]
= 0,

we can construct the bound

0 ≥ lim
T→∞

E

[
e−ρT xT

x̄(τT )

(
YT

Ȳ (τT )

)1−γ

V̄ (ait, bit, eit)

]
≥ − lim

T→∞
E

[
e−ρT xT

x̄(τT )

(
YT

Ȳ (τT )

)1−γ

κ

]
= 0.
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Proposition 7

Proof. Analogous to proof of 5.
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