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ABSTRACT

This paper proposes an analytic representation of perturbations in heterogeneous agent economies
with aggregate shocks up to any order. Treating the underlying distribution as an explicit state
variable, the value function defined on an infinite-dimensional state space summarizes the entire
economy and satisfies the ‘Master Equation’ introduced in the mathematics mean field games
literature. 1 show that analytic perturbations of the Master Equation deliver dramatic
simplifications. The First-order Approximation to the Master Equation (FAME) reduces to a
standard Bellman equation for the directional derivatives of the value function with respect to the
distribution and aggregate shocks. The FAME has six main advantages: (i) finite dimension; (ii)
closed-form mapping to steady-state objects; (iii) applicability when many distributional
moments or prices enter individuals' decision such as dynamic trade, urban or job ladder settings;
(iv) block-recursivity bypassing further fixed points; (v) characterization of stability and of the
stochastic steady-state; (vi) fast implementation using standard numerical methods. | develop the
Second-order Approximation to the Master Equation (SAME) and show that it shares these
properties, making it suitable to handle nonlinearities, aggregate risk, and asset pricing. I illustrate
the FAME and the SAME with two applications. First, | show that the cost of business cycles is
several orders of magnitude larger in incomplete market models. Second, I show that dynamic
spatial migration models display near linearity at conventional aggregate shocks.
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Introduction

A vibrant frontier in macroeconomics incorporates rich cross-sectional heterogeneity in dynamic general
equilibrium. Recent numerical advances have remarkably accelerated the computation of impulse
response functions up to first-order perturbations in leading incomplete credit market models (Ahn
et al., 2018, Auclert et al., 2021). Yet, a conceptual framework rationalizing these numerical techniques
and expanding their applicability has remained elusive. What is the relationship between economic
fundamentals and equilibrium outcomes in perturbations of heterogeneous agent models? How to
handle settings that fall beyond the natural scope of these methods, such as frictional labor markets
or dynamic discrete choice? Are higher order perturbations that include nonlinearities and aggregate
risk feasible?

In this paper, I propose answers to these questions using a new conceptual framework for per-
turbations in heterogeneous agent economies. I propose a representation of dynamic economies with
heterogeneity that is analytic, low-dimensional, handles flexible general equilibrium feedbacks between
the distribution and individual decisions, and applies systematically to perturbations of any order.
These results rely on two key ideas. First, I use a state-space approach and treat the distribution of
underlying heterogeneity as an explicit state variable in individual decisions. A single value function
equation set on the space of distributions summarizes the equilibrium: the ‘Master Equation.” Second,
I take analytic—instead of numerical—perturbations of the Master Equation in the distribution and
aggregate shocks and characterize the directional derivatives of the value function.

Specifically, the first core idea in this paper is to represent dynamic general equilibrium economies
in fully recursive form. For concreteness, consider a standard incomplete market model as in Aiyagari
(1994) and Krusell and Smith (1998). Households face uninsurable idiosyncratic labor productivity
risk, and may borrow and save in a risk-free asset. A representative firm rents capital and hires labor.
Abstract from aggregate shocks for now: the economy simply starts out of steady-state. Households’
forward-looking consumption and savings decisions are fully determined by the sequence of future
interest and wage rates. These prices in turn depend on the underlying distribution of asset holdings
and idiosyncratic productivity through the firms’ decision and market clearing. The distribution of
assets and productivity evolves over time according to the optimal savings decisions of individuals.
The classic difficulty in characterizing this economy is that individual decisions are forward-looking in
time, while the evolution of the infinite-dimensional distribution is backward-looking in time. Prices
are the fixed point of this forward-backward system that clear the capital and labor market.

I include the underlying distribution of heterogeneity as an explicit state variable in households’
decision problem. Knowledge of the distribution fully characterizes prices. Households know the law
of motion of the distribution. Thus, they forecast the future path of the distribution and hence prices.
Households’ decision problem then depends on the distribution just as on any other state variable.
The only notable difference is that the distribution is an infinite-dimensional object, rather than a

finite-dimensional state vector.



The resulting representation of the economy is the Master Equation. It was recently characterized
in the mathematics mean field games literature by Cardaliaguet et al. (2019). It consists of a single
Bellman equation that describes the entire behavior of a system of interacting agents. In the Krusell
and Smith (1998) example, the Master Equation defines a value function that depends on a given
household’s idiosyncratic states—assets and productivity—as well as the underlying distribution of
assets and productivity of all other households of the economy. The Master Equation is a Markovian
representation of the economy because it includes as a state variable all the necessary information to
forecast the evolution of the economy. It merges the fixed point on decisions, prices and the distribution
into a single object.

The logic underpinning the Master Equation representation is more general than the Krusell and
Smith (1998) example. At the same time, the analysis in Cardaliaguet et al. (2019) imposes restrictions
that are at odds with most economic applications of interest. Therefore, I expand the scope of the
Master Equation to encompass a large class of continuous-time dynamic general equilibrium economies
that nest many applications of interest. In particular, I introduce the formalism of weak derivatives to
handle mass points symmetrically to a smooth density.'

The second core idea is to simplify the Master Equation by focusing on local perturbations around
a deterministic steady-state. Consider an impulse in the distribution, that moves the economy away
from its steady-state. I explicitly perturb the Master Equation along any such distributional impulse.
To do so, I make use of Fréchet derivatives, which are generalized derivatives in infinite-dimensional
spaces. I preserve the full nonlinearity of individual decisions with respect to idiosyncratic states. In
contrast to numerical techniques that first discretize and next linearize, I take an analytic perturbation
first, before any computational discretization is applied. The use of continuous time streamlines the
mapping between individual decisions and the evolution of the distribution. It also makes handling
binding borrowing constraints easier: in continuous time, the first-order optimality condition continues
to hold with equality, sidestepping Lagrange multipliers.

The First-order Approximation to the Master Equation (FAME) without aggregate shocks results
in a Bellman equation with five key properties. First, it is low-dimensional. Its solution, the ‘Impulse
Value’, consists of the directional derivatives of the value function with respect to the distribution. It
encodes how individuals value changes in the distribution. In the FAME, the Impulse Value depends on
only twice the number of idiosyncratic states, down from infinity in the fully nonlinear Master Equation.
In the Krusell and Smith (1998) example, the Impulse Value has dimension four. This drastic dimension
reduction is a feature of the local perturbation. To know their Impulse Value, individuals must know
their own idiosyncratic states—for instance assets and productivity. Individuals must also know where
the distributional impulse is happening—at another possible pair of assets and productivity. Thus,

they must keep track of another set of idiosyncratic states that index which distributional impulse they

'Individual states follow controlled jump-diffusion processes that are flexible functionals of the underlying distribution
to handle job search and dynamic discrete choice models. Idiosyncratic states face constraints, to handle occasionally
binding borrowing constraints. Mass points develop in the distribution, consistently with borrowing constraints.



are contemplating.

Second, the FAME depends in closed form on known and interpretable steady-state objects through
a systematic structure. The FAME depends on the steady-state law of motion of idiosyncratic states,
such as assets and productivity. It also depends on the direct impact of distributional impulses on
individual utility and transition probabilities between states. Finally, the FAME depends on the
general equilibrium response of all individuals in the economy through its effect on the law of motion
of the distribution. By virtue of the local perturbation, these objects all have explicit expressions that
are linked together in equilibrium by the FAME.

Third, the FAME applies equally well to settings in which few or many prices summarize feedback
between the general equilibrium and individual decisions. For instance, in dynamic spatial models,
households must keep track of several prices per location to decide where to migrate. In search
and matching models with job-to-job search, the entire distribution of wage offers matters directly for
workers. Because the FAME is a perturbation with respect to the entire distribution, it applies directly
to those examples. For instance, Bilal and Rossi-Hansberg (2023) use the FAME to evaluate the cost
of climate change in a model of the U.S. economy disaggregated into over 3,000 counties.

Fourth, the FAME provides a block-recursive representation of equilibrium and impulse response
functions. The FAME inherits the block-recursivity from the Master Equation, in that it merges the
value function and the distributional fixed points. Once the Impulse Value is known, the evolution of
the distribution over time is obtained without solving any additional fixed point.

Fifth, the FAME offers a streamlined and efficient implementation using standard finite difference
methods. Building on the analytic representation of the the FAME, I show that it displays a specific
separability structure because an individual’s own idiosyncratic state and the distributional impulse
propagate symmetrically but independently. Once discretized, the FAME takes the form of a modified
Sylvester matrix equation for which standard routines exist. In the Krusell and Smith (1998) example,
computation typically takes a tenth of a second and requires a couple dozen lines of code.

The FAME extends readily to the presence of aggregate shocks. A similar perturbation approach
delivers two key insights. To first order, the Impulse Value splits into two distinct components. The
first component is simply the Impulse Value from the deterministic FAME, the ‘deterministic Impulse
Value’. The second component is the ‘stochastic Impulse Value’. The latter represents how individuals
value an aggregate shock. It satisfies a similar FAME to the distributional Impulse Value and may be
solved analogously. The economy remains block-recursive because the deterministic Impulse Value is
independent from aggregate shocks. The linearized law of motion of the distribution evolution equation
now features an additional component that represents the response of individual decisions to aggregate
shocks.

The sixth key property of the FAME characterizes dynamics with aggregate shocks. The FAME
provides, to the best of my knowledge, the first stability criteria and a description of the stochastic
steady-state in heterogeneous agent economies. Leveraging the closed-form mapping between steady-

state objects and the law of motion in the FAME, I show that dynamic stability and exponential



convergence back to steady-state obtain when the steady-state transition probabilities satisfy either
a mixing condition or a Lyapunov function condition. Crucially, if these conditions fail, checking the
dominant eigenvalue in numerically discretized economies can be misleading about true convergence
rates: the numerical dominant eigenvalue will converge to zero as the discretization becomes finer if the
underlying law of motion exhibits a continuous spectrum that includes zero. The mixing or Lyapunov
conditions rule out this possibility and ensure a spectral gap in the law of motion of the economy.
Building on these stability conditions and the linearity of the law of motion in the FAME, I further
characterize the conditional average of the distribution in the stochastic steady-state. It satisfies a
linear equation that, after discretization, is a standard Sylvester matrix equation.

The Master Equation provides a systematic approach to perturbations of increasing order. Concep-
tually and practically, the Second-order Approximation to the Master Equation (SAME) is the same
as the FAME. I show that the SAME defines a value function that depends again only on steady-state
objects in closed form. Its solution now depends on three times the number of idiosyncratic states
because pairwise impulses in the distribution matter to second order. I show how to compute the
solution to the SAME using tensor Sylvester equations. I further characterize second moments of
the stochastic steady-state distribution and provide a formula for welfare in the SAME. In sum, the
SAME is well-suited for applications that focus on non-linearities, aggregate risk or asset pricing which
requires second-order perturbations to depart from certainty equivalence. The Master Equation can
handle third and higher-order perturbations as well, although I do not explicitly derive them in this
paper.

I illustrate the Master Equation approach with two distinct applications. The first application
shows how to use the FAME and the SAME in a workhorse incomplete market economy a la Aiyagari
(1994) and Krusell and Smith (1998). I evaluate the cost of business cycles in a setup similar to the
one in Krusell et al. (2009) that adds countercyclical income risk. By contrast however, I use a low-
liquidity, high-Marginal Propensity to Consume (MPC) calibration that targets an average MPC of
0.2 and a volatility of aggregate consumption of 0.032 as in Lucas (1987). I find that the combination
of countercyclical income risk and incomplete markets leads to an aggregate cost of business cycles of
2.3% of steady-state consumption, 23 times larger than Lucas (1987)’s seminal calculation. Crucially,
losses are concentrated on the low-wealth and unemployed individuals, who can gain over 10% from
the elimination of business cycles. Calculating the solution to the FAME and the SAME to reach these
conclusions takes a couple seconds on a laptop.

The second application shows how the use the FAME and the SAME in a dynamic spatial model.
I consider the United States (US) economy disaggregated into 381 Metropolitan Statistical Areas
(MSAs). Individuals can migrate between MSAs and face bilateral migration costs and idiosyncratic
preference shocks. Individuals spend their wage on a final good and housing which is locally supplied.
Locations are differentially exposed to an aggregate productivity shock. This setting defines a het-
erogeneous agent economy in which a household’s current location is an individual state variable, and

the population distribution is an aggregate state variable. The FAME and the SAME take a couple



seconds to solve on a laptop. After estimating the framework on US data, I show that the response
of population and welfare across all locations is virtually identical in the FAME and the SAME for
aggregate shocks up to 30%. This result indicates that first-order perturbations are sufficient for many
applications of interest.

This paper relates to four strands of literature. First, I build on the mathematics mean field games
literature and its Master Equation formulation in Cardaliaguet et al. (2019).> T complement this
literature by proposing a flexible formulation of the Master Equation that is amenable to a wide class
of economic applications, and by characterizing explicitly its first- and second-order perturbations.

Second, this paper relates to the set of papers that characterize impulse response functions ana-
lytically in specific heterogeneous agent models by studying their spectral properties (Gabaix et al.,
2016, Alvarez and Lippi, 2021, Liu and Tsyvinski, 2020). I complement this literature by providing
sufficient conditions for stability and the emergence of a spectral gap that can be checked in a wide
class of economies.

Third, this paper connects to literature proposing computational methods for first-order pertur-
bations of impulse response functions in heterogeneous agent economies in state space form (Reiter,
2009, Ahn et al., 2018). These methods first discretize, then linearize to first order, an economy with
heterogeneity. They treat the resulting finite but high-dimensional system as a standard rational expec-
tations system. By reversing the order—linearizing first, discretizing next—the FAME is the internally
consistent foundation for this computational approach.? The FAME provides an economic interpreta-
tion of numerical output that may be otherwise difficult to see through and simplifies implementation.
Crucially, the Master Equation approach also delivers a systematic approach to higher order pertur-
bations such as the SAME.* Since this paper was first circulated in 2021, Bhandari et al. (2023) have
developed complementary techniques to compute perturbations in discrete time heterogeneous agent
economies.

Fourth, the Master Equation approach relates to numerical linearization techniques that leverage
the sequence-space representation of the economy (Boppart et al., 2018, Auclert et al., 2021). These
sequence-space approaches are designed for first-order perturbations, in contrast to the Master Equa-
tion approach that scales to any order. In a companion paper (Bilal, 2023) I derive and charaterize
analytic sequence-space Jacobians in continuous time and describe their connection to the FAME.

Fifth, the Master Equation approach connects to numerical methods to solve heterogeneous agent

?Mean-field games were first introduced in sequential form by Lasry and Lions (2006) and Huang et al. (2006). The
Master Equation was initially discussed in Lions (2011). See also Carmona and Delarue (2018a) and Carmona and
Delarue (2018b) for the dual, probabilistic approach to mean-field games and the Master Equation.

31 discuss the connection in more detail in Section 1.7. Ahn et al. (2018) mention the Master Equation in their
Appendix as a possible justification for numerical state-space approaches but do not establish the connection formally.

4The analytic nature of perturbations in the FAME and the SAME relate to the analytic perturbation approach
in Bhandari et al. (2021). They also propose first and second-order perturbation of heterogeneous agent economies.
However, they require that all shocks, both aggregate and idiosyncratic, are small enough. The FAME and the SAME
instead preserve full nonlinearity with respect to idiosyncratic uncertainty by only requiring that aggregate shocks are
small. Childers (2018) proposes a hybrid approach where some differentiation is analytic but does not recover smaller-
dimensional Bellman equations as in the FAME.



models globally. Schaab (2021) also uses the Master Equation to propose a global, adaptative sparse
grid strategy that builds on Brumm and Scheidegger (2017). Kahou et al. (2021), and Azinovic
et al. (2022) use neural networks to obtain global solutions. Global methods do not rely on local
perturbations, but can be delicate to implement and more time-consuming. This paper instead proposes
an analytic perspective on local perturbations of the Master Equation.

The remainder of this paper is organized as follows. Section 1 presents the intuition behind the
Master Equation approach in the context of the Krusell and Smith (1998) economy and a dynamic
migration model. Section 2 defines the Master Equation for a general economy. Section 3 derives
the FAME. Section 4 describes the SAME. Section 5 presents the two applications. The last section

concludes. Proofs and additional details may be found in the Appendix.

1 Motivating examples

This section illustrates the Master Equation approach in two specific economies. 1 start with the
Krusell and Smith (1998) economy as an expositional device. Therein, I show how to use the Mas-
ter Equation approach to solve for impulse response functions, and derive connections with existing
numerical methods. In the last part of this section, I provide another example in a dynamic discrete

choice setting.

1.1 Setup

The setup follows closely the continuous-time version of the Krusell and Smith (1998) economy in
Achdou et al. (2021). Time ¢ > 0 is continuous and runs forever. There are no aggregate shocks
for now, but the economy may start out of steady-state. Individuals are endowed with idiosyncratic
time-varying productivity y;which follows a stationary stochastic process. This process is independent
across individuals and is defined by its generator M (y)—a functional operator that encodes conditional
expectations under the income process. For instance, if productivity follows a diffusion, dy; = u(y)dt+
o (y¢)dWy, then the generator is the functional operator M (y)[V] = ,u(y)V’(y)Jr%y)ZV”(y). Households
are endowed with initial asset holdings ay.

Households solve a standard income fluctuation problem by deciding how much to consume and
save every period in a single risk-free asset a. For brevity, I denote by = = (a, y) the pair of idiosyncratic
states of households. The value function of households V;(z) satisfies the Hamilton-Jacobi-Bellman
equation:”

oV

pVile) = maxu(e) + Le(w, Vil + 51 (@) Ll V] = (rna+wy - )9 () + MGV]. (1)

Li(z,c)[V] is the continuation value from changes in assets a; that evolve according to the budget

constraint day = (rya; + wyy; — ¢;)dt, and changes in productivity that follows its exogenous stochastic

5The value function is restricted to have at most linear growth as assets and income approach infinity. This restriction
is the recursive analogue to the No-Ponzi condition in the sequential formulation of problem (1).



process. The functional operator L;(x,c) is the generator of the stochastic process for the pair of
idiosyncratic states of households x = (a,y). Denote by ¢ (x) the optimal consumption decision of
households.

A representative firm operates a production technology ¥ = ZK®N!=® and rents assets from
households at the interest rate r,. The firm transforms assets into productive capital K. For expo-
sitional simplicity, capital does not depreciate. The optimality conditions of the firm together with
market clearing imply that the real interest rate r; and the wage rate wy clear the capital and labor
market:

l—a o
o (400 SRy ¢ = (- ) (HD) 2 g, @)
where g¢¢(z) is the probability distribution function of households over assets and income at calen-
dar time f. The functionals R,V capture how the interest and wage rates depend on the current
distribution of households.

The distribution g;(x) evolves over time according to its law of motion, the Kolmogorov Forward
equation:

gt . . 0

Sr@) = Li@wa@)ly . Lia@)lg) = -5 (s@a(@) + M), (3)
and s;(x) = ria + wy — é(x) denotes the equilibrium savings rate. M* is the adjoint of the operator
M, which is the functional equivalent of the matrix transpose. Similarly, the operator L* is the adjoint

of the operator L.

1.2 The Master Equation

The Master Equation approach considers the individual decision problem (1) in state-space, or recur-
sive, form. This approach is distinct from the sequential view of (1), that takes the path of interest
and wage rates (ry, w),t > 0 as an input.

Viewing the individual decision problem (1) in the state space requires defining the value function
on the relevant state space: the space of distributions g. While the distribution is infinite-dimensional,
it may be viewed as a larger analog of any other finite-dimensional state variable. Just as with any
other state variable, including the distribution g as an explicit state variable requires knowing its
evolution over time. Crucially, the Kolmogorov Forward equation (3) encodes precisely that law of
motion.

I build towards the Master Equation in three steps. The first step is to recognize how the value of
a household depends on equilibrium objects. In this example, the value depends only on the interest
and wage rates ry, wy.

The second step is to express prices and any other equilibrium objects that may enter the value
function, as functionals of the underlying primitive distributions that define the relevant aggregate

state. In this example, interest and wage rates 1, = R(g:),ws = W(g:) depend on the ratio of



marginals of the joint distribution of assets and wealth from the capital and labor market clearing
conditions (2). Thus, the capital and labor market clearing conditions (2) provides the required map

directly through the functionals R, W. Substituting into the value of households, I obtain

PVilay) = maxu(e) + Lz, e, )Vl + 5 (@y) 0

where L(z, ¢, g:)[V] = (R(gt)a+W(gt)y — c)%—‘g(a, y)+ M (y)[V]. So far, the transformation of the Bell-
man equation (1) into (4) is mostly notational: I have substituted the time-dependent price sequence
with the distribution-dependent price functionals.

