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ABSTRACT

Recent work has demonstrated that existing solutions of the unemployment volatility puzzle are
at odds with the procylicality of the opportunity cost of employment, the cyclicality of wages, and
the volatility of risk-free rates. We propose a model of business cycles that is immune to these
critiques by incorporating two key features. First, we allow for preferences that generate time-
varying risk over the business cycle to account for observed fluctuations in asset prices. Second,
we introduce human capital acquisition consistent with the evidence on how wages grow with
experience in the labor market. Our model reproduces the observed fluctuations in unemployment
because hiring a worker is a risky investment with long-duration returns. As in the data, the price
of risk in our model sharply increases in recessions. The benefit from hiring new workers
therefore greatly declines, leading to a large decrease in job vacancies and an increase in
unemployment of the same magnitude as in the data. We show that our results extend to versions
of the model that include physical capital, a life cycle for workers, and alternative preference
structures common in the asset-pricing literature.
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1 Introduction

The most important theoretical contribution of search models of the labor market to the study of business cycles is
that they interpret involuntary unemployment as an equilibrium phenomenon. The main insight of these models is
that involuntary unemployment can arise even without any assumed inefficiencies in contracting, such as rigid wages.
Despite its great promise, though, Shimer (2005) showed that the textbook search model cannot generate anywhere near
the observed magnitude of the fluctuations in the job-finding rate and unemployment in response to shocks of plausible
magnitude. A large body of work has attempted to address this unemployment volatility puzzle. Recent work, however,
has demonstrated that existing attempts are inconsistent with key features of business cycles, namely, the procylicality of
the opportunity cost of employment, the cyclicality of wages, and the volatility of risk-free rates. Hence, in this precise
sense, the puzzle has not yet been solved.

In this paper, we solve this puzzle by proposing a model that reproduces these features of the data and respects the
original promise of search models by accounting for involuntary unemployment without relying on inefficient contract-
ing or wage rigidities. We do so by allowing for preferences that generate time-varying risk over the business cycle,
consistent with observed fluctuations in asset prices, and for human capital acquisition, in line with the evidence on how
rapidly wages grow with labor market experience. Throughout most of our analysis, we abstract from physical capital to
help illustrate our mechanism in the most transparent way. When we extend our model to incorporate physical capital, we
find that it successfully matches observed patterns of job-finding rates, unemployment, output, consumption, investment,
and asset prices. In this exercise, we build on the work of Merz (1995) and Andolfatto (1996), which integrated search
theory into quantitative business cycle models, and the work of Jermann (1998) and Tallarini (2000), which embedded
asset-pricing preferences into quantitative business cycle models. Interestingly, in contrast to the classic separation re-
sult in Tallarini (2000), whereby introducing asset-pricing preferences into a standard real business cycle model has no
effect on the fluctuations of real variables, we show that introducing such preferences in our model with human capital
acquisition creates an important interaction between the real and financial sides of an economy that greatly amplifies
fluctuations.

The main idea of our model is that hiring a worker is akin to investing in an asset with risky dividend flows that
have long durations. In our model, as in the data, the price of risk—as captured by the ratio of the conditional standard
deviation of the intertemporal price of consumption goods to its conditional mean—sharply rises in downturns. In this
sense, risk is time-varying as it varies over the cycle. Because of human capital acquisition, the surplus flows from
matches between firms and workers have long durations and so are sensitive to variation in the price of risk. The
combination of time-varying risk and human capital acquisition then implies that the benefits of creating new matches
between firms and workers greatly drop in downturns, which induces firms to substantially reduce the number of job
vacancies they create and, correspondingly, leads unemployment to increase as much as it does in the data.

The two simple ingredients we add to the textbook search model make it consistent with two salient aspects of the



data: asset prices fluctuate over the cycle, and wages increase with experience in the labor market. To reproduce the first
feature, we augment the textbook model with preferences that generate time-varying risk, whereas to accommodate the
second feature, we introduce human capital accumulation on the job and depreciation off the job. We choose parameters
for preferences and technology that are consistent with the main properties of asset prices and wage-experience profiles,
and we show that the resulting allocations display fluctuations in unemployment that are as large as those observed in
the data.