The cornerstone of the Master Equation approach lies in the third step: replacing the time depen-
dence of the value function itself by an explicit dependence on the distribution g. This substitution
amounts to a change of variables: Vi(x) = V(z, ¢;). Using this identity, the decision problem becomes
fully recursive by re-expressing the time derivative in the Bellman equation (4). The first step is to

recognize that, by the chain rule:

oV; ov 891:( N/ = <3V agt>

W(%y) g —— (=, ' ) ot g (7, gt), ot (5)

The chain rule in (5) is one that applies in infinite-dimensional spaces. It involves slightly more notation
than the usual chain rule in finite dimension, but follows the exact same logic.

The brackets (-, -) denote an inner product in the appropriate functional space. In this application,
the inner product turns out to be (¢, ¥) = [ ¢(a,y)y(a, y)dady on the Hilbert space of square integrable
functions. This inner product is the natural generalization of the Euclidean inner product (¢, ) =
Zgzl Yn®n when dealing with functions rather than vectors.

The derivative of the value with respect to the distribution, %—‘;, must be understood in an appro-
priate space for the distribution g. The relevant notion in most economic applications turns out to
be that of Fréchet derivative, the natural generalization of derivatives in finite-dimensional spaces to
infinite-dimensional Hilbert spaces.

To gain intuition, suppose temporarily that the possible set of assets and wages was discrete and

finite, indexed by n. The value function would become a vector (V)N

n—1, and the derivative %—‘g/ would

simply represent the gradient of the value vector with respect to the mass at each ones of these points.

Namely, one could write g = (gn)n 1, and thus %‘; = (%‘g/;l s ey gglz@)n_l'

The Fréchet derivative extends the notion of gradient to the case when the underlying idiosyncratic
state space is continuous rather than discrete. In particular, the Fréchet derivative %‘; (z,2,g) is
itself a function of the direction in which the derivative is taken, 2’—just as with a finite dimensional
gradient.’

The second step to remove the time derivative is to recognize that the change in the distribution,

% is precisely given by the law of motion (3). Because prices are functionals of the distribution g,

57 use this notation to empahsize this functional dependence, rather than the notation %(w g) that would be

more directly analogous to the discrete case. The notation %—V(x g) in the inner product implicitly omits the dependence

on z’, but I also write exphc1tly (x z’,g) when needed.



the savings rate writes s;(z) = s(x,9:) = R(g:1)a + w — é(x, g;). Hence, the evolution equation (3)
also only depends on the distribution g. Thus, I change variables in the functional operator that
encodes the evolution of the distribution L} (z,é(z)) = L*(x, g;) similarly to the value function. The
dependence on the distribution g is both explicit through the interest rate, and implicit through the

optimal consumption decision:’

9 ]
S (@) = L@, g0)la) (6)
Combining the chain rule (5) with the law of motion of the distribution (6), I finally obtain
oV ov .
87;(1") = 879(%‘,1‘,,915)[/ (m/7gt)[gt]dx/'

Combining the previous observations, I rewrite the Bellman equation (4) as

PVing) = maxu(e) + Liz.cg)lV]+ [ (o 0L gnlalds' ™

Equation (7) is the Master Equation. Arriving at the representation (7) has required many
definitions, but the payoff is substantial: the Master Equation (7) is a state-space—or recursive—
representation of the household problem.

Inspection of the Master Equation (7) reveals that there is no need to keep track of a separate
law of motion for the distribution. This law of motion has precisely been incorporated into the value
function through its last term [ %—‘;(x,x/ ygt)L* (2, g¢)[ge]da’.  As a result, the Master Equation (7)
is the only equation that needs be solved to characterize the equilibrium. This property has lead it
to be called the ‘Master Equation’ in the mathematics mean field games literature. In practice, the
representation of the equilibrium is now block-recursive: the evolution of the distribution along any
particular equilibrium realization follows ex-post, once the solution to the Master Equation is known.

The recursive nature of the Master Equation allows to leverage standard recursive methods to
characterize and compute the solution to (7). However, the fully nonlinear Master Equation (7) is
defined on a infinite-dimensional state space that includes the distribution g. Therefore, it remains
difficult to handle nonlinearly in practice.

To overcome this practical difficulty, I combine the Master Equation (7) with local perturbation
methods. It turns out that this combination provides a powerful closed form characterization of the

linearized Master Equation, and drastically reduces the dimensionality of the problem.

1.3 The FAME

I start from a locally isolated steady-state of the economy. It is given by a steady-state value function
V95(x) and a steady-state distribution ¢®°(x). I then consider the First-order Approximation to the
Master Equation (FAME) around the steady-state distribution ¢g°°. Specifically, I only require that

deviations in the distribution—that I denote by h = g—¢°° and call distributional impulses—are small

"The dependence of the coefficients of the operator L* on the distribution g; runs through the parenthesis: g, —
L*(z, g¢)[-]- The action of the operator holding the coefficients fixed runs through the square brackets: g — L*(z,-)[g¢].
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in the mean squared error norm. I do not require that idiosyncratic uncertainty is small. Instead, the

present approximation preserves the full nonlinearity of decisions with respect to individual states.®

The main innovation in this paper is to take the perturbation analytically instead of numerically.
The critical observation in the FAME is that the value function V(z,g) then becomes, to a first

order, a linear functional of the distributional impulse h. Namely, to first order:
V(z, g% + h) = VS5(z) + / o(z, 2')h(z)da. @)

The function v(x,z’) encodes how the value function evaluated at the point z = (a,y) responds to
small impulses in the distribution around the steady-state. To first order, only the effect of the impulse
direction by direction need be considered, and the expansion is additive in the impulse h. The pairwise
effects of the impulses are second order and thus drop out to first order.

I call the function v(z, z’) the ‘determinstic Impulse Value Function’ or simply the Impulse Value.
This terminology is motivated by the observation that v(x,z’) exactly encodes how the value function
responds to a small impulse A in the underlying distribution relative to steady-state. It is the general
equilibrium effect of adding one household at z’ on the value of a household at z.

By construction, the Impulse Value coincides with the steady-state directional derivative: v(z,z") =
%—‘;(x,x’ ,9%%). To build intuition, the analogue of equation (8) with a finite state space would be
Vo(g) = V59 +Z£f:1 Unihi with vy = %(gss). The integral in equation (8) generalizes this notation
to settings with a continuous state space.

The goal of the FAME is to derive restrictions that determine the Impulse Value. To that end, I
follow a similar strategy to perturbation methods in representative agent economies such as the Real
Business Cycle (RBC) model. I substitute the definition of the Impulse Value (8) into the nonlinear
Master Equation (7). I then take a first-order approximation in the distributional impulse h. Since
the Master Equation must hold for all A, the final step uses the method of undetermined coefficients.
When linearizing the RBC model, there is a finite number of coefficients to identify—for instance
one coefficient for how the value function depends on impulses in the aggregate capital stock. With
heterogeneity, the only difference is that the ‘coefficients’ are themselves functions, such as the Impulse
Value v(z, ') itself.

The calculation described above leads to the FAME:

po(z,2’) = u'(c*¥(2))D(x,2') + L(z)[v(,2))] + LE)v(,)] + /v(m”)G(«’v",x/,v)dfﬂ” , (9)
—_——

Direct price impact Partial equilibrium:  General equilibrium: N~
continuation value continuation value . General equilibrium: .
from shocks to = from propagation weighted average of changes in
of impulse at z’ savings rates of other households ="

in response to impulse at x’

8My approach is similar in spirit to Reiter (2009), Ahn et al. (2018) or Auclert et al. (2021). See Preston and Roca
(2007), Mertens and Judd (2017), and Bhandari et al. (2021) for perturbation methods that additionally require that
idiosyncratic shocks are small.
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where

D(z,2') = (Rod +Riy')a+ Wod + Wiy')y , L(z) = L(=, A3(x), ¢°%)
A, o 0 SS /. n "o 1 o,
G2, 2',v) = “9a g ($)<D(l’a$)—maa”($al’)>

and Ro, R1, Wy, W are constants that depend only the steady-state distribution and are given in
Appendix A.1.

Equation (9) is the FAME. Its right-hand-side has four components. Each one encodes a particular
force that affects how the value of household z = (a,y) changes in equilibrium when an additional
household enters the economy at ' = (d/, /).

The first component in the FAME is the direct price impact. When the distribution changes, prices
also change. The movement in prices affects households’ disposable income as encoded in the price
impact function D(z,’). The price impact function D depends linearly on the household’s state: a
household with more assets benefits more from a rise in the interest rate. The price impact function D
also depends linearly in the point 2’ in the state space where the distributional impulse is occurring—
where household z is contemplating an excess mass of other households z’. A given distributional
impulse at 2’ affects the interest rate more if a’ is high or if ¥/ is high. Therefore, the function D is
larger at larger a’ and y/. A similar logic underlies the impact of the distributional impulse through
the wage rate. The impact of the distributional impulse on households’ consumption drops out due
to the envelope condition—the first-order optimality condition always holds in continuous time. By
virtue of the local perturbation, households then convert changes in disposable income into utils using
their steady-state marginal utility of consumption.

The second component in the FAME encodes a partial equilibrium force, similar to households’
continuation value in (1). Even out of steady-state, households form expectations about their own
assets and labor market productivity. Crucially, by virtue of the first-order perturbation, household
need only evaluate those expectations using steady-state prices and consumption policy functions.
Thus, they use the steady-state continuation value operator £ that involves only steady-state transition
probabilities. This operator acts on the first argument = of the Impulse Value, that represents the
dependence of their value on their own own state variable.

The third component in the FAME represents a first general equilibrium force. When contemplat-
ing the effect of an additional household at x’ on the economy, households at x expect this additional
household at 2’ to behave just as any other household. Household z’ consumes, saves and receives
labor market shocks. Thus, the additional household at 2z’ travels through the state space. Keeping
track of where they go matters to project the economy forward in time and evaluate what tomor-
row’s distribution will be. The FAME shows that this expectation is summarized by the steady-state
expectation operator £. Once more, because of the local perturbation, only steady-state transition
probabilities matter to first order. Crucially, the steady-state operator £ acts on the second argument

2’ of the Impulse Value value, that represents the effect of an additional household at x’ on the value
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of household z.

The fourth component in the FAME encodes a second general equilibrium force. It represents how
household x values changes in the law of motion of the distribution that arise because of an additional
household at 2’. Why would the law of motion change? An additional household at 2’ affects prices.
Because prices change, all households in the economy change their savings behavior—represented by
the integral over z”. This change in savings behavior affects the law of motion of the distribution to
first order, and thus affects any given household z after weighting by the steady-state distrbution ¢
and converting to utils using the Impulse Value v(x,2”). The change in savings rates of any other

household z” is then given by the innermost bracket. It involves the price impact function D net of the
O mv(x’” &)

from linearizing the first-order condition for consumption. It is a ‘distributional Marginal Propensity

first-order change in consumption This expression for the consumption response follows
to Consume’ (dAMPC): it represents how consumption changes in response to a distributional impulse.
Despite its notational complexity, the FAME is in fact remarkably simple. It has four key features,

which Section 3 shows hold much more broadly than in the present example.

1.4 Properties of the FAME

The first property of the FAME is that it is a standard Bellman equation in finite dimension. The
dimensionality of the Impulse Value is simply twice that of the original problem, instead of being
infinite-dimensional like the nonlinear Master Equation (7). This drastic simplification stems from the
local perturbation. Households located at x in the state space need only consider isolated impulses
at any other possible z’ in the distribution, since any pairwise impulses would lead to a second-order
deviation in the value function.

The second property of the FAME is that it depends on the steady-state in closed form. By virtue
of the analytic nature of the perturbation, all the objects entering in the FAME are explicitly linked
to the steady-state. Hence, once the nonlinear steady-state of the model is known, no additional
calculation is needed to write down and solve the FAME.

The third property of the FAME is block-recursivity, that it inherits from the Master Equation.
The FAME is the only fixed point that must be solved to know individual behavior along any impulse
response. There is no additional price or distributional fixed point to solve because such fixed points
have already been embedded into the Master Equation. The FAME uncovers that this joint fixed point
has a simple structure that may be solved efficiently.

In fact, once the Impulse Value is known, it is straightforward to apply a similar perturbation
argument to the law of motion of the distribution (3).” To first order,

Ohy
ot

Equation (10) encodes the time evolution of any impulse h in the distribution over time. Its two

() = L7(2)[he] + G(2)[he] g(iv)[h]:/G(x,x’av)h(x’)dfv" (10)

9In fact, equation (10) is already known. It follows immediately from the linearization of the last component in (7).
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components represent distinct forces that mirror those that the FAME (9) uncovered.

The first term L£*[h] represents the partial equilibrium evolution of the impulse h. This partial
equilibrium evolution is computed holding transition probabilities fixed at their steady-state values.

The second term G[h] represents the general equilibrium response of the economy. It encodes
changes in savings behavior of all households in response to the distributional impulse. These changes
in behavior are embedded in the price impact and dMPCs that enter the definition of the kernel G.
The kernel G coincides with the expression in the general equilibrium component of the FAME (9)
because both represent changes in savings rates.

The fourth property of the FAME is that it lends itself to an efficient numerical solution method.
Due to its standard Bellman equation structure, the FAME can be solved efficiently using standard
finite dimension schemes. Inspection of equation (9) reveals that a discretized version of the Impulse

Value, v;; = v(z;, ;) on a grid (z;); satisfies the nonlinear Sylvester matrix equation

pv =D+ Lv +vLT + vGyv,

where D is a matrix that discretizes u/(¢>%)D, L is a matrix that discretizes the steady-state transition
operator £, LT denotes the transpose of L, and G is a matrix that discretizes the operator G. This
Sylvester equation can be readily solved using standard routines and an iterative scheme. I describe

this solution method in more detail in Section 3.7.

1.5 Aggregate shocks with the FAME

So far, there were no aggregate shocks in order to focus on the role of the distribution. I now introduce
aggregate shocks in the economy. Aggregate productivity Z is no longer constant, but fluctuates over
time: Z; = Ze®*. Log productivity follows a continuous-time AR(1) process: dz = —uzdt + dW;
with associated generator A(z) = —0z0, + %@Z. The parameter € > 0 represents the overall scale of
aggregate shocks.

The Master Equation (7) enriched with aggregate shocks becomes

pVi(z,z,9) = mcaxu(c) + L(z,c,e2,9)[V] + / aa‘g/(x, x' ez, g)L* (2 ez, g)[g)dx’ + A(2)[V]. (11)

Relative to the Master Equation without aggregate shocks (7), the Master Equation with aggregate
shocks (11) now depends on aggregate productivity ez;. This dependence is explicit in the operator
L through the price functionals that now depend on aggregate productivity. In addition, households
expect aggregate productivity to fluctuate over time. These expectations result in the additional
continuation value A(z)[V]. It is also possible to consider deterministic transitional dynamics in
response to a one-time shock. In that case, one needs simply to keep track of time ¢ instead of the

aggregate productivity state z.'

10Tp that case, the Master Equation approach simply removes the contribution to the time derivative in the individual
decision problem coming from the distribution g;, but keeps the time derivative coming from the aggregate shock.
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The law of motion of the distribution (3) also extends with aggregate shocks:

dgi(x) = L™ (2, €21, 9¢) [9:] dt. (12)

The law of motion in (12) is now a stochastic version of the Kolmogorov forward equation (3).!!

With the Master Equation (11) at hand, I extend the perturbation argument in the deterministic
FAME to aggregate shocks. There are now two objects that are small. The first one is, as before, the
deviation in the distribution g — ¢°°. The second object is the scale of aggregate shocks ¢. The natural
benchmark is that both objects are of the same scale, when eh = g — ¢°° has scale ¢.

When ¢ is small, the first-order approximation to the value function is:

Vi(z,z,9°% +eh) = V() +¢ {/v(x,m’)h(w’)dw’ + w(z, z)} : (13)

w is the ‘stochastic Impulse Value’: the direct effect of aggregate shocks on the value function.'

Just as in any Taylor expansion, the first-order approximation is additive in the response to a
distributional impulse h and the aggregate shock z. Any pairwise perturbation involving an impulse in
the aggregate shock together with an impulse in the distribution A is of scale €2, and thus second-order.

The separability in equation (13) is critical and represents certainty equivalence. It implies that
the deterministic Impulse Value v(x,2’) with respect to the distributional impulse h satisfies the
deterministic FAME (9) evaluated at Z = Z. In particular, the deterministic Impulse Value z can
be solved for independently from aggregate shocks. This observation mirrors the linearization of
representative agent models such as the RBC model. There too, the deterministic component in the
value function is independent from the stochastic component.

I identify coefficients on the aggregate shock after substituting the first-order expansion (13) into the
nonlinear Master Equation (7), similarly to the derivation of deterministic FAME (9). The stochastic
Impulse Value w(x, z) then satisfies the stochastic FAME:

pw(x, z) = zQ(z)u'(css(m))—i— L(x)|w(2)] + AR |w(z,-)] + /v(m,m")S(x",z,w)dx" ,(14)
————

Direct price impact Partial equilibrium:  Continuation value from

~
continuation value aggregate shocks z General equilibrium:
from shocks to x weighted average of changes in

savings rates of other households z"/
in response to aggregate shock z

1Tt is a stochastic partial differential equation. The coefficients of the operator L* change stochastically following
shocks to aggregate productivity z:, and thus define a stochastic partial differential equation. The logic underlying the
law of motion (12) is entirely similar to that of finite-dimensional evolution equations. For instance, the law of motion
for assets for employed individuals is a unidimensional stochastic differential equation da; = s¢(x¢)dt. The law of motion
(12) is an analogue, but in infinite dimension. The only addition is that interactions between the entries of the infinite-
dimensional vector g:(z) that are relevant for its time dynamics are picked up by cross-sectional derivatives. The Master
Equation (11) is non-stochastic, while the SPDE (12) is, because the Master Equation (11) conditions on the current
value of the aggregate shock z, while the SPDE (12) takes the sequence of realized aggregate shocks z; as given.

1211 the stochastic steady-state, provided it is stable, g; will remain in a neighborhood of ¢°° of typical size ¢ because
the typical size of aggregate shocks is €.

13Depending on the stochastic process for aggregate productivity z, the stochastic Impulse Value w need not be linear
in z. In this section’s example, it turns out that it can be easily proven because the productivity process is an unrestricted
diffusion process. However, when there are reflecting boundaries or non-symmetric jump terms in the productivity process,
w is no longer linear in general. By contrast, the process for the distribution is always an unrestricted diffusion process,
and thus the distribution always enters as a linear functional.
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where Q(z) = Raa + Way, Ra, Ws are constants that depend only on ¢%% and are given in Appendix
A.1, and

S(x,z) = 9 <9 (z) (Q(fU)Z - MM(%»’«”))) .
The structure of the stochastic FAME (14) mirrors that of the deterministic FAME (9). The main

difference is simply the expression for the direct price impact of aggregate shocks 2. As with the
deterministic FAME, all the objects that enter into the stochastic FAME (14) are evaluated at the
deterministic steady-state. They are thus immediately known given given the steady-state.

As with the deterministic FAME, the stochastic FAME (14) is a standard Bellman equation that
may again be solved with standard methods. A crucial property is that the deterministic Impulse
Value v is known by the time one solves the stochastic FAME. Thus, inspection of (14) reveals that
the stochastic FAME is a linear equation in w. By contrast, the deterministic FAME (9) is a quadratic
equation in v.'*

With both Impulse Values v,w at hand, I turn back to the law of motion of the distribution and

obtain the evolution of the impulse h; in the distribution up to a first order:

dhy(z) = {E*(w)[ht] + G(2)[he] + S(x,zt)} dt. (15)

Equation (15) is the linearized version of the SPDE in (12). Iterating forward on (15) for a given

sequence of aggregate shocks z; then delivers any desired impulse response function.

1.6 Dynamic discrete choice

I now provide a second example of the FAME. I illustrate its flexibility with a dynamic discrete choice
setting in which there are multiple prices per locations. This example also clarifies the link between
perturbations with respect to a continuous distribution and perturbations with respect to a finite-
dimensional vector. For concreteness, I interpret the framework as a dynamic location choice setting
with migration, but the framework may be more broadly interpreted as an industry, occupation or
product choice problem.

A dynamic migration setup is a natural environment to use the FAME because there are typically
several prices per location. Thus, the state-space approach at the heart of the Master Equation is
well-suited to handle the complexity of such a framework.'®

Consider a unit mass of individuals who choose in which location i € {1, ..., I} to live. Individuals
cl=r—1
1—
relative risk aversion. The consumption index is a Cobb-Douglas aggregator of a freely traded final

good ¢, used as the numeraire, and of housing h with share 3: C(c,h) = (¢/(1 — 8))*=P(h/B)".

have flow CRRA preferences over a consumption index C(c,h): u(C) = , where v denotes

14This observation mirrors the linearization of the RBC model, in which the deterministic component solves a quadratic
scalar equation, while the stochastic component solves a linear equation given the solution to the deterministic component.

5By contrast, sequence space methods that linearize with respect to a sequence of prices require higher-dimensional
calculations. If there are I locations, n prices per location and T discretized time periods, the FAME requires solving for
a I x I matrix, while sequence-space Jacobians have dimension (nIT') x (nIT).
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Individuals discount the future at rate p. In every location, individuals work for a unit measure of
identical firms that produce the final good using labor and are subject to decreasing returns to scale.'®
The local wage is denoted wj;, and the housing rental rate ;. Individuals consume their income each
period and face a flow budget constraint ¢ + rih = w;.

Individuals are allowed to move at rate p, in which case they draw extreme-value distributed
idiosyncratic preference shocks for potential destinations, with dispersion parameter v. If they move,
they pay a bilateral moving cost 7;;. Locations are endowed with a local productivity Z;, a fixed
supply of land H; whose rents are paid to absentee landlords, and a housing supply curve H;; = Hﬂ"?t
Output in location ¢ is thus Yj; = ZitNilt_O‘.

There is a common aggregate productivity shock z; which follows a continuous-time AR(1) process
in logs: dzy = —0zdt + 0dW,;, where dW; is a Brownian motion. Denote A(z) = —0z0, + %28,32 the
associated generator. Each location is exposed to this aggregate shock with a location-specific slope
Xit Zip = Zijexiz 1T

Maximizing out the housing and optimal location choices, and clearing labor and housing markets,

individuals solve

dVi
dt

1
pVie = Ui(zit, Nit) + Li[V] +E |: :| , Li[V] =u ” log Zel’(vj*ﬂ‘j) -V (16)
J

I provide details for all derivations in Appendix D.1. The flow payoff is U;(zi, Nit) = C’OiNizg, where

E=a+ b (11;;1), and Cy; is a location-specific constant. The expectation operator L;[V] is nonlinear
because of the presence of idiosyncratic taste shocks. Crucially, its action on a small perturbation of
the value dV still coincides with the adjoint (tranpose) of the operator £:: L;[VS5 +dV] = L[V +

L;(V9%)[dV]. Location decisions are given by the conditional choice probabilities

ev(Vie—Tij)

mitlV) = S e

(17)
The population distribution evolves according to the law of motion:

agjt = (Z Thjt (V) Nyt — th) = L:(V)[Ny]. (18)
k

In this discrete choice setting, the operator £; (V) is simply the matrix p(m(V)T — 1d). The Master

Equation writes

OV (V)N + AV (19)

pVi(z, N) = Ui(z, N) + Li[V] + Z ON;

16profits are distributed to absentee owners.
7The block-recursivity and separability properties of the FAME allow to easily consider shocks that are location-
specific: Zy = Z;e®**, where each z;; follows an AR(1) process.
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I seek a first-order solution to the Master Equation of the form

Vi(z,N) = V®% 420> vijn; + wiz
j

In Appendix D.2, T show that a similar substitution to the Krusell and Smith (1998) example delivers

the deterministic FAME, a matrix equation for v:
pv = =0+ Mv + oM +vGv, (20)

where 0 = ¢diag (u/(CP%)CP5 /NS), M = L(V55) = pu(m — 1d) where m denotes the steady-state
matrix of migration shares, and G = v (diag(NSS) - deiag(NSS)m).

The stochastic FAME takes the form of a vector-valued equation:

(p+0w=w+ (M+vG)w, (21)
- SS\1SSY y.  — 14n=8 18
where w; = ( (u'(CZ- )C: )Xza ¢= 11777
Finally, the linearized law of motion of the distribution satisfies:
0
% = MTn+ Gy +wz). (22)

The combination of the stochastic FAMEs (21) and the law of motion (22) reveal that transitional
dynamics in this economy with one aggregate shock per location only require solving a linear system—

given the deterministic Impulse Value v—and a running a single time iteration.

1.7 Connection with existing numerical methods

Having described the FAME, I relate to existing first-order approaches that build either on a state-space

or a sequence-space representation.

1.7.1 State-space methods

The FAME is by nature a state-space approach. It provides the foundation for the computational state-
space approach in Reiter (2009) and Ahn et al. (2018). Specifically, the distributional Impulse Value
v is the analytic counterpart to the matrix D,4 in their notation. The aggregate shock Impulse Value
w is the analytic counterpart to the matrix D,z in their notation. Ahn et al. (2018) rely on automatic
differentiation of the nonlinear discretized Bellman equation and law of motion of the distribution
to obtain a linear rational expectations system that stacks the linearized Bellman equation and the
linearized law of motion of the distribution. They then perform a Blanchard and Kahn (1980) stable

root-finding procedure to extract the relevant matrices from the associated Schur decomposition.'”

BWhen each location is subject to its own shock Z;; = Z;e®** instead, the stochastic FAME becomes pwe; =
@ej 4+ (M + vG)wej — Ojws;, where w;; = Cu' (CF5)CFS.

YNote that in such a high-dimensional setting, there is no a priori guarantee that the stable hyperplane coincides
with the true value function.

18



By contrast, the FAME reveals that linearizing the Bellman equation and the law of motion of
the distribution analytically is feasible. Linearizing the economy before discretizing it uncovers a
systematic structure that delivers standard Bellman equations that may be solved using standard and
fast recursive methods.

The FAME unveils a further block-recursivity property. The deterministic FAME can be solved
first, independently from the stochastic FAME. The stochastic FAME can be solved independently in a
second step, leveraging a much smaller linear system. This property is particularly useful for estimation
of parameters that affect only the stochastic FAME, such as the process for aggregate shocks. In this
case, moment-matching estimation only requires to solve the stochastic FAME repeatedly, bypassing

the computational need to solve for the deterministic FAME.

1.7.2 Sequence-space methods

Auclert et al. (2021) show that sequence-space linearization is highly efficient in contexts in which
the equilibrium is summarized by a few equilibrium prices. In general, depending on the structure of
the model, a state-space or a sequence-space approach may be preferable. When many moments of
the distribution enter individual decisions, such as in dynamic spatial models as in Section 1.6 or in
search-and-matching models, a state-space approach is more natural and is likely to perform better
numerically because it is lower-dimensional. When only a few prices enter individual decisions such as
in the Krusell and Smith (1998) economy, a sequence-space approach is likely to be more efficient.

In a companion paper (Bilal, 2023), I derive a continuous-time analytic counterpart to Auclert
et al. (2021) without relying on numerical differentiation of the individual value function. I show that
the linearized individual decisions satisfy a simple Bellman equation that maps into steady-state in
closed form. I characterize the properties of analytic sequence-space Jacobians, use them to establish
an existence and uniqueness criterion, describe the connection with the FAME and provide efficient

algorithms for direct computation.

This section developed the main ideas and benefits of the FAME in the context of the Krusell and
Smith (1998) example and in a dynamic discrete choice example. In Sections 2 and 3, I generalize the

approach to nest many possible economic settings.

2 The Master Equation

This section builds on Section 1 and develops a general formulation of the Master Equation.

2.1 State space

This section sets up the notation for the remainder of the paper, most of which is to handle mass

points in the distribution symmetrically to a smooth density.
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Time t > 0 is continuous and runs forever. The economy is populated by a unit measure of agents.
Agents are characterized by their individual state vector € Xy C RPX, where Xo = (z1,71) X ... X
(zp,,ZTpy) is a Dx-dimensional hypercube.”’ Xy denotes its closure in the Euclidean norm. Xj is
endowed with the Borel o —algebra, and a base measure n. Individuals may choose a control variable
cel Cc RPe 2

The base measure n plays a key role in the sequel. It encodes a priori information about where
the distribution is absolutely continuous, and where it may develop mass points. If the example of
Section 1 was enriched with an occasionally binding borrowing constraint a > a, one would define
dn(a,y) = (da + 6(4)(da)) ® dy, where dy,) denotes the Dirac measure at a, and ® denotes the tensor
product of measures. This definition then allows for the possibility of a mass point at the borrowing
constraint a.

The base measure allows to handle only densities with respect to that base measure, and thus
treats mass points and smooth densities symmetrically.?” In the sequel, I always impose that the base
measure is a product measure of marginal measures. The marginal measure along dimension ¢ in turn
consists of the Lebesgue measure together with a countable set of possible mass points. These possible
mass points are located on a Dx — 1-dimensional manifold B that may include parts of the boundary
of Xo—for instance when there are credit constraints—and may also include points in the interior of
Xo—for instance when there are kinks in the interest rate. I assume that this manifold intersects any
direction i at a countable number of points {x;,} only. I denote by X = X, U B the domain of the

state x as the union of the open domain X together with the set of possible mass points B.

Assumption 1. (Base measure)

dn(z) = dm(z1) ® ... ® dnp, (xp, ), where, for all i = 1...Dx and all Borel-measurable subset Z C
[z;, T3], ni(Z) = 0(Z;) + 3, W{ain € Z}, where £(Z) denotes the Lebesque measure of Z.

2.2 Evolution of individual and aggregate states

Agents’ state x; evolves over time according to a controlled jump-diffusion process

dxy = bot(xy, cp)dt + oo (e, ¢p) - AWy + /(y — ) for (¢, ¢, y)dn(y) N (dt). (23)

bo: is the RPX-valued drift of the process. It may depend directly on calendar time ¢, the current state

z;, as well as the control ¢;. Similarly, oq is the RPX*Pw_yalued function volatility of the process.

20Working with a hypercube is not strictly necessary for most of the results below. However, it makes the notation
much lighter—in a relative sense—to handle mass points. Without mass points, virtually all the results below go through
for a general open domain X without additional notation.

21To keep the exposition as concise as possible, discussion of filtrations and adaptedness are omitted. See Carmona
and Delarue (2018a) for an in-depth exposition.

22In principle, it is possible to work without a base measure. In that case, the law of motion of the distribution is
set in the space of measures. Consequently, one needs to develop the formalism of derivatives with respect to general
measures in the Wassertstein space. See Cardaliaguet et al. (2019) for details. Introducing this formalism is beyond the
scope of this paper, and is also irrelevant for many economic applications of interest in which a priori knowledge of where
mass points may develop is often available.
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It governs how individual states respond to the RPW-valued Brownian motion W. Importantly, W is
independent across agents. The Poisson jump measure N encodes the frequency of jump increments.
The density fy captures the density of increments and their frequency over the base measures 7, N. In
the notation is implicit that jumps are also independent across agents. I assume that the stochastic
process (23) is a Feller process, which encompasses a wide range of continuous-time Markov processes
typically found in applications.

The state x; may include discrete indicators for different types of agents, for instance employed
workers and unemployed workers, workers and firms, regions or countries. The process x; is assumed
to remain within X, either through reflection at the boundary of X, or through an appropriate com-
bination of drift and volatility at the boundary.

I use the notion of weak derivatives to handle mass points in the distribution.”> When a 7-
measurable function f is continuously differentiable, the weak derivative coincides with the classical
derivative. When f has a jump in direction ¢ at some zg € X, then the weak derivative in the sense
of generalized functions is a measure: it is a Dirac mass point multiplied by the size of the jump:
g—g{i(:no)d:c = (limaw flxo +em) — limgyo f(xo — €Ti)>5x0 (dz), where 7; is the unit vector pointing in
direction ¢. In that case, f admits a weak derivative only if xg € M;. Then, the weak derivative as a
n-measurable function is the size of the jump at zo: lim.|o f(zo +em;) — lim. o f(xo —e7;). Thus, I can
work only with densities with respect to the base measure.

Two functional spaces are useful in the sequel. The first is the space of square-integrable functions

with respect to the base measure 7. The second is the second Sobolev space:

= {f : X — R is n-measurable ‘/f(:c)Zdn(m) < oo}, {f c L? gf ng € L2} .

The notation L? should not be confused with the notation for the generator of the process, L. The
second Sobolev space H? consists of all square-integrable functions that have square-integrable first
and second weak derivatives.

I now define two functional operators related to the state process x;. The first operator Ly is the
generator Lg; of the state process and encodes conditional expectations of functions of x;. For any
V € H?, define:**

Lou(z,0) Zbo,m 0% )+ 1 3 S0y (0)+ [ il (V) ~ V)il
J

i,j=1
where Yo (z, ¢) = oot(z, ¢)ooi(w, )T, and recall that the T superscript denotes the matrix transpose.

The second operator is the formal adjoint operator Lg,. 2 Tt encodes how the cross-sectional

238ee Online Appendix E for details

Z4For points on the boundary of X, x € 8X, it is understood that derivatives are taken with respect to the interior
directions to X, and all functions are extended by 0 outside of X.

25 Appendix E.2 shows that Lj, is the actual adjoint of Lo, only when there are no mass points in the distribution.
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probability distribution of the process z; evolves over time. For any g € H?, define:

. 12X 92
Liy(@,c)lg] = —z: * (st mMWc)+2§j&Manm@mmm0

+/f0ty,cx y)dn(y) /fwcydnw

Aggregate shocks take the form of a stationary and Feller Markov process z with values in Z C RPz
and generator A. Z is compact and A is such that the process z; has a unique invariant distribution
that admits a density ¢(z). Aggregate shocks are scaled by a scalar parameter € > 0 when entering

individual decisions and market clearing conditions.

2.3 Individual optimization and evolution of the distribution

Armed with the notation above, I define agents’ decision problem. They solve the following time-

dependent Bellman equation with possible constraints on the state variable:

av; oV

pVi(z) = Iileag(uOt(CL',C, Vi) + Lot(z, o) [Vi] + E, [dt(ac)] s.t. Co (x Vi(z), e —(z )> >0, z € B.(24)

In equation (24), the flow payoff uy; may depend on time, the current state, but also the value function
V directly. This formulation embeds recursive preferences such as Epstein-Zin, as well as bargaining
models of the labor market.”%

The function Cy; captures constraints on the state x; when it lies at a possible mass point inside
B.?" For instance, consider adding a credit constraint a; > a to the economy of Section 1. In that case,
a mass point may develop at a. Consumption ¢ must be such that ra+wy—c > 0, i.e. ¢ < ra+wy. This
constraint on the control may equivalently be re-stated on the value function by ‘Wt > /' (ra + wy).
Therefore, Cy; (a y, Vi, %) = % —u/(rea + wy) for a = a.

Similarly, consider adding a kink in the interest rate at a* in the interior of X to the economy of
Section 1. For instance, suppose ri(a) = 1 for a > a*, and r(a) = . + 7 > 1 for a < a*. In that
case, a mass point may develop at a*. In this case, consumption ¢ must be such that ra* +wy —c =0,
which delivers the same state constraint as for the credit constraint: % —u/(rya 4+ wy) for a = a*.

It is useful to define the evolution of the distribution in terms of the density g:(x) with respect to
the base measure 7 in order to accommodate the presence of possible mass points. g; satisfies the law

of motion:

W (@) = Lyt ()l (25)

The notion of weak derivative with respect to the base measure 7 is key to systematically handle mass

1—1
20For Epstein-Zin preferences, set u¢(z,c, V) = pV (z) + p1 —V(x {(c/ == z))T iv) - 1] and set p =0 in

the left-hand-side of (24). Note also that it is straightforward to include shocks to the discount rate p, which I omit here
for brevity.
?7See Fleming and Soner (2006) for more details.
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points in the evolution of the distribution. As long as mass points develop only where 7 allows them
to, the weak derivative is well-defined in the space H?: for all g € H?, L}, (x, é:(w))[g] € L.

When the economy is stationary, the Bellman equation (24) becomes

ov
pV(z) = mealgcuo(x,c, V) + Lo(x,c)[V] st. Co <:B, V(x), 83:(:13)> >0, v € B. (26)
Similarly, the law of motion of the distribution (25) becomes
0= Lo(z,é(x))lg]- (27)

2.4 General equilibrium

I now specify how the flow payoff u; as well as the process for the productivity process Lg: depend on

the underlying distribution g; and aggregate shocks z;.”®

Assumption 2. (Dependence on aggregates)

There exist functionals u,b, o, f,C such that ug and the coefficients of Lo satisfy

UOt(.’,E, ¢, W) = U(.T,C, E€2t, gt, W)? bOt(x7C) = b($> C,EZt, Gt %)7 JOt(xv C) = U(l’,c, €2ty Gt ‘/t)a
oV 19)%
fUt(l"C’y) :f(fE,C,y,EZtht,V;t% COt $7‘/7 :C l‘,V, y EZty Ot
ox Ox

In addition, u,b, o, f,C are continuously L?-Fréchet-differentiable in g and V, and continuously differ-

entiable in z.

Iimpose Assumption 2 in the rest of the paper. It captures how prices and other general equilibrium
forces feed back into individual decisions. Assumption 2 is typically mediated through market clearing
conditions. It is widely satisfied in applications as in Section 1, in which the dependence on calendar
time is a shorthand for dependence on the the distribution of individual states g. The dependence on
V; captures typical dependences in labor market models, in which vacancy creation depends on the
distribution of surpluses across jobs. For the flow payoff u, dependence on V captures dependence on
the individual’s own value (e.g. for Epstein-Zin preferences) and dependence on the distribution of
values of other agents.

Importantly, Assumption 2 allows for a much more flexible dependence of the individual decision
problem than only a few prices. There can be any arbitrary number of prices that matter, as in Section
1.6. The distribution can also matter directly for individual decisions, as in a search-and-matching

model with job-to-job search. I now define an equilibrium of the economy.

Definition 1. (Equilibrium in sequential form)
An equilibrium in sequential form of the economy consists of a path of distributions (g)i>0 € H?, a

path of values (Vi)i>0 € H? such that (24) and (25) holds for all times t > 0, and go is given.

28To keep the exposition minimal, I assume that time dependence runs only through the distribution g; as in Section
1. Tt is not difficult to let time affects the economy deterministically. In that case, one need only treat time as another
state variable.
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There is no need to require any market to clear, since market clearing is embedded in Assumption 2.

Similarly, a steady-state equilibrium is defined as follows.

Definition 2. (Steady-state equilibrium,)
A steady-state equilibrium of the economy consists of a distribution ¢°° € H?, a value V5% € H? such
that (26) and (27) hold.

2.5 From the time-dependent problem to the Master Equation

Now turn to the Master Equation. Under Assumption 2, the economy may be represented fully
recursively as a value function defined on idiosyncratic states as well as the space of distributions
X x H?. As in Section 1, the key step is to change variables from calendar time ¢ to the distribution
gt by writing Vi(z) = V(z, g¢, 21)-

Fréchet derivatives are well-defined in L? because it is a Hilbert space when equipped with the
inner product (f, g) = [ f(z)g(x)dn(x). Suppose for now that g — V(z, g) admits a Fréchet derivative
for n-almost all x. It consists of a linear bounded operator from L? onto itself. Using the Riesz
representation theorem, it may in turn be represented by an L? function. Denote this L? function by
' %—Z(m,m’,g,z).

The same change of variables as in Section 1, using the chain rule for Fréchet derivatives and the

law of motion of the distribution (25) in the Bellman equation (24), delivers the Master Equation.

Definition 3. (Master Equation)
The Master Equation is defined by

pV(z,2,9) = maxu(z,ezcV,g)+L(zezcg)V]
c

ov
s [ S gL 2w, ) ghdn(a) + AV
ov
st. Clz,V(z,z49), %(aj,z,g),ez,g >0, z€B,
for functions X x Z x H> xRy > (z,2,9) — V(z, z,9) that are Fréchet-differentiable in g n-a.e. in x.

The Master Equation in Definition 3 delivers a natural definition of a recursive equilibrium.

Definition 4. (Equilibrium in recursive form,)

An equilibrium in recursive form consists of a solution V to the Master Equation in Definition 5.

Definition 4 emphasizes that a value function that solves the Master Equation is the only object
that is needed to describe the equilibrium. By construction, both notions of equilibrium coincide

whenever defining a solution to the Master Equation is possible as shown in Proposition 1.