We propose a model that generates involuntary unemployment without resorting to inefficiencies in wage contracting
by focusing on labor market outcomes that arise from a competitive search equilibrium. We find this equilibrium concept
appealing relative to common bargaining concepts such as Nash bargaining or alternating wage offer bargaining, since
these bargaining schemes give rise to inefficient wage setting unless the parameters that characterize the bargaining
process are suitably chosen. For instance, a well-known result is that equilibrium wage setting under Nash bargaining is
efficient and, hence, leads to the same outcomes that arise under competitive search when the Hosios condition holds (see
Hosios, 1990). In Kehoe, Lopez, Midrigan, and Pastorino (2021), we derive analogous conditions for efficiency for the
alternative wage offer bargaining protocol. In light of these results, we can interpret our work as pertaining to economies
with efficient wage setting, which can be achieved under any of three popular wage determination schemes: competitive
search and, once appropriately parametrized, Nash bargaining with period-by-period contracting and alternating wage
offer bargaining. In this sense, our results do not depend on the specific wage determination scheme chosen.

We argue that both of our two simple ingredients are necessary to account for the observed volatility of unem-
ployment. In particular, we show that if we retain human capital acquisition but replace our asset-pricing preferences
with standard constant relative risk aversion preferences, then the model generates no fluctuations in unemployment,
regardless of the degree to which human capital accumulates with experience. Similarly, if we retain our asset-pricing
preferences but abstract from human capital acquisition, then the model generates almost no fluctuations in unemploy-
ment.

We turn to providing further details about our two additional ingredients, starting with preferences. The literature
on asset pricing has developed several classes of preferences and stochastic processes for exogenous shocks that give
rise to large increases in the price of risk in downturns and, thus, reproduce key features of the fluctuations of asset
prices. Indeed, as Cochrane (2011) emphasizes, all of these preferences and shocks generate variation in asset prices
from variation in risk premia, consistent with the data.

In our baseline model, we use a variant of the original preferences in Campbell and Cochrane (1999), in which we
eliminate the associated consumption externality arising from an external habit in consumption. We do so by replacing
this external habit with a simple type of internal habit, which acts like an exogenous shock to the stochastic discount
factor. We find these preferences a useful benchmark because they incorporate the idea that the price of risk and therefore

risk premia rise in recessions in a transparent and intuitive way. Moreover, as we show, their implications for asset prices



and unemployment fluctuations are nearly identical to those of the original preferences in Campbell and Cochrane
(1999). To emphasize that our results are robust to the specific details of the preferences and shocks that achieve this
variation in risk, we show in our extensions that our results hold for a wide range of the most common specifications in
the macro-finance literature.

Consider now the process of human capital acquisition. In the model, a worker’s human capital accumulates dur-
ing employment and depreciates during unemployment. For simplicity, we assume constant rates of human capital
accumulation and depreciation, and that market production, home production, and the cost of posting job vacancies
are proportional to the stock of human capital. This formulation is particularly convenient because it implies that only
the aggregate levels of human capital of employed and unemployed workers, rather than their distributions, need to be
recorded as state variables.!

We then characterize the mechanism that generates our quantitative results. We show that the job-finding rate,
which is the key determinant of unemployment, depends (log) linearly on the present value of the surplus flows from a
match between a firm and a worker, scaled by aggregate productivity. This present value, in turn, can be expressed as
a weighted average of the prices of claims to aggregate productivity at each future time horizon, referred to as claims
to future productivity or, simply, strips. The weights of this weighted average are determined by the degree of human
capital accumulation on the job and depreciation off the job, whereas the prices of claims to future productivity are
determined by the preference and shock structure. Since the human capital process increases the duration of surplus
flows, the greater is the rate of human capital accumulation on the job or depreciation off the job, the slower is the decay
of the surplus flows from a match between a firm and a worker, and, hence, the larger are the weights attached to the
prices of strips at longer horizons. As the prices of strips at longer horizons are more sensitive to aggregate shocks than
those of strips at shorter horizons—a feature shared by all the asset-pricing setups we consider—the larger the weights
on the prices of longer-horizons strips, the more sensitive is the job-finding rate to aggregate shocks.

Formally, we prove that the volatility of the job-finding rate can be well approximated by a single sufficient statistic:
a weighted average, ), wnb,o(s¢), over different horizons (n) of the elasticity of the price of a strip (by,) with respect
to the exogenous stochastic state of the economy (s;), multiplied by the volatility of this state (o(s;)). As mentioned, the
elasticity b, increases with the horizon n so that the price of a strip becomes more sensitive to the state s; as the maturity
of the strip increases. Further, the weights {w,, } decay more slowly the greater is the rate of human capital accumulation
on the job or depreciation off the job. Hence, according to our model, the job-finding rate is volatile because it depends
on the prices of long-maturity claims to future productivity that are highly sensitive to fluctuations in the aggregate state.