Proposition 1. (Coincidence of recursive and sequential competitive equilibrium)

Suppose that there exists an equilibrium in recursive form given by a solution V(x,g) to the Master
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Equation in Definition 3. Define Vi(x) =V (z,g:), and let g; solve (25). Then the pair (Vi, g;) defines

an equilibrium in sequential form.

A natural and important question is of course when does a solution to the Master Equation exist
at all. Several set of assumptions have been proposed recently in the mathematics mean field games
literature. Since this literature is still growing, the set of assumptions is still limited at the time of
writing. In particular, typical assumptions exclude several key economics applications, such as the
presence of a credit constraint or multiplicative interactions between prices and states in the savings
rate. Therefore, I do not list those assumptions in this paper, and merely point to existing results.””
These assumptions also guarantee that the value function V(z, g, z) is L?-Fréchet-differentiable in the
distribution g up to second order. In addition, these assumptions are typically the same as those
required for existence and uniqueness of an equilibrium in sequential form.

It is not the purpose of this paper to attempt expanding the set of assumptions leading to existence
and uniqueness results for the fully non-linear Master Equation—though one may hope that such
results will eventually become available for most setups of economics interest. Instead, this paper is
concerned with the more practical question of local approximations to the Master Equation conditional
on the existence of at least one isolated steady-state equilibrium. Therefore, I impose the following

assumption in the sequel.

Assumption 3. (Ezistence, local uniqueness and regularity)

There exists one isolated steady-state equilibrium VS5, ¢S5, There exists a solution V(x,z,9) to the
Master Equation in a neighborhood of (¢°°, z = 0) that is continuously Fréchet-differentiable in g € H?
around g = ¢°%, and continuously differentiable in € around € = 0, n-almost everywhere in x. The
Dx — 2-dimensional boundary of B such that the state constraint holds with equality is continuously
Fréchet-differentiable in g around g = ¢5°, and differentiable in z around z = 0, n-almost everywhere

m x.

Assumption 3 paves the way for local perturbations of the the Master Equation, which is the subject

of the next section.

3 The FAME

This section derives the FAME, highlights its properties and derives its implications for the local
stability of the steady-state and for the stochastic steady-state. Finally, this section proposes an

efficient numerical implementation to compute the solution to the FAME.

28ee for instance Theorem 2.4.2. p. 39 in Cardaliaguet et al. (2019) or Theorem 4.2.1. p. 295 in Carmona and
Delarue (2018b).
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3.1 Impulse Values and optimal control

S8 88 which I will refer to as “the”

Start by fixing a locally isolated steady-state equilibrium g
steady-state for brevity in the rest of the paper. Consider a small perturbation of the distribution
around the steady-state, g = ¢°° + eh. I seek a first-order solution to the nonlinear Master Equation

in the form:

V(x,2,9°° +eh) = V59(x) 4 ¢ {/ v(z, 2 )h(x')dn(z") + w(x, z)} . (28)

As in Section 1, v(x,2’) is the deterministic Impulse Value, i.e. the directional derivative of the value
function with respect to the distribution g, evaluated at steady-state g°°: v(z,z’) = %—‘g/(w, 2’ g%%,0).
w(x, z) is the stochastic Impulse Value: the derivative of the value function with respect to aggregate
shocks.

The linearization of the value function in (28), leads to the linearization of the optimal control:
&z, g% +eh,z) = 5 (x) + ¢ {/M(w, o' v)h(z)dn(z") + M(z, z,w)} (29)

The kernel M(z,2’,v) is the distributional Marginal Propensity to Control (dAMPC). The component
M(z, z,w) is the stochastic MPC (sMPC). I express them below. They encode how individual controls
for individuals at z respond to a small distributional impulse h(z’) and to a small aggregagets shock.
I need the following regularity condition, satisfied in most applications of interest, e.g. when the

individual decision problem is strictly concave.

Assumption 4. (Control regularity)
The first-order optimality condition for the optimal control é(x, g, z) holds with equality for ||g—g°°|| 2

and ¢ small enough. U(x) = ud2(x) + Lec(x)[VI%] is an invertible matriz for n-a.a. x.

Crucially, in continuous time as opposed to discrete time, the first order optimality conditions typically
hold with equality in applications, even with credit constraints (Achdou et al., 2021), so that Assump-
tion 4 holds. Thus, it suffices to differentiate the first-oder optimality condition without carrying

Lagrange multipliers. I impose Assumption 4 in the rest of the paper.

3.2 The deterministic FAME

In light of Section 1, it is natural to expect the deterministic Impulse Value to satisfy a Bellman
equation—the deterministic FAME. To define that Bellman equation as concisely as possible, it is useful
to denote objects evaluated at steady-state functions by a script letter. For instance, denote L(z) =
L(z,c%(x), V9%, ¢%%). Similarly, denote partial usual or Fréchet derivatives by the corresponding
subscript. For instance, denote ug(z,z’) = %(m,x’, V99, ¢%5,0). Denote also by B the set of states
x such that the state constraint holds with equality in the steady-state. Appendix A.2 details the

remaining notation.
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The first step towards the deterministic FAME is to express how the optimal control in equation

(29) responds to changes in the distribution.

Proposition 2. (Deterministic optimal control)

M0 = UG (mafoa!) + L@+ [ matooty.a)ant)
mo(z,7') = ueg(x, ) + Leg(z, x')[VSS] , mi(z, ") = uey (z,2") + Loy (w, x’)[VSS].
Proof. See Appendix B.1. O

Proposition 2 characterizes how individuals’ controls respond to a distributional impulse h. The
dMPC depend on the concavity of the utility function as well as the concavity of the generator L. The
dMPC also depends on the corresponding cross-derivatives. I provide more specific expressions for the
dMPC for specific generators in Proposition 4, Appendix B.1.

With Proposition 2 at hand, the deterministic FAME obtains.

Theorem 1. (Deterministic FAME)
The deterministic Impulse Value v satisfies for all x € X\B and all ' € X :

Direct impact

pu(z,a’) = ug(w,w’)+/uv(w,y)v(y,x’)dn(y)+£g(~%'a$’)[VSS]+/Ev(%y)[VSS]v(y,x')dn(y)

+ E(x)[v(-,x’)] + E(x’)[v(x, )] + /v(m,x")G(m”,x’,v)dn(:ﬂ") ,

Partial equilibrium: General equilibrium: . B
continuation value from continuation value from General equilibrium: weighted average
shocks to = propagation of impulse at «/  of changes in decisions of other agents =’/

in response to impulse at z’

together with, for allx € B and ' € X :
0
0 =Cy(x,2") + Cy (z)v(z,2") + Coy () - 8—2(30,:6'), allx € B, all 2/,

and where
G(",a',v) = Ly(2",a")[g%%] + /v(y,:v')ﬁ?/ (", 9)[9°%] dn(y) + L:(2", M(2", 2", v)) [g7°].
Proof. See Appendix B.2. O

The structure of the FAME in Theorem 1 generalizes equation (9) in Section 1. The main addition
is the linearization of the state constraint. The state constraint binds in the first-order approximation
exactly at points where it binds in steady-state. It is natural to expect the state constraint to bind out
of steady-state in a neighborhood of the points where it binds in steady-state. Perhaps surprisingly,
these set of points turn out to coincide exactly. This conclusion arises because changes in where the
state constraint binds in response to an impulse h result in a second-order contribution when interacted

with the state constraint itself.
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3.3 The stochastic FAME

With the deterministic FAME at hand, I turn to the stochastic FAME. As for the deterministic

component, I first express how the optimal control in equation (29) responds to aggregate shocks.

Proposition 3. (Stochastic optimal control)

Mz zw) = =) (6e) 2+ LolfoCoa)] + [ orto oty ant) )
Mo(r) = uez(w) + Loz (@) V] | i (2,y) = vy (2,y) + Lov (z,y) [V,
Proof. Follow the same steps as in the proof of Proposition 2. O

With Proposition 3, I obtain the stochastic FAME.

Theorem 2. (Stochastic FAME)
The stochastic Impulse Value w satisfies for all x € X\B and all 2’ € X :

pulz) = 2+ {uz(e) + L@V} + Lol 2 + Al )]+ [ ole )5 w2,
together with, for all = € B and all z € Z:
0= Cy(@)u(e,2) + Cov ) - 22 (2, 2),
and where
(el 20 = £ (0. My ) l5™) + [ £ (&' 02000, 2) g™ Vi)
Proof. Follow the same steps as in the proof of Theorem 1. 0

As in Section 1, the economy is block-recursive. The deterministic Impulse Value v is independent
from the stochastic Impulse Value w. One only needs to solve for the stochastic Impulse Value w after
having solved for the deterministic Impulse Value v.

In many applications such as Section 1, the generator A of aggregate shocks scales as: A(z)[p] =
2B[p] when ¢ is linear. In this case, it is straightforward to guess and verify that the stochastic Impulse

Value scales linearly in z: w(z, z) = wo(x) - z. In that case, wy satisfies the simpler stochastic FAME

pwo(x) = uy(x) + L,(x) [VSS] + L(x)[wo] + +Bwo] + /U(ﬂ:7 2")So(2', wo)dn(x'),

with Sy defined analogously to S.

3.4 Impulse response functions

Equipped with the deterministic and stochastic Impulse Values, I characterize impulse response func-

tions in this economy.
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Theorem 3. (Evolution of the distribution)
To first order, following a path of aggregate shocks {z}52, the impulse in the distribution hy follows
the SPDE
dhy(x)
dt
where G(z)[h] = [ G(z,2',v)h(z)dn(z"), S(z,2) = S(x, z,w), and hg is given.

= L(x)[h] + G(x)[he] + S(, 2),

Proof. Follow the steps in the proof of Theorems 1 and 2. O

Theorem 3 shows that the first-order dynamics of the distribution follow a linear law of motion. As
expected, the evolution depends on the steady-state transition probabilities embedded in the generator
L*(x). This contribution to the law of motion represents the partial equilibrium response of aggregate
dynamics to an impulse A in the distribution.

The evolution of the distribution also depends on the general equilibrium feedback of the economy,
as highlighted by the integral operator G(z). The action of this operator on the distribution embeds the
first-order response of individual controls ¢ to an impulse in the distribution, through the dMPCs and
the direct impact of a distributional impulse on transition probabilities. Finally, the evolution of the
distribution depends on the impact of aggregate shocks, summarized in S(z, z;). As aggregate shocks

hit the economy, individuals change their decisions, which affects the law of motion of the distribution.

3.5 Dynamic stability

Theorem 3 is particularly useful to obtain stability and convergence conditions. I seek conditions under
which |||l — 0 at an exponential rate, where [|h|[1 = [ |h(x)|dn(x). To that end, it is useful to
first consider the partial equilibrium stochastic process z7'” given by the generator £. The partial
equilibrium process mf B corresponds to the dynamics of the state z; when prices are held constant
at their steady-state values and controls are chosen accordingly. Denote by P;(x,x) the probability
that this process reaches the set y starting from z after time ¢.° Starting from an initial impulse in
the distribution hg, denote by h{’® the resulting impulse after time t. By Theorem 3, h{’® satisfies

HhE = ()P

Theorem 4. (Partial equilibrium stability)
Suppose that either one of the following condition holds:

i) There exists a time T > 0 and a constant a > 0 such that Py(z,x) > o [ ¢5%(a")dn(2), for all
X

r€X and x C X. xT'F is an aperiodic process.

(i) There exists a function W : X — [1,+00) and a constant 5 > 0 such that for all x € X,
L(z)[W] < =W ().

Then there exists v > 0, R > 0 such that ||hf'F||; < Re™||ho||1 for all ho that integrates to 0.

30P, is called the semigroup with generator L.
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Proof. See Appendix B.3. O

Theorem 4 provides two possible sufficient conditions under which the steady-state, partial equi-
librium process converges back to its steady-state distribution ¢°° at an exponential rate. In both
cases, the rate of convergence ~ is related to the constants « or 5, but in general no direct mapping is
available.

Why is Theorem 4 useful? When the state space is finite dimensional (as in the RBC model,
or the New Keynesian model), standard linear algebra techniques suffice to characterize convergence.
In particular, if the second largest eigenvalue of the counterpart of £*—the transition matrix—has a
negative real part in continuous time, then the partial equilibrium dynamics are stable.?! This property
continues to hold in numerically discretized frameworks that represent economies with an underlying
continuum of agents, with an important caveat.

When the underlying state space is truly continuous, the theoretically exact dynamics are given
by transition operators such as £* that act in infinite-dimensional spaces. There, it turns out that
much of the finite-dimensional spectral theory fails. The main difficulty consists in the possibility of
a continuous spectrum: the possibility that £* has a continuum of eigenvalues that includes 0. In
that case, convergence would be slower than exponential. If this is the case, even finite-dimensional
numerical discretizations of £* and their eigenvalues are a poor indicator of convergence because they
deliver a second largest eigenvalue very close to 0. Crucially, the value of this eigenvalue approaches
zero as the discretization becomes finer.

Thus, simply checking the second largest eigenvalue of the numerically discretized economy is not
enough to characterize exponential convergence back to steady-state in heterogeneous agent economies.
To avoid this difficulty, one must ensure a spectral gap, that is, the property that the second-largest
eigenvalue of £* is strictly negative. This is what conditions (i) or (ii) do.

Condition (i) is often called Doeblin’s condition. It ensures that the process is mixing enough, by
stating that transition probabilities are uniformly bounded below by a multiple of the steady-state
distribution. It is related to conditions D and M in Stokey et al. (1989), which also ensure convergence
of Markov processes back to their invariant distribution. Note, however, that condition D only ensures
convergence of the Cesaro means of hf®. Condition M ensures convergence of the actual distribution
but requires a uniform lower bound on transition probabilities that is unlikely to hold in settings in
which transition probabilities to certain parts of the state space become arbitrarily low. Condition (i)
in Theorem 4 allows for that possibility by scaling the lower bound by the invariant distribution itself.
Because « can be arbitrarily small, condition (i) is likely to hold in many settings of interest.

When it is difficult to check condition (i), one can turn to condition (ii). The function W in
condition (ii) is called a Lyapunov function, or an energy function. The inequality in condition (ii)
guarantees that W(:L‘lfD E) decreases at a geometric rate on average, which in turn ensures exponential

stability of the partial equilibrium process.

311n discrete time, if the second largest eigenvalue is inside the unit circle.
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It may be tempting to use the value function V% as a candidate Lyapunov function. For it to
SS
satisfy the inequality, one needs 8 < inf.cx urlo) p. In practice however, the infimum on the

V53 (z

right-hand-side is often negative. To circumvent (t})lis difficulty, a mixture of conditions (i) and (ii)
can also be used.*? If condition (i) holds for + € A C X, and condition (ii) holds for z € X\A,
then the conclusions of Theorem 4 continue to hold. In particular, the steady-state value function is
a Lyapunov function if it is strictly positive and 8 < inf,cx\a 55%((?) — p, where the infimum now
excludes A. Thus, one can replace low values of the right-hand-side with enough mixing.

Theorem 4 characterizes stability of the partial equilibrium dynamics. The general equilibrium
dynamics in Theorem 3 depend on the general equilibrium feedback encoded in the operator G. The

following result provides condition for stability of the general equilibrium dynamics.

Theorem 5. (General equilibrium stability)

Suppose that the conditions of Theorem / are satisfied, with R,~y controlling convergence.

(i) If G is bounded and is dissipative, i.e. for all h € H?, (h,Gh) < 0, then the general equilibrium
dynamics satisfy exponential convergence at rate v when z; = 0 for all t: ||ht||1 < Re™7||holx

for all hg that integrates to 0.

(i) If the deterministic FAME depends continuously on ug+Ly[VS%] in ||-||1, then for ||ug+Ly[V9)||1
small enough, the general equilibrium dynamics satisfy exponential convergence at rate v € (0,7)

when z; = 0 for all t.
In both cases, hy remains bounded in the presence of bounded aggregate shocks.

Proof. See Appendix B.4. O

Theorem 5 provides two conditions under which the general equilibrium dynamics are stable and
lead to exponential convergence back to steady-state in the absence of aggregate shocks.

Condition (i) states that when general equilibrium forces stabilize the economy and pull it back to
steady-state, the convergence happens at least as fast as in partial equilibrium. The stabilizing effect
of general equilibrium forces is encoded in the condition that G is dissipative. In the Krusell and Smith
(1998) economy of Section 1, it is possible to show that G is indeed dissipative, and so convergence
back to steady-state is exponential.** In richer settings however, it can be challenging to check whether
G is dissipative because it depends on the deterministic Impulse Value v. In some settings, general
equilibrium forces may even be de-stabilizing. In that case, when can there be convergence back to
steady-state?

Condition (ii) provides an answer when general equilibrium forces cannot be shown to be stabi-
lizing, but can be shown to be small. When this is the case and the deterministic Impulse Value
depends smoothly on the direct impact functions, then exponential convergence holds because the

partial equilibrium stabilizing effect dominates.

32Gee Appendix B.3 for the proof.
33To see this, exploit the relationship between the constants R, W; and concavity of the utility function.

31



In the presence of aggregate shocks, the distributional impulse h; remains bounded because the

general solution to the law of motion in Theorem 3 is

¢
hi = Q¢ho +/0 Qi—sS(25)ds, (30)

where Q:ho denotes the solution to 9ik; = (L* + G)k¢, kg = ho and is called the semigroup associated
with £* + G. This solution remains bounded as soon as ||Q:hol|[1 < R'e™7"*||hol|; for some R',~ > 0
as guaranteed by Theorem 5.

Having established conditions under which the distribution h:(z) of individuals across states x
remains bounded, I characterize its own probability distribution across possible values h: the stochastic

steady-state.

3.6 Stochastic steady-state

It is useful to view the linearized KF equation in Theorem 3 as a law of motion for the density h;.
Theorem 3 defines a SDE in the infinite-dimensional space of functions h; € L?. Denote by P(dh,dz)
the joint probability measure of the deviation in the distribution, h:, and the aggregate shock, z;, in
the stochastic steady-state guaranteed by Theorem 5.

In general, P is a complex and high-dimensional object because it takes as argument a distribution,
h. However, because it represents the density of the solution to a SDE, it turns out that P itself satisfies
a ‘meta’ Kolmogorov Forward equation. I specify it in Appendix B.5. Attempting to solve this ‘meta’
KF equation runs into the curse of dimensionality, because P is a function of a distribution h.

Crucially however, the ‘meta’ KF equation aggregates because of the linearity of the law of motion
elucidated in Theorem 3. Thus, it is possible to tightly determine the conditional average of h; under
P given z: h(z) = Ep[h|z], which is itself a L? function for each 2. Hence, I also write h(z) = h(z, 2).
Denote J(z) = L*(z) + G(z).

Theorem 6. (First moments in the stochastic steady-state)
Suppose that the conditions of Theorem 5 hold and that S is continuous in z. Then, there exists
an invariant measure P(dh,dz) in the stochastic steady-state, and the conditional average of such a

distribution in the stochastic steady-state is given by h(x,z) = h(z,2)/d(z), where h satisfies:
0= J(@)[h(-,2)] + A* (), )] + S(x, 2)é(=).
Proof. See Appendix B.5. O

Theorem 6 reveals that the conditional distribution h(x, z) satisfies a standard KF equation that
only depends on konwn steady-state objects. Thus, it can be solved with standard techniques. In fact,
once the KF equation in Theorem 6 is discretized, iL(x, z) satisfies a standard Sylvester equation.

The same logic also holds for higher-order moments of the distribution in the stochastic steady-
state. Denote by H(z,2’,2) = Ep[h(z)h(z")|z].
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Theorem 7. (Second moments in the stochastic steady-state)
Under the conditions of Theorem 6, H(z,a,z) = H(z,2’,2)/¢(2), where H satisfies:

0=J()H( ', 2)] + T @) [H(z,- 2)] + A (2)[H(z,2', )] + S(x, 2)h(z', 2) + S(2/, 2)h(z, 2).
Proof. See Appendix B.5. O

Theorem 7 delivers a simple equation that determines second-order moments of the distribution P.
These second moments can thus be easily used as inputs in an estimation routine. They are also key

to characterizing the welfare cost of aggregate risk in the SAME in Section 4.3.

3.7 Solution method

Three key properties of the FAME facilitate the computation of impulse responses. The first property
is block-recursivity: first solve the deterministic FAME from Theorem 1, then solve the stochastic
FAME of Theorem 2, and finally simulate an Impulse Response using Theorem 3.

The second property is that the FAMEs in Theorems 1 and 2 have the structure of a standard jump-
diffusion Bellman equation in finite dimension. In particular, the general equilibrium effects enters the
FAMEs in Theorems 1 and 2 just as a collection of standard diffusion terms would. Therefore, readily
available and highly efficient discretization schemes apply.

The third property is that the FAME provides a closed-form mapping between steady-state objects
and all the elements of the Bellman equation to solve. These observations lead to the following
numerical scheme, described in pseudo-code below. I focus on the case uy, Ly = 0 and no state
constraint for simplicity, but it is straightforward to extend the scheme when these partial derivatives

are not zero or the state constraint binds.

Corollary 1. (Numerical implementation)
Define grids {z;}_, {zx}5_|, {20}, and a time step A. Define the matrices vij = v(z;,z;) € RI*I
and wi, = w(z;, 2,) € RIXK . Then:
1. Deterministic FAME. Let L,u,, M,N and Pv discretize L, uy, Ly(x,2")[g%°], L*(z,2")[g°°] and
Lz, M (2", ', v)[g%%] respectively. Then:
0

o (Guess v

n+1

o Given v", update v by solving the standard Sylvester equation:

(pId - L) yl _yntt (LT +M+ NV") = u.
o Stop when v"t! and v" are close enough.

2. Stochastic FAME. Let uz,Q, A discretize zuz(x), 2L7(c)[VS9), A respectively. Then w solves

the Sylvester equation

(pIdefvP>w7wAT:uZ+Q
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3. Impulse response functions. Let G = M + Nv discretize the operator G. Let S; discretize
S(-,z¢) for any t. Given hy and a time step A, the discretized distributional impulse h; solves

the recursion
hpon = hy + A{LTht + Ghy + st}.

4. Stochastic steady-state. Let h, h, &, A,S discretize h, iL,(p,A,S. B,(;5 solve the Sylvester and

linear equations, respectively:
0=LT+Gh+hA+S , 0=A"¢,
and set l_lig = flw/@ﬁg.

Corollary 1 provides a simple way of computing Impulse Values and impulse response functions to
first order. The discretization of steady-state operators into matrices follows standard finite difference
rules as described in Achdou et al. (2021).

At the heart of Corollary 1 lies the specific structure of the FAME in Theorem 1. Once discretized,
the deterministic FAME becomes a modified Sylvester matrix equation. A standard Sylvester matrix
equation is a linear system with a specific structure, so that it may be written as a function of a matrix
unknown Y that satisfies AY + Y B = C for known matrices A, B, C. Of course, it is always possible
to stack this linear system and solve it without exploiting the Sylvester structure. However, doing so
would abstract from useful information about the structure of the linear system. Instead, standard
routines such as Matlab’s sylvester.m function solve the standard Sylvester equation more efficiently
than the stacked system.

The deterministic FAME however leads to a Sylvester equation with a quadratic term. Thus,
Corollary 1 proposes an iterative scheme leveraging a sequence of standard Sylvester equations. A
key observation is to treat the quadratic component vINv consistently with implicit schemes. The first
Impulse Value v in the quadratic component represents household’s x own Impulse Value. Thus, it is
natural to treat it as implicit—solve for it endogenously at every iterative step. The second Impulse
Value v in the quadratic component represents the change in control of all other households z”. Thus,
it is natural to treat it as explicit—exogenous from the perspective of a given iterative step.®*

There is an alternative calculation of the deterministic Impulse Value. Rather than solving the
deterministic FAME directly, one can view as a linear system in (v, h¢) and solve for v using linear
rational expectation techniques by imposing stability as in Ahn et al. (2018). Theorem 5 provides
sufficient conditions under which stability occurs. When these conditions are satisfied, both solution
methods deliver the same outcome. I provide more details in Appendix B.6.

Once the solution to the deterministic Impulse Value is known, the stochastic Impulse Value satisfies

a standard Sylvester equation from Theorem 2. When the generator for aggregate shocks scales A[p] =

34 A formal proof of convergence is beyond the scope of this paper. Yet, this implicit-explicit structure leads to robust
convergence in practice. By contrast, reversing which Impulse Value is treated as implicit or explicit leads to systematic
divergence of the scheme.
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zB[yp] for ¢ linear, then the stochastic FAME defines a linear vector equation, which solves more
efficiently than the more general Sylvester equation. With both Impulse Values at hand, iterating
forward on the linearized law of motion in Theorem 3 is straightforward.

In addition to providing a systematic approach to first-order perturbations, the Master Equation

is uniquely suited to obtain higher-order perturbations.

4 The SAME

This section develops the Second-order Approximation to the Master Equation (SAME).

4.1 Setup

To obtain the SAME, the strategy is the same as for the FAME. When ¢ is small enough, the second-

order approximation to the value function is

Steady-state First order
—_——~—
Viong®+en) = V@) +ef [l o)) + o) (31)

e ’on / " / " / / /
+ 5 // V(z, 2", 2") h(z")h(z")dn(z")dn(x") + Q/F(m,a: ,2) h(z")dn(z") + Q(z, z)
——— ——— ——
2nd-order effect Cross effect 2nd-order
of distribution of ag. shock. effect of
& distrib. ag. shock

Second order

The structure of the second-order approximation to the value function mirrors that of the first order
approximation. The second-order deterministic Impulse Value V(z,2'z,” ) encodes how deviations in
the distribution affect values up to second-order. In contrast to the first order, pairwise deviations at
x' and 2" now matter. Formally, V(x, 2/, 2") = %(m,x’,x”, 0,¢%%) is the directional Hessian of the
value function with respect to the distribution, understood as Fréchet derivatives.

Aggregate shocks matter up to second order as well, as encoded in the second-order stochastic
Impulse Value Q(z, z). Up to second order, the cross-effect between deviations in the distribution and

aggregate shocks also enters in the cross component I'(z, 2/, 2).

4.2 Values and law of motion

I follow the same strategy as in the FAME to characterize the unknown derivatives V, I, 2. I substitute
the second-order approximation (31) into the nonlinear Master Equation in definition 3, and identify
‘coefficients’ that are again functions. To keep the exposition simple, I focus on the case of drift control
only and no state constraint. It is straightforward to incorporate these additional features. It is useful
to define k(z) = sy and ky(z) = Sl @)

To state the SAME as concisely as possible, I define by analogy to the matrix product, for any
functions ¢(z,2'),¢(a’), the operator ¢(z,-)[¢] = [¢(x,2")(2)dz’. T further define 7(z,2’) =
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Oy (k($l)vx/ (ZL‘, m/)gSS (l‘/)) ) O‘(l’, :U/) = —0Op [gSS (x/)(bg (l‘/a :L‘)—M(:L‘/, €T, U))] > E('Z’ l’/) = —0Oyp [QSS (x/)(sz (:E/)_
M(2!,z,w))], as well as the operators L, (z) = L(z) + 7(z,-), Lo(z) = L(z) + o(z,") and Lz(z, 2) =
L(x) +7(z,-)

Theorem 8. (SAME)
The deterministic SAME is:

pV(z, 2’ 2" = Ty(z,2',2") + L. (2)[V(, 2", 2] + Lo () [V(z, -, 2")] + Lo (") [V(z, 2, )]
The cross SAME is:
pl(z, 2, 2) = Tr(z,2',2) + Lo(2)[T(, 2, 2)] + A(2) [T (2, 2, ).
The stochastic SAME 1is:
Pz, z) = Ts(z,2) + Lo (2)[Q:, 2)] + A(2) [, )]
Ty, Tt and Tg are independent from V,T', Q) respectively, and are given in equations (38),(39) and (40)
respectively in Appendix C.1.

Proof. See Appendix C.1. O

The structure of the SAME for the deterministic Impulse Value in Theorem 8 is analogous to the
one found in the deterministic FAME of Theorem 1. When the generator A scales, it is once more
straightforward to guess and verify that the cross SAME scales in z, and hence that I'(z,2/,2) =
To(z, ) - 2z, where I'g satisfies a simpler cross SAME described in Appendix C.1.1.%°

Given the second-order Impulse Values, the law of motion of distribution follows immediately.

Theorem 9. (Law of motion to second order)
To second order in €,
dhy
dt
where the quadratic form Q has a closed-form expression given in equation (41), Appendix C.2, that
depends on the solutions to the FAME and the SAME.

() = L) [Me] + G (@) [he] + S(20) + QN 21)

Proof. See Appendix C.2. O

4.3 Welfare cost of aggregate risk

The SAME can be fruitfully combined with the characterization of the stochastic steady-state in
Section 3.6. Together, they determine the welfare cost of aggregate risk.

35With some additional structure, the stochastic SAME scales quadratically in z, and so Q(z, z) = 27 - Qo(x) - z, where
Qo satisfies a simpler stochastic SAME as well.
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To characterize the welfare consequences of aggregate risk, I integrate the second-order expansion
of the value function in equation (31) against the invariant distribution in the stochastic steady-
state P(dh,dz). Denote by V(z,z) = Ep[V(z, z,-)|2] the expected value of agents in the stochastic
steady-state. The key observation is that I only need to keep track of the first- and second-order
moments of the stochastic steady-state distribution to integrate the second-order Impulse Values.
When integrating the first-order Impulse Values, I also need to characterize the second-order expansion

of Ep[h(z)|2] = h(x,z) + eh(z, z). I do so using Theorem 9 and the same techniques as in Theorem 6.

Theorem 10. (Welfare consequences of aggregate risk)

Under the conditions of Theorems 7 and 8, to a second order,
V(z,2) = V@) +e¢ {/v(w,x’)h(w’,z)d:v' —i—w(w,z)}
2 o~
+ % {// V(x, 2!, 2" VH (2, 2", 2)dz' dx" + 2/F(w,x’,z)h(m',z)dw’ + 2/v(m,x’)h(w’,z)dm’ + Q(z)},

where E(x, 2)¢(2) satisfies the same equation as in Theorem 6 after replacing S with S given in equation
(42), Appendiz C.3, which depends on Q, H and h.

Proof. See Appendix C.3 O

The welfare cost of aggregate risk is given by the first- and second-order changes in the aggregate

shocks and in the distribution, weighted by the Impulse Values.

4.4 Solution method

The closed-form expressions in Theorem 8 also deliver an efficient algorithm to compute the solution
to the SAME. The determinstic and cross SAMESs in V, G are the only non-standard equations to solve
in the SAME. The stochastic SAME is a standard matrix equation that can be solved with standard
methods. I start by describing the solution method for the deterministic SAME, before turning to the
cross and stochastic SAME and impulse response functions.

Denote by Viji = V(x;, xj, 1) the discretization of the second-order deterministic Impulse Value V
on a grid and into a tensor (a three-dimensional array). Inspection of the SAME reveals that V solves

a linear Sylvester tensor equation after discretization:
VXILT+VX2L0+VX3L0:TV- (32)

In equation (32), L, and L, denote standard square matrices. Ty denotes a three-dimensional tensor,
that is, a three-dimensional array. The matrices and tensor L.,,L, and Ty map into steady-state
and first-order objects in closed form using Theorem 8. Xx; denotes the standard tensor product
along dimension ¢, which is a direct generalization of matrix products. For instance, (V X9 LU)z’jk =
> ¢ ViekLoej. See Online Appendix I for details and properties of tensor operations.
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I seek a solution V that is also symmetric in its last two coordinates. As a square matrix, L, is
generically diagonalizable in complex numbers. Let L, = P~'D, P, where D, = diag(d;;) is diagonal
and possibly complex. P is invertible and also possibly complex. Using the results in Online Appendix

I, I transform equation (32) into:
E=Wx1D;+W xgL, +W x3L,.

where I define W =V x1 P as the new unknown and ¥ = D x; P. W and F are still symmetric in

their last two coordinates. Evaluating at (i, e, ), I obtain:

dTi
71d + Lo, (33)

Eioo == CiWioo + WZ..(CZ/) s Cz =

where C! denotes the matrix transpose of C;. For each i, equation (33) defines a standard Sylvester
matrix equation. Solving a Sylvester equation relies on an underlying Schur or diagonal decomposition
of the left- and right-multiplying matrices, C; and C/. Crucially, I only need to compute the diagonal
form of L, once, and it delivers the diagonal form of each C;.

Specifically, denote the diagonal form of L, by L, = Q~'D,Q if it exists, with D, = diag(d,;)

diagonal. Then C; = Q~'C;Q, where C; = D, + dgild is diagonal, and C! = Q'C;(Q")~!. The Sylvester
equation (33) then rewrites in diagonal form:

Fiji
dri+doj+dog

F; =CX; + XiC; = X,k = (34)

where the unknown is a matrix X; = QW;ee@' and F; = QF;ee@’ for each i, and last equality
obtains after evaluating at (j, k). Equation (34) also provides a sufficient condition for the discretized
deterministic SAME to have a solution: when L;, L, admit a diagonal form, and d;; 4+ do; + dy i 7# 0
for all 1, j, k.

Corollary 2. (Numerical implementation of the deterministic SAME)
Define grids {xz}le Define the matrices L., Ly and the tensor Ty based on Theorem 8. Then:

1. Compute the possibly complex diagonal form of Ly, L, = P~YD.P. Compute the possibly complex
diagonal form of Ly: Ly = Q7 'D,Q.

2. For each i, obtain X; by solving equation (34).
3. Recover Wise = Q1 X;(Q") "t and V =W x; P71,

Having established how to compute the solution to the deterministic SAME, I turn to the cross and
stochastic SAME. Theorem 8 reveals that, once discretized, the cross SAME also satisfies a Sylvester

tensor equation:
I'xiL,+T' x9Ls+T x3A="Tr.

The alogrithm in Corollary 2 does not rely on the symmetry of the deterministic SAME. It is straight-
forward to adapt it to solve for the cross SAME. When the cross SAME scales with z, I'(x, 2/, 2) =
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To(z, ')z, the discretized cross SAME boils down to a linear Sylvester equation (L, +B)I'+TL, = Tr,
which can be solved directly. The discretized stochastic SAME takes the form of a standard Bellman
equation and can thus also be solved with standard methods.

Together, Theorems 8 and 9 as well as Corollary 2 demonstrate that taking second-order pertur-
bations of the Master Equation is conceptually no more difficult than taking first-order perturbations.
This property of the Master Equation approach makes it particularly well-suited to studying settings
with aggregate shocks in which nonlinearities and aggregate risk matter, as well as environments with

asset pricing.

5 Applications

5.1 The welfare cost of business cycles with incomplete markets

In this section I solve the SAME in the Krusell and Smith (1998) model of Section 1. I enrich the
economy with two key features: I introduce an occasionally binding borrowing contraint, and I add
countercyclical income risk. I characterize the welfare cost of business cycles.

I derive the FAME using Theorems 1 and 2. I obtain the SAME using Theorem 8. The law of
motion of the distribution follows from Theorems 3 and 9. I characterize the first and second moments
of the stochastic steady-state distribution using Theorems 6 and 7. I calculate the welfare cost of
business cycles using Theorem 10.

I calibrate the economy at an annual frequency. The discount rate is set to p = 0.05, and risk-
aversion to v = 2. The two-state income process captures employment and non-employment. Income
during non-employment is half of income during employment. The baseline transition rate out of
non-employment is A\; = 0.5, and the transition rate out of employment is Ay = 0.1, which leads to a
non-employment rate of 17%. These rates are cyclical: Ay = \; + N.z;: a 10% aggregate shock doubles
the out-flow rate from non-employment, and divides in half the inflow rate into non-employment. The
borrowing constraint is set to a = 0. Aggregate shocks have a half-life of 1 year so that § = 0.69.
The labor share is a = 0.3. T also let capital depreciate at 10% annually, and introduce foreign capital
owners that hold a quantity K of the domestic capital stock.

I target two key statistics to calibrate the volatility of aggregate shocks o and foreign holdings
of capital K7/. I depart from Krusell et al. (2009) and use a high-MPC, low-liquidity calibration. I
target a steady-state average MPC of 0.2. I achieve this value by adjusting the stock of foreign-held
capital to K7 = 4.4. Finally, I obtain o = 0.06 by targeting the volatility of aggregate consumption of
0.032 used in Lucas (1987). The computational speed inherent to the FAME and the SAME facilitates
calibration: solving the FAME takes 0.23 seconds and solving the SAME takes 4.3 seconds on a laptop
with 100 grid points for assets.?

36 All calculations are run on a MacBook Pro laptop with 2.4 GHz 8-Core Intel Core i9 processors and 64 GB 2667
MHz DDR4 memory.
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Figure 1: Wealth distribution and welfare cost of risk

(a) Wealth distribution in the stochastic steady-state (b) Welfare cost of aggregate risk
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Note: Panel (a): invariant distribution in the steady-state g°° (solid lines), and invariant distribution Ep[h|z] in the stochastic
steady-state (dashed and dotted lines). Wealth expressed in multilples of steady-state average annual labor market income. Boom
and bust correspond to a one standard deviation aggregate shock z = £1o0. Panel (b): welfare cost of aggregate risk in consumption-
equivalent percent, by wealth, income and in the aggregate.

Figure 1(a) shows the invariant distribution in the stochastic steady-state. Contrary to Krusell et
al. (2009), there is no need to simulate the model for many periods to calculate it: Theorem 6 provides
a direct formula. Due to countercyclical income risk, the share of employed individuals rises and
the share of unemployed individuals falls in booms. Absent countercyclical income risk, the cyclical
movements in the distribution are much less pronounced because the consumption-savings decision
alone leads to slow internal transitional dynamics. With countercyclical income risk however, the
distribution moves substantially over the business cycle and hence all the components in Theorem 10
are necessary to accurately evaluate the cost of business cycles.

Figure 1(b) displays the cost of aggregate risk by wealth and labor market status. Again, there is
no need to simulate the model for many periods: Theorem 10 directly delivers the relevant expression.

The aggregate cost of business cycles is 2.3% of steady-state aggregate consumption, 23 times the
value reported in Lucas (1987)’s seminal contribution. Both cyclical income risk and high MPCs play
a role. Without cyclical income risk, the welfare cost of business cycles is roughly half, at 1.3%. The
absence of Arrow-Debreu credit markets delivers the rest of the amplification. Quantitatively, these
magnitudes are also twice as large than those in Krusell et al. (2009) because the high-MPC, low-
liquidity calibration further amplifies the cost of business cycle risk. This amplification is particularly
salient at the bottom of the wealth distribution.

Figure 1(b) shows that for low-wealth individuals, the cost of business cycles is between 12%
and 14% in consumption-equivalent terms. These individuals face particularly high costs of business
cycles because they have a limited ability to self-insure against income shocks. These costs are about

halved without countercyclical income risk. Because non-employed individuals have lower wealth than
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employed individuals, as a group they face a cost of business cycles of 10%. By contrast, employed
individuals do not gain or lose substantially on average, although there is substantial heterogeneity by
wealth.

These results highlight how to use the FAME and the SAME to efficiently characterize the role
of aggregate risk in the workhorse incomplete credit market heterogeneous agent model. The next
section shows how to use the FAME and the SAME for a different class of heterogeneous agent models:

dynamic spatial models.

5.2 A dynamic migration model with aggregate shocks

In this section I solve the SAME in the dynamic migration model of Section 1.6 and characterize
the welfare cost of risk for each location in a calibrated version to 381 Metropolitan Statistical Areas
(MSAs).

As in Section 4, I seek a solution to the second-order approximation of the value function, similarly
to (31):

V =V 4 e(vn + 2w) + 522 (V xan™ xgn® 4+ 22I'n + Q(z2)) .

Y € RIXIXI denotes the second-order deterministic Impulse Value and is a 3-dimensional tensor.
I' € R denotes the second-order cross Impulse Value and is a square matrix. € denotes the second-
order stochastic Impulse Value, and will take the form Q(z) = 22A + A, with A, A € R! vectors.

As in Section 4, the SAME takes the form of a sequence of matrix equations. Appendix D.3 details
the derivations and results. The deterministic SAME takes the form of a tensor-valued Sylvester

equation in the unknown V:
VX1 A+V xeoB+V xoB=D, (35)

where A, B are known square matrices and D is a known three-dimensional tensor. I use the algorithm
from Corollary 2 to solve the deterministic SAME.

Having solved the deterministic SAME, the cross SAME takes the form of a standard Sylvester
matrix equation in the unknown I':

(A—0IQ)T +TB* = C,

where C denotes a known matrix. As the FAME, the cross SAME can thus be solved with standard
Sylvester equation routines.
Having solved the cross SAME, the stochastic SAMEs for A and A take the form of standard

vector-valued equations that may be solved in sequence:
(A—20Id)A =E , AA= —cd?A,

where FE is a known vector. To compute an impulse response in this economy, I use the second-order
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Figure 2: Population change 5 years out in the FAME and the SAME (%)

(a) 1 s.d. shock (b) 5 s.d. shock (¢) 10 s.d. shock
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Note: Each blue circle represents an MSA. Both axes represent percent deviations from steady-state 5 years after the shock first
occurs. The size of circles is proportional to steady-state population. Panel (a) compares the FAME and the SAME following a
time-0 1 standard deviation shock zp = o that mean-reverts according to dz; = —6z;dt. Panel (b) increase the initial value to
zo = 50, and panel (c) to zg = 100.

expansion of the law of motion that underlies the derivation of the SAME and is detailed in Appendix
D.3.8.

I calibrate the model to 381 MSAs of the US economy.?” To calibrate shifters Z; and H;, I follow
the inversion procedure in Bilal and Rossi-Hansberg (2023) and use the same preference and technology
parameters except risk-aversion which is set to v = 2 as in the previous example. I estimate the local
exposure coefficients y; by indirect inference: I match the regression coefficient of local output on
aggregate output. I set the standard deviation of aggregate shocks to 0.06 as in the previous example,
and set and its mean-reversion 6 such that the half-life of a shock is 1 year.

Solving for the steady-state takes 1.2 seconds on a laptop. Solving the FAME takes 0.2 seconds,
and solving the SAME takes 2.1 seconds with the algorithm in Section 4.4. Computing an impulse
response function with 100 periods in the FAME takes 0.2 seconds, and in the SAME it takes 4.2
seconds.

Figure 2 compares the population response in the FAME and the SAME for three different aggregate
shocks in all MSAs. All the shocks follow the aggregate shock’s stochastic process. The only difference
is the initial magnitude of the shock. The response of population 5 years after the shock in all locations
is strikingly similar in the FAME and the SAME for an aggregate shock of 5 standard deviations—an
extreme event since it occurs less frequently than every million years. Even for an aggregate shock
of 10 standard deviations (that has probability equal to 0 up to machine precision), the response of
population in the SAME is very close to the FAME. Thus, for usual aggregate productivity shocks,
the FAME provides a good approximation to the SAME for population responses.

Next, Figure 3 compares consumption-equivalent welfare changes in the FAME and the SAME for

37To include all of the US economy, I attribute any county initially not in an MSA to its nearest MSA.
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Figure 3: Initial welfare impact in the FAME and the SAME (consumption-equivalent %)
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Note: Each blue circle represents an MSA. Both axes represent percent deviations from steady-state when the shock first occurs.
The size of circles is proportional to steady-state population. Panel (a) compares the FAME and the SAME following a time-0 1
standard deviation shock zgp = o that mean-reverts according to dz¢ = —0z¢dt. Panel (b) increase the initial value to zo = 50, and
panel (c) to zg = 100.

the same three aggregate shocks at impact. The welfare impact of aggregate shocks is remarkably
similar for aggregate shocks of 1 standard deviation. Even for an extreme l-in-a-million-years, 5
standard deviation shock, the welfare change in the SAME remains very close to the FAME. For a
10 standard deviation shock, the welfare change in the SAME starts to deviate markedly from the
FAME. However, such a large shock would virtually never materialize in the stochastic steady-state of
the economy.

Hence, is the FAME always sufficient to understand this economy for usual aggregate productivity
shocks? Figures 2 and 3 indicate that for population and welfare changes in response to a particular
shock, the FAME may be enough given the calibration. However, the FAME always misses an impor-
tant time-invariant margin: the value of aggregate risk. The value of aggregate risk for location 7 is
encapsulated in the stochastic SAME through the intercept A;.

Figure 4 displays the consumption-equivalent value of aggregate risk for every MSA in the US. To
benchmark this value, I map it as a fraction of the welfare impact of an 1 standard deviation aggregate
productivity shock. Throughout the US, the cost of aggregate risk ranges from 20% to 191% of the
value of a 1 standard deviation positive aggregate shock. Thus, the SAME is crucial to accurately

assess the welfare cost of aggregate risk.*®

38Compared to the previous example, this spatial economy lacks individuals whose consumption can fluctuate by as
much as 30% over the business cycle. Here, consumption fluctuations are closer to 5% despite the lack of a savings
technology. Thus, the welfare cost of risk is closer to the magnitude found in Lucas (1987)’s calculation.
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Figure 4: Welfare cost of aggregate risk
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Note: Welfare cost of aggregate risk A;, represented in consumption-equivalent percent, as a fraction of the consumption-equivalent
welfare impact of a 1 standard deviation aggregate shock for the same MSA ¢. Counties in white: missing data. Cost of risk
winsorized at 1% and 99% for display.

Conclusion

This paper proposes a new representation of dynamic general equilibrium economies with cross-
sectional heterogeneity. By treating the underlying distribution as an explicit state variable in decision-
makers’ problem, the economy becomes fully recursive and is characterized by the Master Equation.
I show that local perturbations of the Master Equation in aggregates deliver interpretable, block-
recursive and easily computable representations of equilibrium: the FAME and the SAME. They
further deliver stability and convergence results, together with a characterization of the stochastic
steady-state.

I highlighted the versatility of the FAME and the SAME in two heterogeneous agent economies:
an incomplete credit market model and dynamic spatial model. The FAME and the SAME apply to
many more economic settings. For instance, the FAME could be used to study the impact of aggregate
shocks in job ladder models of the labor market. The SAME could be used to investigate asset pricing

with cross-sectional heterogeneity, as well as the cost of climate change risk in multi-location settings.
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APPENDIX

A Notation

A.1 Additional notation for Section 1

Define Y = [[yg°%(a,y)dady and A = [[ ag®®(a,w)dady, and:

Ve l—« Ve
Ro=—a(l—a)Z (A> A1 Ri=a(l —a)Z <A> Y1
_(AN® A
Wo=a(l-a)Z (Y) A Wi =—-a(l —a) <Y>
Define also
Ry = a A"yl Wy = (1 —a)A*Y @

A.2 Additional notation for the FAME

Denote
ss SS SS 88, VoS ss
L) = L. c55(@), V5, g59), o) = (2.v55, 2 0%
Ou SS S8S Ou SS SS
ug($ay) = %(xayav Y ), UV(I',y) OV(:C yaV g )
OL oL
Ly(z,y) = afg(way,css(x),VSS,gss), Lv(z,y) = 5 (2,y,c 55 (2), VI8, g%9)
oC ovSss ocC ovSs
Cg(x,y)=afg(:v,y,vss, 5 .9°%), Cv(z,y) = 5 (79 y, V52, 5 ,9°%)
oC
CBV(xay) = aip(xﬁ% VSS7pssngS) _ avSS

ox
the Fréchet differentials of the flow payoff u, the generator L and the state constraint C with respect
to either the distribution or the value. 9/0p denotes the derivative of C with respect to 0V /0z.

B Proofs for Section 3

B.1 Proof of Proposition 2
B.1.1 Special case

To gain intuition, it is useful to specify additional structure that is often satisfied in applications.

Denote by L%f the diffusion part of the generator L, and L™ the integral part.

Assumption 5. (Payoff and generator structure)

There are two sets of indices E1, Ey that partition {1,..., Dx} such that for i € Eq, bj(z,g,¢,V) =
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bi(x,q,V)—ci, and fori € Es, Lént(ac, ¢,g,V) = c;L"™(z,9,V). In addition, u(z,c,g,V) = uo(z, g,V )+

Y iem, Wilci) =D icp, wi(ci). ug; are strictly concave and satisfy Inada conditions, and [; = [0, +00).

Assumption 5 ensures that Assumption 4 holds, and that

oV .
Vi € Elv él = (ulli)_l <ax (J:)> ’ Vi € E27 él = (U/Qi)_l (Lgnt(xagv V)[VD .
Denote Uy;(x) = W and Usi(x) = 57 1 . Armed with this notation, I obtain
uu(aﬂtiv (x)) u2,L-(L,L- (%gssy‘/SS[VSSD

the first-order perturbation in individuals’ optimal control in response to a small distributional impulse.

Proposition 4. (Optimal control)

s

Under Assumption 5,

Uri(2)0g,v(z, 2'), i€ By

M;(z, 2" v) = ' ‘ '
T Uale) [E @00+ £ VIS 4 ] L VS ol )] i € B

Proof. The linearized FOCs are

Vie By, dei(xr) = Oy, dv ()

_

uy (CS (2))
Vi € By, dei(z) = </ h(x")dn(x") 9, L (2, ") /dv )dn(y)Oy LM (x, y))
u21 z
where now c¢; denote steady—state controls. Substituting out dv yields the result. O
B.1.2 General case
I now prove Proposition 2 in the general case. The first-order optimality condition is

UC({L‘, éa V?.g) + LC(SU’ éa g? V)[V} = 0
Totally differentiating this condition, I obtain
(teg, ) + teel + (Uev, (U, BY) + Lee[VI)e + (Le[v], B) 4+ (Leg[V], BY + (Lov V), (v, b))

Hence,

é(@) = U@) " ((tegs hY + (Leg[VIZ], ) + (L], h) + (uev, (v, h)) + (Lev [V, (0, b))
Writing é(z) = [ M(z, 2/, v)h(z)dn(2") and identifying coefficients delivers the equation in Proposition
2.

B.2 Proof of Theorem 1

I focus on the deterministic FAME, since the stochastic FAME follows from the same derivations.
Since none of the forcing terms in u, L depend directly on the derivatives of g, it is enough to look for a

Fréchet derivative of V' that only loads on h. To ease notation, denote partial derivatives by dy, O, v,
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or directly with the corresponding subscript. Also denote X - Y = (X,Y’). Since c is always interior,

taking the FOC and substituting back into the Master Equation in Definition 3, I obtain

Vizg) = ul@(z,V,g),a9,V)+Liz,dzV,g),g,V)[V]+ / 9,V (2,2, g)L* (", (", V, ), 9, V) gldn(z")
=M, =M = M-
=WMo =M1 =ivi2

=Ms3;
I will sometimes omit arguments of function to ease notation. In that case, they are evaluated at
z,9,V,é(z,V,g). I sometimes denote by dv(z) = [ v(z,2')h(z’)dn(z") and de(x) the first-order change

in controls. I now expand each component of the Master Equation up to first order.

Mjy. The first-order contribution of an impulse in h to My is
My =p [ ofaa)h(ain (@)
M. The flow gain is, up to first order,
M= [ gl ) + ) - dela) + [ e g)dety)dnty)

= [ o)+ 1) - dea) + [ ([ v Gonpoto.ants) ) hieyinta')
Now note that v depends on V partly through c. So the FOC implies, for all g,V

0 = uc(z) + Le(x, de(x))[V]

Ms. The continuation value term is

ME2 = Ly(x,de(2))[V] + / Ly(z,a")[V]h(a')dn(') + / Ly (2, y)[V]dv(y)dn(y) + L(x)[do].

Passing the operator £(z) inside the integral for the last term,

L(z)[dv] = / L), (e )dn(')

Similarly,
/Lv(fﬂ,y)[V]dv(y)dn(y) = / (/ Lv(w,y)[V]v(y,x')dn(y)> h(z")dn(z")
M; 4+ M>. An envelope argument obtains where the contributions of 0. cancel out:

M+ My — / {ug<x,x'>h<x’>+ / wy (@, y)oly, )dn(y) + Le(z, 2')V]

+/Lv(w,y)[V]v(y»ﬂf’)dn(y) +L(w)[v(wfﬂ')]}h(w’)dn(:v')
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Ms. To expand the continuation value from changes in the distribution, I use Proposition 2. Hence:
My = [ (oway + O1) (L*(x”)[g] + [ Lyla el )an(a)
+ [ [ L@ wlglotw.ahadnt)an('

+Le (96”, / M(w,fv’vv)h(i’)dn(x’)) 9] +L*(fc”)[h]>dn(ff")

So far, I have considered a local perturbation around any point. To make progress, I now make use of
the observation that, in steady-state, £*(x”)[g] = 0 for all 2 by definition. Thus, I can negelect the
O(||h]|) term to first order.

I also make use of the adjoint property between L and L* developed in Online Appendix E.2:
[ L(z)[plv(x)dn(z) = [ ¢(z)L*(z)[y]dn(z) + B, where B is an integral over a measure 7j that only
loads on the mass points in B. Thus, I can express the last term as an integral over h. Together, these

observations imply that to first order around a steady-state:
uy = {ﬁ(x’)[v<m, N+ [ o) (c;<x",x'>[9551 + [ £ 9l ol 2
+Li (2", M(a”, 2, v))[gss]> dn(a") }h(w’)dn(w’) +B

Deriving the FAME. Equate My = M; + My + M3 at ¢ = ¢°° + h. This equality must hold for
all functions h conditional on x. Hence, the associated vector that integrates against h(z’) must be
zero in L? (“identifying coefficients”). This identity delivers the FAME in Theorem 1. Crucially, one
can only “identify coefficients” for 2 € X\B: on B, the additional components in B imply that the

associated linear form is not an integral over hdn.

State constraint. Expanding the state constraint for x € B, I obtain for all h:
0
Cw)+ [ oo (a)dn(a') 20, Dlaya') = Cylo.a') + Cula)olaa’) + Cov o) 5 (3.

If C(x) = 0, then I'(z,2’) = 0 for the state constraint inequality to hold for all h. When C(z) > 0, the
state constraint inequality holds as long as ||h|| is small enough. Thus, the set of x where the state
constraint holds with equality may in principle depend on h.

Consider a point z a point on the boundary of {x € B : C(z) > 0} when seen as a manifold
in RPx=2 Under Assumption 3, I can parametrize the boundary as the set of points X (h) = z +
[W(z,2")h(z")n(2") for a function (z,2') € RPX. Recall that z is on the boundary of the domain.
Thus, ¢;(x,z’) = 0 for some direction j that depends on which boundary z is located on. Without

loss of generality, assume that this coordinate is j = 1. Evaluate the state constraint at z and expand
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in h to a first order:

Dx
/(EXa@wmmﬂ+mathwmmng
i=2
Therefore, the boundary of the constrained set changes as per
I'(z,2") 4+ 0.C(z) - Y(z,2') =0

where - denotes here the inner product in RPX. Because x is on the border of the constrained set
{y : C(y) = 0}, by continuity C,(z) = 0 and I'(z,2") = 0. Thus, the first-order approximation does not

place additional restrictions on % nor I', and thus v.

B.2.1 Scaled stochastic FAME

When the generator of aggregate shocks A scales, I guess and verify w(z, z) = wo(x)z. Then Proposition

3 becomes

Mz, 2,w) = —U(x)™? <m0(a:) + Le(x)[wo] + /m(w,y)wo(y)dn(y)> -z = Mo(z,wo) - 2.

Then

S(a.200) = { €20 Molran)) %) + [ £ i) 5n(0) } 2 = Saln) =

Hence, the stochastic FAME becomes:

pwo(x) = u.(2) + L.(2) [V + L(x)[wo] + Blwo] + /v(a:, 2")So (2, wo)dn(').

B.3 Proof of Theorem 4

Condition (i) implies condition (iv) in Theorem 16.0.2. in Meyn and Tweedie (1993b). Condition (ii)
implies condition (viii) in Theorem 16.0.2. in Meyn and Tweedie (1993b). Thus, under either condition
(i) or condition (ii), condition (ii) in Theorem 16.0.2. in Meyn and Tweedie (1993b) holds, which
ensures geometric convergence of the total variation norm of g/ ¥dn — g°%dn, where g/’* = g% + hl’F.
To conclude, note that given the base measure 7, the total variation norm is equal to the L' norm of
the density hi'E.

To use the steady-state value function as a Lyapunov function, recall that £(z)[V°%] = pV % (x) —
uS%(z). If there is 8 such that V% satisfies the Lyapunov inequality, then pVS% — 455 < —gV99,
which implies the stated inequality. For the relaxed Lyapunov inequality, see conditition (viii) in
Theorem 16.0.2. in Meyn and Tweedie (1993b) with C' = A, and note that condition (i) holding for
x € A implies that A is a petite set in the terminology of Meyn and Tweedie (1993b).

As shown in Meyn and Tweedie (1993a) and Hairer (2021), these results do not depend on the

discrete vs. continuous time setting.
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B.4 Proof of Theorem 5

Part (i) of Theorem 5 is a direct application of Corollary 3.3 p. 82 in Pazy (1983). To see this, consider
the semigroup associated with £* defined on Y = L'(n) N {h € L' : [ hdn = 0}, which is a Banach
space when equipped with || - ||;. By Theorem 4, on Y, the semigroup associated with £* + ~Id is a
contraction semigroup. Thus, we can apply Corollary 3.3 p. 82 in Pazy (1983), and so the semigroup
associated with £* +~Id + G is a contraction semigroup. Hence, the semigroup associated with £* 4G
has a growth bound —~.

Part (ii) of Theorem 5 is a direct application of Theorem 1.1 p. 76 in Pazy (1983). To see this,
consider the same semigroup as above. Its growth bound is (R, —7). Thus, the semigroup associated
with £* + G has growth bound —v + R|||G|||, where |||G||| is the operator norm of G. Under the
assumptions (ii), as ||ug+Ly[V%]||1 — 0, ||v]]1 — 0 and |||G||| — 0. Hence, when ||uy+L, [V 5]||1 — 0
is small enough, the growth bound —v + R|||G||| is strictly positive.

In the presence of aggregate shocks, use the solution to the law of motion in Theorem 3:

t
he = Qiho + / Qi_sS(24)ds,
0

where Q is semigroup associated with £* + G. Theorem 5 ensures that ||Q.hol|y < R'e™7"t||ho||1 for

some R',¢’. So as long as aggregate shocks remain bounded, and so [|S(zs)[|1 < 5 < oo, I have

: b R's
lhally < R'e™ Y[Rl + R’/ e V798 (24)[[1ds < R/||ho| |1 + 75 < 0.
0

B.5 Proof of Theorem 6
B.5.1 Existence

The existence proof leverages Brouwer’s fixed point theorem.

I first argue that the space of distributions in the stochastic steady-state is compact. To see this,
start from the observation that the state space X is compact. Hence, Prokhorov’s theorem ensures
that the space of probability measures on X with respect to the measure n, M(X), is also compact
for the Prokhorov metric d that metrizes weak convergence. I now consider the space of probability
measures on the space of probability measures, M(M(X) x Z). Since (M(X),d) is compact, the
same argument applies and (M(M(X) x Z), D) is compact, where D is Prokhorov’s metric when the
underlying space is M(X) x Z.

I next argue that the law of motion of (z, h;) defines a continuous operator. I start by defining this
operator. The SPDE in Theorem 3 defines a SDE for h;dn in M(X). Denote by P, € M(M(X xZ)) the
probability measure of h;dn. Fix some 7 > 0, and consider the operator T' : Py — P,. T defines a linear
map from (M(M(X) x Z), D) into itself. Associate to T the map @ : M(X) X Z - M(M(X) x Z)
that maps an initial condition (hg, z9) to the probability measure P, over possible (h., z.).

I now show continuity of the operator 7. By Theorem 19.14 p. 631 in Aliprantis and Border (2006),

continuity of T' is equivalent to continuity of (). To establish continuity of @, consider two starting
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distributions hg, hjy. Denote by go = g° S 4 ho, g6 = g% + h{. Consider two corresponding sequences
21, z; of aggregate shocks that start at different points zp, 2. Equation (30) and Theorem 5 imply that

llgr —gzlli < Cl\lgo—96|!1+02/0 18 (2s) = S(24)]1ds (36)

where the C; are positive constants. Equation (36) defines a bound on the g, —¢.. gap that is stochastic
because it depends on the realization of the paths {zs, 2 }o<s<r. The probability distribution of the
path {zs}o<s<, is continuous in zy because of the Feller property. Hence, equation (36) implies that
the probability distribution @ of (g,, z;) is continuous in (go, 20), and so T' is continuous.

T being continuous and mapping into a compact convex space, Brouwer’s theorem (Corollary 17.56
p. 583 in Aliprantis and Border, 2006) ensures that it has a fixed point. A fixed point of 7" is an

invariant stochastic steady-state measure P(dh, dz).

B.5.2 Conditional average
Denote by A(x, h,z) = L*(z)[h] + G(z)[h] + S(z,w, z) the ‘drift’ in the ‘meta’-KF equation, so that
dhy = A(+, hy,y z¢)dt.
Finite-dimensional case. To build intuition, consider first a finite-dimensional case. Here, I
assume that the state space is finite and index x = x;. In that case, £L* and G are matrices. Then
dhiy = A(zy, hy, 2¢)dt.

The ‘meta’-KF equation for the density P(h, z) over the vector (h¢, z;) is then

0=-3%" aii (Aai, b2 P(h,2)) + A ()P

i
Denote by hy(z) = [ hiP(h, z)dh. Multiply the KF equation by hy, integrate over h, and integrate by

parts the first component. All terms drop out except the one for i = k:
0= / A(zp, hy 22)P(h, 2)dh + A" (2) o).
Exploiting that the drift A is linear in h, I obtain
0 = [ (Ciah -+ Guah+ Sul2)) Pl 2+ A (2] = Liuh(2) + Guah(z) + Si(:)0(2) + A" () ]

Hence, I have obtained

~

0 = L*h(z)+Gh(z)+ S(2)¢(z) + A*(2)[h(-)]

Infinite-dimensional case. To handle the infinite-dimensional case, I work with the dual form

of the ‘meta’-KF equation. Denote by P(dh,dz) an invariant measure associated with the (hy, 2:)
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process. The dual form of the ‘meta’-KF equation is (see Bogachev et al., 2015) writes:

/{/A(x,h,z)agli?;)dn(x)+A(z)[f(h,-)]}7>(dh,dz):o V-,

for all smooth functions f(h,z). Fix some xy and evaluate this equation at f(h,z) = ¢(z)¥(h),
U (h) = [ h(z)y(z)dn(z) for some smooth functions ¢, . I obtain:

/ { / A, b, 2)p(2)(a)dn () + U(h)A(2) m} dP(h, ) = 0.

Although there is no Lebesgue measure in infinite-dimensional settings, if the aggregate shock process
has a density, I may write P(dh,dz) = Q(dh, z)dz. Define h(z) = [ hQ(dh,z) € L? and so I will also

write h(z, z). I then obtain

~

o = [{[[ie+ 0o+ serete e + ( [ i @) Acia) @
= [[{[ie + 9.2+ 516 o) + bt ) AG A vwinta)a
= [[{& + 0t 0+ 506 + At N} el

where the last line integrates by parts the term in A(z) over z. Since this equation must hold for all

test functions ¢, 1, I obtain for all x, z:

0= (L +G)[h(,2)] + S(2)(2) + A*(2)[h(z, )].

B.5.3 Second moments

I provide a proof only in the finite-dimensional case. The infinite-dimensional case follows the same
steps, with notations as in the previous section. Here, I assume that the state space is finite and index

x = x;. In that case, £* and G are matrices. Start again from the ‘meta’-KF equation for the density:

0=-Y" aii (A(xi, h, 2)P(h, z)) + A (2)[P).

Denote by Hye(2) = [ hyhyP(h, z)dh.
Consider first k # ¢. Multiply the KF equation by hihy, integrate over h, and integrate by parts

the first component. All terms drop out except the ones for i = k and i = £:
0= / A(wp, b, 2)heP(h, )dh + / Ao, by 2)hiP(h, 2)dh + A*(2) [
Exploiting that the drift A is linear in h, I obtain
0 = / (Lol + Grah + Sk(2) ) P(h, 2) hedh + / (Lish + Guah + Su(2) ) P(h, 2)hxcdh + A (2) [P

= (Lre+ Gre)Ha(2) + (Liy + Gra)Ha 1i(2) + Si(2)hu(2) + Se(2) i (2) + A*(2) [ Hi]
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Using that H is symmetric, and denoting J = £* + G, I obtain, for  # 2’
0=J@H( 2", 2)]+ T (@) H (- 2)] + A @) H (w2, )] + Sz, 2)h(a’, 2) + S(a', 2)h(x, 2),

which, once discretized, defines a Sylvester tensor equation.
Now consider k = £. Multiply the KF equation by h?, integrate over h, and integrate by parts the

first component. All terms drop out except the ones for ¢ = k:
0=2 / A(wg, hy 20)hiP (h, 2)dh + A" () [Fue].
The same arguments as above imply that, for z = 2/,
0=27(z)H( ' 2)] + Az)[H(z,2',-)] + 25(z, 2)h(z, 2),

which concludes the proof.

B.6 Linear system approach

Consider the setup of Corollary 1. Denote vi(z) = [v(z,2')h¢(2")dn(z"). Then the FAME and the KF

equation write:

81}5553;) = pug(z) — /ug(x, 2 Vhy(z)dn(z) — L(x)[v]
8}2;:5) = L%x)[h + G(x,0)[he] = L7 () [he] + G1(2)[e] + Ga(2)[ve],

where I denoted G(z,v) = Gi1(z) + Ga(z)[v]. Stacking this linear system, I obtain

- (52 )
ot \ n, Go(z) L)+ Gi(x)) \hi)

Following standard linear rational expectations techniques, consider the discretized version of the
system. Imposing dynamic stability, the deterministic Impulse Value v must be such that the system
is stable, and so vy = [v(x,2)hi(z")dn(z’) must lie in the vector space spanned by the stable roots
of the system. In particular this must hold at time 0 for all possible starting distributions hg, which

determines v.

C Proofs for Section 4

C.1 Proof of Theorem 8

To shorten notation, I denote h(dx) = h(x)dn(z) in the sequel. I use the same notation My =
My + My + M3 as in Appendix B.2.

I also allow for the state process to be affected by the aggregate shock through other channels than
through the drift. Namely, I write L[V] = b0,V + Lo[V] + ezA[V], with A, Ly exogenous.
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M; + M,. To first order,
d[My + M) = (/ by(z,2', g, 2)h(dz’) + bs(z, g, z)z> Vi(x) + 2A[V] + L(x, ¢, g, 2)[dV]
To second order and evaluating at steady-state,
d*[My + Mo)%% = V5 (// 9o (2’ 2") h(da)h(dz") + 2/b J(z,2")zh(dx’) + bzz(az)22>
+ 2 (/ by(z,2', g, 2)h(dz') + bs(z, g, z)z) AV (z) — de(x)dVy(z) + L(z)[d*V] + 22A[dV]
To leading order,
dV(z) = / (z, 2" h(da") + w(x, 2)
PV(z) = //V (x,2',2")h h(dx") + Q/F(x,x',z)h(dml) +Q(z, 2)

Therefore, to second order,

P[My + Mo)%% = VI(x <// go(z, 2 2" h h(dx”)+2/b Lz ,x’)zh(daz’)—i—bzz(x)z?)

b2 ( / by (2, ') h(da) + bz(x)z) ( / valz, 2"V h(da") + wz(x,z))

- <//\/l (z, 2, v)h(dz") +/\/l(x,z,w)> </vx($,1¢”>h(d$ﬂ) +ww(l‘»z)>

N //,C 2 // x’)h(dwﬂ) +2/,C(x)[F('7m’,z)]h(dx/) + L(z)[Q(-, 2)]
+ /A[v( a')|h(dx') + 2zA[w(-, 2)]

Re-arranging and changing integration indices to symmetrize the second-order terms in h only, T obtain
(M + My)%% = V5 <// go(z, 2 2") h h(da:”)+2/b Sz, 2)z h(dx’)—l—bzz(w)22>
+ / (B (@, 2)va (@, 2") + by, 2" You (,2') ) h(da'Yh(da) + 2b.(2) 20 (2, 2)
+ o2 / (bg(:n,x')wx(ac,z)+bz(m)zvx(x,x')> h(da')
- {/ Mz, 2, 0)M(z, 2", v) h(da)h(dz")
+/M(w 2 )Mz, 2/, v) h(da”) + Mz, 2 w)2}
+ / / L@V a2 hdz)h(dz") + 2 / L@)D( 2", 2)] hda) + L) 2)]
4 /A[v( ) h(da') + 2:ALw(-, 2)]
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Ms. To first order,

My = [ (vtea vy (o) (L*(xﬂ)[g]+d(L*(m”)[Q])>dn(m”)
where

d(w @ al) = 0w (( [ le i) 4 200 et ) ata”) ) 4 2@
A

To second order and evaluating at steady-state,

P[LH(a")g)]® = —20. (( / by(z", 2" h(da') + zb.(a") — dc(m)) h(a:”))

<<// o ", ', y)h(da)(dy) +2 / 2hge (2", 2')h(da') + 22b.. (") - d%(;;;)) gSS(x//)>

+ 2z2A%(z

Using that v (¢%%(x))(de(x))? + u” (¢°%(z))d%c(x) = d*V, (), I obtain

P[0 (")) = —20. (( / (by(2”,2') — M(2", 2, v) ) h(da') + zb. (") — M(a”, z,w)) h(x”)) (37)

- ((// bag (@ 2", y)(dx)(dy) + Z/ZbQZ(ZE" 2" h(dx") + z2bzz(:n”)> QSS(:E")>

//
! (U//g(cs iU/ (// x// @/ y h(dy) +2 / F"E”(x”7 mlv Z) h(dx/) + Qg (‘rﬁv Z)

" / / vor (2" 1) y)h(dz')h(dy)

+2 / v (2 2w (2, 2)W(dx’) + we (2", z)2] ))

u CSS

+ 2zA*(2")[h]
Finally, to leading order,

dVy(z,2") = / (V(a:,x’,x") +V(z, 2" x’))h(d:ﬂ') + 20 (z, 2", 2)
Now, to a leading order,

dM;) = / o, ") x (L (2")g]) dn(a") + / 4V, (") x d(L*(2")[g]) dn(a").

=M3, =DM32
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Starting with the first component,

Mz = 2// v (2, 2") (bg (2", 2') — M(2",2',v)) h(da")h(dz") +2 | vy (x bo(z") — M(a', z,w)) h(da')

/-

+ / vy () 22b-- ()95 (dy)
} //(/ (2, )6 (dy)k(y)
2/(/ (

vy(2,)9°° (dy)k(y) [Fy(va’,Z) + kp(y)vy (v, x’)wy(y,Z)D h(dz')

—+

Vy(y, o', 2") + ky(y)vy (y, ")y (v, 33//)] ) h(dx")h(dz")

— /vy(:c, y)g°% (dy)k(y)

Qy(y, z) + kp(y)wy (v, 2)2]

+ 2z / Alv h(dz")
where I denoted

1 L u///(CSS(y))
&) 0 W= (w(c55(y)))*

The second component is, to leading order,

My = / ( / V(x,x/,x”)h(dm’)+2F(x,x”,z))

x{ — Oyrr <</ (bg(z",2") = M(2",2',v))h(da') + zbs(2") — M(:z:”,z,w)) gss(x”)>

k(y) =

+ L7(")[n] }dn(:r”)

_ / / (am")[ ]+ L)Y / V(@ <,a:'>—M<y,m',v>)gSS<dy>) h(da')h(dz")

Lo / Ty(2,y,2) (2b.(y) — M(y, z,w)) g% (dy)

Putting these equations together and identifying coefficients,*” I obtain the SAMEs.

39In the case of the second-order expansion, ‘identifying coefficients’ corresponds to the results stating that if a
quadratic form defined by a symmetric operator is equal to another quadratic form defined by a symmetric operator,
then both operators must be equal. When either one of the operators is not symmetric, then only their symmetric parts
are equal.
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Deterministic SAME.

pV(x, 2’ 2") = (5 (x)byy(x, 2, 2") + by, 2 v (2, ") + by(z, 2" v (2, 2)
u" (3 (@) Mz, 2’ v) M(z, 2" v) + L(x)[V(, 2, 2]
v (2, 2") (bg (2", ') — M(2", 2", v)) + v (z,3") (bg(2', 2") — M(a', 2", v))
[ota y){bgg@, 2',2") = k() [Vy(0.2', ") + iy}, (3,20, (. 2")] 55 dy)
L") V(x,a', )] + L") [V(z,-,2")]
/ V(s 9,2") (bg(y,2) = My, 0) + V(a2 ) (by (9, ") = My, 2", 0)) |95 (dy)

+ + o+ o+

I define

Ty(x,2',2") = byg(x,2’, 2" ) (% (x)) + by(x, 2" )vg (2, ") + by (2, 2" ve(z, 7)) + 0" (5 (2)) M(z, 2, v) M (2, 2", v)
Direct price Cross price-continuation value Cross consumption-continuation value

+ [vxx (z,2") (bg(2, 2") — M(2', 2", v)) + vgr(z,2") (bg(2", 2") — M(z", 2/, v))}

GE: cross: others’ savings-impulse = change in propagation of impulse due to change in savings

+ / vy (2, 9)9%% (y) [bgg(yw’,w”) — k(y)kp(y)vy(y,x’)vy(y,w”)}dy (38)

GE: 1%t-order valuation of 2*d-order changes in others’ savings

and
oy, ) = =0y (0o, 2) = My, 2.0)9% W)+ (w,9) = 9y (v, k)™ W)
so that the deterministic SAME re-writes
oV(z, 2’2"y = T(x, 2", 2")+ L(2)[V(, 2, 2")] + L&) V(z, -, 2] + L(&")[V(x,2',-)]

+ /<V(w,y’f€”)0(y,x’)+V($,w’,y)0(y,x”)>dy+/V(y,x’,w")T(x,y)dy-

Cross SAME. The cross SAME writes

P 2) = oS <>>bgz< )z 4 by, 2w (2, 2) + b (2) 20 (2, 2) — (¢ (@) M, 2,0) M (2, 2, 0)
+ vp(@,a) (2b(2') = M(a', 2,0)) + / vy (2, y)2bgs (y, ') 9" (dy)
+ [ ’)]
v LG >] L@, 2)] + AR, )]
- / Ak () [Ty 0,2, ) + k0o (3,2, (5, 2)
+ / (2,9, 2)or(y, @) + V(w, &', y)(y, 2) | dy.
where

oy, 2) = —0y<gss(y) (zbz(y)—ﬂ(y,z,u))))
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Thus, define
Tr(z,2',2) = u'(%(x Nbgz(x, 2")z 4 by(x, 2 )wy (2, 2) + b (x) 204 (2, 27) — (%5 (x)) M(z, 2, w) M (z, 2, v)
+ vw(z,2) (2b(a) — M(2!, 2,w)) +/955(y)vy(93,y) [2bg=(y. 2') = k(y)kp(y) vy (y, 2" )y (y, )]

+ /Vxxy a(y, z)d
+ a')]. (39)

The cross SAME then becomes

pr(x, l’l, Z) = TF(JJ, xlv Z) + £(x)[r<7 .iL'/, Z)] + ﬁ(.%'/)[ ( )] + A( )[ (‘73 xlv )]
s [ (rer s ) + 2ol >)dy.

Stochastic SAME. The stochastic SAME writes

pQx,2) = U ()b (2)2% + 2b.(x) 2w, (2, 2) — u” (5% (2)) Mz, z,w)? + /F(a?, Y, 2)0(y, 2)dy + 2zA[w(, 2)]

+ 2zAw(, 2)]

+ L(@)[Q(,2)] + A2) [z, )]

+ 2 o)™ @)

- 2/vy(fv,y)955(dy)k(y) [Qy(yvz) + K (y)wy (v, 2)2]

+ Q/Fy(x,y, z) (2b.(y) — M(y, z,w)) g% (dy).

Define
Ts(z,z) = 0/ (¥ (2))bas(2)2% 4 2b,(2) 2w, (2, 2) — U (¢ (2)) Mz, 2, w)?

+ 2 [Pl 202+ [ 0o )0 0) bsl:2) — Kk (0), (1:2)2)dy
+ 2zAw(, 2)]. (40)

The stochastic SAME becomes
p0(e.2) = Tsla,2) + L))+ A, + 2 [ 7,00y, 2

C.1.1 Scaled cross SAME

When Alyp| = z - By] for ¢ linear, it is straightforward to guess and verify that I'g solves:

plo(z,2") = Tro(x,2') + L (x)[Co(-,2")] + Lo (2")[To(x, )] + B[Lo(z, 2')],
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where

Tro(z,2") = o/ (c®%(2))by.(z,2") + by(x, 2wz () + bs(x)va(z,2") — 0 (c*%(2)) Mo(2, wo) M (2,2, v)
+ vz, @) (b(2) — Mo (2, wo) +/gSS y)vy(@,y) [bgs (v, ') — k(1) kp(y)vy (y, 2" )woy (y)]

+ /V(a;,a;',y)ao(y)dy,

and
Fo(y) = 0y (95 (v) (b:(v) — Mo(y.w0)) ).

C.2 Proof of Theorem 9

I may read off the perturbation of the law of motion of the distribution from the derivation of the

SAME, in particular equation (37). I denote:

o*(z,2) = o2 x)
O(z, 2", 2") = -0, (gss(x) [bgg(m, 2 2" — ky(2)vg (@, 2" )og(z, 2") — k(2)Vy (2, 2 x")])
O(z,2',2) = —0, (gss(x) [zbzg(a:, ) — k(x)Tp(z, 2, 2) — k(x)ky(z)vg(z, 7w (z, zt)D

O(z,2) = —0 <gss(aﬁ) (z?bzz(x) — k(2)Q(x, 2¢) — k(2)kp(x)ws (2, zt)2)>

Then:

dht(l’)
dt

= L)) + G()[he] + S (=)

+ ex {28 (hy // z, 2’ 2" hy(dx" )by (dz”)

+6 o (x, z¢)he(x / x, 2, z)he(dz’) + O(z, )
+ 2zA*(a:)[h]}
I define the quadratic form in (h, z):
Q(h,z) = 205( // z, 2’ 2" )h h(dz")
+ 0, (o(a:,zt)h(:r + 2/0 z,2’, 2)h(dx") + O(z, 2)
+ 2zA*(x)[h). (41)
Then, I obtain
dht(l‘)

« £
i = L%@)[h] + G(@)[he] + S(2e) + §Q(ht7 2t).
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C.3 Proof of Theorem 10

C.3.1 Characterizing h

The first step is to use Theorem 9 to characterize h. Using Dirac measures, one can write
Oz, h,z) = // QM (x, 2, 2"\ h(da')h(dx") + / QM (2, 2)h(dx') + Q**(x, 2).

I follow the same steps as in Appendix B.5 and use a finite-dimensional notation once more for brevity.
Denote by /}\Lk7g = [ hyP(dh, dz) in the (second-order) stochastic steady-state. Similarly, denote I;Tkg@ =
[ hiheP(dh,dz). T obtain

0 = Jiehe +Spd+ 5{ > O Hyp o + hE QR + Qiz} + A*(2) [ ]
7.l

= Thehe + Spo + e{ > O Hy + hT O + sz} + A*(2) ]
Jit

where the second equality replaces ng,ﬁa by ﬁ,f[ to leading order. Hence, /l\zg satisfies the linear

equation

~

0 = J@)[he(,2)] + A (2)[he(@, )] + S(x, 2)¢ + €8 (x, 2),

where
S(z, 2) :// th(m,x',m")ﬁ(:ﬂ,x",z)da:'d:n"—I—/th(fc,m’,z)ﬁ(x’,z)dm'%—sz(m,z)gb(z)}. (42)

Hence, denoting Ee =h+ ehe, 1 obtain

0 = J(@)he(,2)] + A" (2)[he(z, )] + S(x, 2).

C.3.2 Welfare cost of aggregate risk

With h(z,2) = h(z,2)/¢(z) in hand, the derivation is a direct second-order approximation and is

omitted for brevity.

D Details and proofs for examples and applications

D.1 Derivations for Section 1.6: Master Equation
D.1.1 Static equilibrium

The wage wj in location i satisfies the firm’s first-order condition wy = (1 — oz)ZitNi;a. Local demand

for housing clears the housing market Sw;:N;; = ri#H;:. The rental rate clears the housing market:
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1
_ — : — 1 .- .
B(1 — a)ZitNilt ¢ = Hiril;rn, and so rj = (%Nﬁ O‘) " Summarizing,
1

wy = (1 _Oé)ZitNi;a — (1 —Oé)ZZ‘ €£XiZtNi;a
N—_——
=wWo;
1 1
1—-a)Z T l—a)Z;\ ™7 1, . i
it = (ﬁ( H(-I) ZNilt_a) = (5( Ha) l) TN, (43)
7 7

=704

The consumption index (the real wage) in location i is

; 1—a)ZyN;* _ B £ _
Cu =5 = (1 = ) ZulNy = BT [(1 - @) ZHT N (44)
Tit (B(l—}g)Zu Nilt—a) 7 —
where ( = % and £ = a+ B(llffna) Flow utility in location ¢ at time ¢:
u <wg> = u (COieCXithif) = U;(zt, Nit) (45)
it

D.1.2 Migration
Individuals solve

E[0; Vit

‘/ti_
p dt

1
= Uiz, Nig) = pq —log | 3 e | =V 6 = Mi[V] (46)
J

M,;[V] is the nonlinear continuation value operator. Crucially, while this operator is nonlinear, its
action on a small perturbation of the value dV still coincides with the adjoint (tranpose) of the
operator M*: M[V5% +dV] = M[V5]+ M (V59)-dV. Location decisions are given by the conditional
choice probabilities (migration shares):

e?(Vi=Tij)

The population distribution evolves according to the KF equation

mij (V) = (47)

8;” = u (Z M (Vi) Nit — Nit) = N((m*(vt) - Id)Nt> : (48)
k

i

In equation (48), m* denotes the matrix transpose of the matrix m. m denotes the matrix of migration
shares m;(V;). Denote by M*(V) = pu(m*(V) —Id) the matrix that collects migration shares and the
identity matrix, so that (48) becomes, in matrix notation, % = M*(V)N;. The Master Equation (19)
follows.
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D.2 Derivations for Section 1.6: FAME
To solve the FAMESs, 1 expand around the initial steady-state. I look for a solution
Vi = V;SS +e€ Zvijnj + w;z
J
where ¢ is small, and I denote N = N5 + en.
D.2.1 Flow payoffs

The flow payoffs become, to first order,

Uy — U
€

n; _ _
NSZS> = ¢ 1(Ut—USS):ztwfvnt.

)

=/ (CP)CPe (cxizt —¢

D.2.2 Continuation value from migration

MV]-M[V55]

The continuation value from migration becomes to first order MvNn + zMw. where

henceforth M denotes the steady-state matrix L(V59).

D.2.3 Continuation value from changes in population distribution

To linearize the law of motion of population, first note that

omj; { —UMjiMmjj, if 1#£k

aVk iji(l — mji) if i=k
and so
. . Imj; .
MV V) = MG(V)+ 3 etV = M5(V) + uumﬁ{dv; — [m- dV]j}
k
Then
MF(V +dV)[NSS] = M;(V)[NSS]+ ,uI/iji{dVi —[m- dV]j}NJSS
J
= M;(V)[N%] + V,u[(diag(m*NSS) - m*diag(NSS)m> . dV} 4
= M{(V)[N**]+(G-dV);
where
G = u,u(diag(m*NSS) - m*diag(NSS)m>. (49)
In vector notation,
— a‘/; * N *
el Zj:aNj(M (V)N), = vV M*n+vG(vn + 2w) (50)
i=1....1



D.2.4 FAME equation

Combining the previous elements, the linearized master equation for the worker value becomes, in

vector notation,
p(vn + zw) = wz — on + M (vn + 2w) + A(z)[zw] + vM*n + vG (vn + 2w)

Identifying coefficients on n and z, and using expression for the generator of the AR(1) process, I

obtain the deterministic and stochastic FAMEs:

pv = —0+ Mv+oM*+vGv
(p+ 0w = w+ (M+vG)w (51)
D.2.5 Linearized KFEs
I obtain, in vector notation
d
% = M*™'n; + G(Unt + ztw) (52)

D.3 Derivations for Section 5.2: SAME

For the second order approximation, I look for a solution V = V5 4 cv; + %02, where N = NS5 4 en.
The first-order term for V', vy, is given as before by vy; = > ; Vijnj + 2w. The second-order term, wvs,

is given by:
vy = Zj Zs Vijsnjns + 2 Zj Fijznj + AiZQ + Ay,

where V, I, A, A are the unknowns of interest. To ease calculations, it will be convenient to define

Qz) = Z% {Az%+ A} so that vy; = > 2ok Vigkmgng +2 3 Tijan, +94(2)22. Written in matrix form:
v =vn+z2w , ve =V xgn* xgn* + 22I'n + 22Q,

where X3 and X9 are the 3-node and 2-node tensor products, respectively, and the super index * denotes

the transpose operator. Tensor products simply generalize matrix products to higher-dimensional

arrays. I recall basic properties of tensor operations in Appendix F.

D.3.1 Flow payoffs

The second-order effects are

PUy|  ECP5 [eu” (C2F) CFF + (14 Eu’ (CFF)]
8N12t SS a (Niss)2
10%U | €QaCP [u” (CFF) CFF + ! (CFF)]
€ 020Nt | g4 - NZSS
1 82Uit 2
2| = 1 (@) 0P (07%) (0F) fon)
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Therefore, I obtain the second-order term of the flow payoft:

1 1 - 1
;z(Uit —U®) ‘2 = §DUNN X3n® Xan" —Dynzn + §Z2DUZZ,

where Dy is a diagonal tensor defined as:

CHS [ (CFF) CF5 + (1 + &/ (CF9)]
(N59)? ’

Dynn = {diags <

and where diag; is the 3-dimensional diagonal operator. Moreover, the matrix Dy vz and the vector

Dyzz are defined as:

.('SS " SS SS / SS
DUNZ:diag <£CXZCz [u (CZ )C’L +u (CZ )])

NP8
Duzz = vee ({u' (CF%) G55 + " (CF5) (€5%)” bcxa)?)

D.3.2 Continuation value from migration

The second-order expansion of the continuation value from migration is:

1
Li(Ve) = Li(V>%) = VILJ(VZH)(V = V) 4+ S(V = V) TH L] (V=*)(V = V59),
where V[L;](-) and H [L;] () are the gradient and the Hessian of L;, respectively. Up to a second
order, V — V99 = ev; + %’Ug. Therefore, omitting the dependence on V%, the expression writes:

2 1 82 2

Li(Ve) = Li(V5) = e[Mu); + 5 [Mua], + (01 + Su)" H M) (V) (€01 + Soo)
2 2
= € [le]i + % [MU2]i + %(UTHvl)i (53)

Focus on the second-order term Mwvy + %v{H v1 and consider the first component:
Muvy = M (V x3n* xogn* +2:Tn+ 2°2MQ) =V x1 M x3n* xan* + 22MT'n + 2> MQ

For the second component of the second-order term, I first express the Hessian matrix. It is straight-

forward to see that:

. SS
HIL (V) = |2

oV,

which we have already calculated in the first-order analysis in Section D.2.3. In fact, we have

— MMM if k 7é h -
Hipp = pv = pv(mlp—p — M) = H, 54

where M is a tensor defined as M, = mypmyy,. 1 obtain

(viHv1)i=1..1 = H x3v] x907.
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Using Lemma 1 and Lemma 2 in the appendix, I obtain:
H x3 0] X2 v7 = H x30* xov* x3n* xon* 4+ 22H x2 v* x3w* xon* +H x3 w* xg w*

Collecting all terms, the second-order term of the continuation value of migration is given by

1 1
?(M(Vt) —M(VSS))‘Q =3 [V x1 M +H] x3n* xgn*
+z [MI‘—i—ﬁ Xq V¥ ><3w*] X n*

1 _
- §z2 [MQ+H x3w* xow*] (55)

D.3.3 Continuation value from aggregate shocks

Recall that A(z) = —020, + ‘7—22 .. and that 22Q = z22A + A. I have:

2 2 2
A(z)[dv] = A(z) [mw + %(2zfn + 22A + A)] = —ebzw + %( —0z(2I'n 4+ 2zA) + %(2A))
£2
= 5{ — sz} + E{UQA —20zI'n — 2922A}.
D.3.4 Continuation value from changes in the population distribution

The continuation value for workers from changes in the population distribution is given by:

ov; M e,
8Nju<§mm<vwk—zvg> =3 g, WO,

I approximate individual terms and then take the product. First, note that:

<g]‘\2>ij:v+;(Vx2n*+V><3n*—|—22F).

Now, fixing j and k, obtain:
* * * 1 * *
(V% 4 dv) = Mp(VE9)* + VM) (VE®)do + v H (M) (VE5)dw.

I have already derived the gradient component in equation (54). To ease notation, define G, =

Hgjp, so that (V[M;k](VSS)dU>jk = G x3 dv*. For the Hessian, I have H [M]*k} L= u%. It is
dtraightforward to check that

6;7?/? = vy (2mpnmen — M) for h # j

;;:;;’;Z = Z/kaj (2mgnmps) for h # s and h,s # j

(';9‘2/:5’% = v2my; (2mugmp, — M) for h # j

8;:3}? = Pmy; (1 — my;) (1 — 2my;) .

68



Define

82mk~
Hjphs = 2
a four-dimensional tensor. Using these expressions, one obtains:
(v B M) dv) = Hxg dv” xq do.
J
Then, to leading order (the Oth order term drops out in steady-state):
1
(M(V)*N)] = Z (M]*k =+ ij. X3 dv* + §ij.. X3 dv* X4 dv*) (Nk + Enk)
k
= Gjoo X9 N* X3 dv* + E(M*n)]
1
+ EG]‘.. X9 n* X3 dv* + iHj“. X9 N X3 dv* X4 dv*
= E{Gj.. X9 N* X3 ’UT -+ (M*n)]}
1 1
+ 52{5(@]—., X9 N* X3 ’U; +Gj.. X9 n* X3 UT + §Hjooo X9 N X3 UT X4 UT}
= eM; + %N
where 3rd order terms drop out to get to the second line and to the third line. I further obtain
M = G xq N* X3 UT + M*n = (G X9 N* X3 U*)TL—I—Z(G X9 N* ><3w*) =TFin + z[F,,

where F1 = G xo N* x3v* + M* and Fy = G x9 N* x3w*. Thus, again to leading order,

aV;
— 0N,

€

(M(V)*N)j = Z {vij + 5 [Vz‘.j xon* + Vij. x3n* 4 QZI‘ij] }{6./\/1]‘ + 82./\/-]'}
J

Hence, the second-order term is

10V
52 ; 8Nj

(M(V)*N)|

| =

2

Z [V@'.j Xon* + Vij. x3n* + 221—‘1’3} Mj + Zvij-/\/}
j J

The first component satisfies

Z |:Vi.j X9 n* —i—Vi]’. x3n* + QZFij]Mj =V xon* xg M* +V x3n* xog M* + 2:I'Fin + 222FF2
J

1
= {V X9 FT%—V XgFT} Xon* X3 n*+22{2(V X9 F§+V XgF;) +FF1}H+222FFQ
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The second component satisfies

1 1
ZUUM =N = <2G X1V Xo N*) vg + (G xlv) Xon* X3 v} + (2]1-11 X1V Xg N*> X 9] X3 v}
j ~ , w—/ ~
=X =Y =7

= (Vx1X) xgn* xgn* +22XIn + 2°XQ

(Y x5 v*) xon® xzgn* + 2(Y xzw*)n

+ o+

(Z x9 v* x30%) xon* x3n* +2z(Z X9 V¥ X3 w*)n+z2Z Xo w* X3 w*

Y x1 X+Y x3v" +7Z x90" ><3U*} xXon* x3n*
1

+ 2z{xr+ SY Xaw" +Z X2 v X w*}n

+ ZQ{XQ—i—Z Xo w* X3 w*}

where for the second-to-last equality I have used the symmetry of H in its last two coordinates, which
implies the symmetry of Z in its last two coordinates.
Collecting all terms, the second-order term of the continuation value from changes in the population

distribution is given by:

1 «— 9V,

=D aN(M(V)*z\/)j(2 - {v $ 1 XAV ) BV x5+ Y x5 0" + 7 X2 0* ><31)*} X n* xzn*
; J
J

1 1
+2z{2(V XQIE‘§+V><3IF’2‘)+TF1+XF+§Y><3W*+Z><2U* ><3w*}n

+2’2{2FF2 +XQ 4+ Z xqw* x3 w*}

D.3.5 Deterministic SAME

I now apply the method of identifying coefficients. I obtain the following equations for the SAME.

Collecting terms,
p§V: §DUNN+§ )% ><1M+H} —i—{V X1 X+VxoF1+V x3F] +Y x3v" +Z xa0v" X30v }
Re-arranging, and denoting the unknown deterministic Impulse Value V' in bold orange,
V X1 (pId - M - QX) -V Xq (2F1)* -V x3 <2F1)* = DUNN +ﬁ+ Q(Y X3 v+ 7Z X9 v* X3 1}*),
which is a standard tensor Sylvester equation. Re-arranging,
Vx1A+V x9B+Vx3B=D, (57)
where

A=M +2X — pld, B = 2F7, —D =Dynyn +H+2(Y x3 0" +Z xo v* x30%).
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D.3.6 Cross SAME
Collecting terms,
(p+0T = —-Dynz + MT +H x30* x3w*) + (V xaFs +V x3F3) + 2I'Fy + 2XT + Y x3w* + 2Z x9 v* x3w™*.

Re-arranging, and denoting the unknown cross Impulse Value I' in bold orange and the now known

deterministic Impulse Value V in bold blue,

((p+0)Id — M — 2X)I' — I'(2FFy)
= —Dynz+Hxov* x3w* + (V x2F5 +V x3F3) + Y x3w* + 2Z x9 v* x3w*,

which is a standard matrix Sylvester equation. Re-arranging,
(A—-61d)I'+I'B* =C,
where

—C:—DUNz—i-EXQU* ng*—l—(v XQFS—FV X3F§)+YX3W*—|—QZ X9 v* X3 w*.

D.3.7 Stochastic SAME

I first identify coefficients for the combined term §2.

1 1 1 — 1 [o%Q
,059 = 5DUZZ+§[MQ+H Xg w* ng*)] + 2I'Fy + XQ + Z xo w* x3w* + 3 {0-2 —299}.
z
Now I separately identify coefficients for A and A. I start with A. Collecting terms,
1 1 1 —
piA - §DUZZ+ 5[MA+H Xo w* x3w*)] + 2I'Fy + XA 4+ Z x5 w* xgw* — A,

Re-arranging, and denoting the unknown stochastic Impulse Value A in bold orange and the now

known cross Impulse Value G in bold blue,
((p+20)Id — M —2X)A = Dyzz+4I'Fy +Z Xow" xzw",
which is a standard vector equation. Re-arranging,
(A—20Id)A = E, —FE =Dyzz +4T'Fy + Z xo w* x3w™.
Now for A, collecting terms,
1 1

1
SA = 2A 4 = _
p2 20 A—|—2MA—|—XA

Re-arranging, and denoting the unknown (intercept) stochastic Impulse Value A in bold orange and

the now known (slope) stochastic Impulse Value A in bold blue,
AN = %A,

which is again a standard vector equation.
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D.3.8 KFE

The law of motion for population is given by (48). I already computed its second-order expansion in
Section D.3.4. I obtain:

second-order term
first-order term

dn; r———"—— €
— =M"* G —N;
7 ng + Guyg + 57Vt )

1 1
* * * * * * *
./\/'t: 5@ X2N X3 'U2’t+G X2 ’I’Lt X3 U17t+§H XQN X3 /Ul:t X4 Ul,ta

where we construct the first- and second-order components of the value function vector vy, and va; in
each period.

To interpret the impulse response of the sole effect of a shock, it is important to adjust the steady-
state welfare by A, which is a constant and does not depend on the time path of the shock. Otherwise,
the interpretation of the impulse response is that of a news shock on top of the actual shock, whereby

individuals learn of aggregate risk at the same time as a shock hits.
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ONLINE APPENDIX

E Weak derivatives and duality

E.1 Weak derivatives

of

Let f be a n-measurable function. Its weak derivative P 18, when it exists, defined by duality. Suppose

that there exists a n-measurable function w; such that
¢
f(2) g~ (@)dn(z) = — [ wi(z)p(z)dn(z)

for all continuously differentiable functions ¢ that vanish on 9X. In that case, define its weak derivative

g—g{i to be w;.

Unidimensional case. Consider a domain (—1,1) with a possible mass point at 0. Compute, for a

smooth function ¢ such that p(—1) = ¢(1) =0,

(foel) = / F(@)g (@) + fogh+ /f (2)da

where I denote evaluation at the mass point by subscripts to emphasize the role of (non-)smoothness
at the possible mass points Assuming f is differentiable on ( 1,0) and (0,1), obtain (f,¢') =
f(0~ f L Fl@)p(x)dr + fogh — F(0H)p f0+ f'(x)p(z)dz. Finally, make (f’, @) appear:

(f,¢> ::f( “)e(0 )4—fbwo-%fb¢o-f(0+) (0 )-(fﬁ#ﬁ =:Jb-—(f’¢ﬂ>-7Fh€1«370bJectOflnteﬂﬁtls
therefore Jo = f(07)e(07) + fiwo + foreh — f(0T)p(0T). The duality property requires that the sum

of terms around 0, Jy, is equal to zero.

Smooth ¢. When ¢ is continuously differentiable on (—1,1), and in particular is smooth around 0,
then Jy = [f(’) — (f(0") — f(O_))}go(O) + fopp- So clearly, for Jy to be zero and f to have a weak

derivative, one needs

fo=fO07) = f(07) , ¢o=0=p(0") —¢(07).
Thus, the definition of the weak derivative w.r.t. the base measure n imposes that the value of the
derivative at possible mass points is equal to the jump there. In particular, if a function is continuous

at a possible mass point, then the derivative there that enters into the inner product (but not around)

is endogenously 0. It need not be a requirement.

Multidimensional case. This argument generalizes straightforwardly to multiple dimensions.
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E.2 Borrowing constraints and duality

For concreteness, consider the Aiyagari (1994) economy with a borrowing constraint a > a. The asset
domain is [a,a]. For simplicity, focus only on the asset dimension. Consider the operators associated
with the asset drift L = s(a)d, and L* = —0,s(a), where s denotes the savings rate. Consider a
base measure dn(a) = d4(a) + da. A distribution is given by a density {g(a);g(a),a > a}, so that
the probability measure that represents the distribution of individuals is g(a)d,(a) + g(a)da. For any
function f, I denote by f(a™) = lim,, f(a).

A mass point arises at g if s(a) < 0 in a neighborhood of a. The borrowing constraint imposes
s(a) = 0. The presence of a mass point requires that g(a™) = +oo so that the (asset-induced) inflow
into the mass point, (sg)(a™), is finite and non-zero. Then the weak derivative of sg at a (with respect

to the base measure 7) is:

(s9)(a™) if a=a
the classical derivative d,(s(a)g(a)) if a>a

Oa(s(a)g(a)) = {

Thus, for any smooth test function and any g, ¢’ that vanish at a = @:

/aw(a)L*(a)[Q]dn(a) = —p@)s(@)g(a) - / ()0 (s(a)g(a))da

8|

s(a)g(a)dap(a)da + (sg)(a")p(a) — ¢(a)s(a)g(a)

+

L(a)[plg(a)da + (sg)(a")¢(a) — ¢(a)s(a)g(a)

+

‘g\m —~—

a

= L(a)[¢lg(a)dn(a) + (sg)(a*)p(a) — s(a)g(a)(p(a™) + ¢(a))

=0 because s(a)=0

|2

= [ Llelg(@dn(@) + (s9)(a")e(a)

a

1S]

a

L(a)[¢lg(a)dn(a) + [ (sg)(a™)p(a)da(da),

I
A
S

where the first line uses the definition of dn(a) and the expression for the weak derivative of sg. The
second line integrates the second term by parts. The third line uses the definition of L and of the weak
derivative of ¢ at a with respect to 1. The fourth line uses the definition of 7. The last line uses the
identity 1 = [7 d4(da).

A similar &erivation delivers the duality formula when there are kinks in the interior of the domain.

In that case, (sg)(a™) must be replaced with (sg)(a™) — (sg)(a™).
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F Tensor Algebra

F.1 Conventions

We choose the convention that when we mutliply a tensor by a matrix, the summation is with respect
to the second entry of the matrix. In addition, we put the remaining index of the matrix in the position

that corresponds to the product index. That is,
(T X1 A)z]k = ZAiéTfjk
¢
(T X9 A)Z]k = ZAjETiZk
)4
(T x3A)ijr = ZAMTW
¢

F.2 Basic results

Lemma 1. Let T € R™X*1 be g tensor, and let = and y be vectors in RL. Then:

Txs(x4+y) xo(x+y) =T xga" xga™+ (T+T") xzz" xoy™ 4+ T x39y" X2 y",
where T* is the transpose of T with respect to its last two coordinates. Moreover, if T is symmetric
in its last two coordinates we will have that:
TXglL‘*ng*:TX;gy*Xgl'*, TXg{L‘*ng*:TXQJT*ng*

and

Txs(x4+y) xXo(x+y) =Txza" xex" +2T xgz* X y* + T x3y* X2 y",

Lemma 2. Let T € RI*/XK pe o tensor. Let A € REX! be a matriz and x € R’ and y € RE be

vectors. Then:

A(T xgz* xoy*) = (T x1 A) x32™ X9y~

Lemma 3. Let T € RI*/XK pe g tensor. Let A € REXP B € R'*L be a matrices and x € RY and

y € RE be vectors. Then:

T X3 (Al‘)* X9 (By)* =T X3 A" X9 B* X3 z* X9 y*
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