This sufficient statistic further allows us to characterize the roles of time-varying risk and human capital acquisition

'In Kehoe, Lopez, Midrigan, and Pastorino (2020, 2021), we consider a more general formulation of the human capital process, in which the
rates of human capital accumulation on the job and depreciation off the job are stochastic and vary with the level of acquired human capital. This
richer version of the model better reproduces the shape of empirical wage-experience profiles and yields results for the volatility of the job-finding
rate and unemployment very similar to those implied by our baseline model. For an illustration of the amplification effect of human capital
acquisition in the context of the Great Recession, see Kehoe, Midrigan, and Pastorino (2019).



for our results. First, we show that when time-varying risk is small, the elasticity b,, of the price of a claim to aggregate
productivity in n periods with respect to the state s; is small, regardless of the horizon n. Thus, the model cannot
generate much volatility in the job-finding rate regardless of the weights {w;, } on the prices of claims. Second, we show
that when human capital acquisition is absent or of little importance, the weights {w,,} are nearly all concentrated on
the prices of short-horizon claims, which display little volatility under all of our asset-pricing specifications. Intuitively,
these weights are small, because absent human capital acquisition, the duration of surplus flows from a match between
a firm and a worker is very short. In this case, the problem of hiring a worker is nearly static, so variation in time-
varying risk that affects the stochastic discount factor has little effect on the present value of surplus flows from a match.
Therefore, the model cannot generate much volatility in the job-finding rate in this case either. Only when both features
are present—namely, time variation in the price of risk and human capital acquisition—can our model produce sizable
volatility in the job-finding rate and unemployment.

We conclude by considering three extensions. In the first and most important one, we augment our model with
physical capital subject to adjustment costs along the lines of Jermann (1998) and construct a business cycle model in
the spirit of the seminal work by Merz (1995) and Andolfatto (1996). As Shimer (2005) pointed out, though, these
latter two papers missed an important feature of the data, namely, the strong negative correlation between vacancies and
unemployment. Our model not only reproduces this feature but also matches salient patterns in the data for job-finding
rates, unemployment, output, consumption, investment, and asset prices. We think of this version of the model as helping
to reintegrate search models into quantitative business cycle models.

Second, we extend our model to a life-cycle setting with young and mature workers. In the data, both the growth rate
of wages and the volatility of unemployment are higher for young workers than for mature ones. The simple life-cycle
extension we propose can account for these patterns as well, since it implies that the greater the rate of human capital
accumulation on the job, and so the greater the growth rate of wages, the higher the volatilities of the job-finding rate
and unemployment.

Third, we show that our results hold for a variety of common preference structures. We first consider a version
of the long-run risk framework of Bansal and Yaron (2004) with preferences as in Epstein and Zin (1989), modified
along the lines suggested by Albuquerque, Eichenbaum, Luo, and Rebelo (2016) and Schortheide, Song, and Yaron
(2018) to allow for long-run risk and preference shocks in order to better reproduce observed features of asset prices
like the volatility of risk-free rates and of the price-dividend ratio. Following the setup of Wachter (2013), we then
consider Epstein-Zin preferences augmented with a time-varying risk of disasters, defined as episodes of unusually
large decreases in aggregate consumption associated with marked declines in aggregate productivity. Finally, given the
popularity of reduced-form asset-pricing models that simply specify a stochastic discount factor as a function of shocks,
we explore a version of the affine stochastic discount factor model of Ang and Piazzesi (2003) as a representative model

of this class.



We find that all these economies imply analogous results for the volatility of the job-finding rate and unemployment.
As in the case of our baseline model, each of these models’ implications for these volatilities can be summarized by our
single sufficient statistic, which captures the volatility of the exogenous state of an economy o (s;), the implied variation
in the price of risk, as reflected in the variation of the prices of claims to future productivity captured by {b,, }, and the
persistence of the returns to hiring workers, as captured by the weights {w,, }. All of these preference and shock structures
also have broadly similar implications for asset prices. In the online appendix, we further show that the asset-pricing
implications of our search model with endogenous production under each of these preference and shock structures are
essentially identical to those of the original versions of the models that featured these structures, which were developed
for pure exchange economies. In this sense, our various models’ predictions for asset prices are simply inherited from
existing asset-pricing models. Augmenting them with production and labor market search frictions makes them neither
better nor worse.

Overall, we view our exercise as a promising step in developing a unified theory of real and financial business cycles.

2 Relation to the Literature

Ljungqvist and Sargent (2017) have extensively reviewed the work on the unemployment volatility puzzle of search mod-
els. All of these papers, including those by Hagedorn and Manovskii (2008), Hall and Milgrom (2008), and Pissarides
(2009), are subject to at least one of the three critiques raised against this literature. Ours is immune to all three.

To elaborate, the first critique is by Chodorow-Reich and Karabarbounis (2016), who have argued that none of these
papers is consistent with the measured cyclicality of the opportunity cost of employment. Specifically, these authors
have documented that the opportunity cost of employment in the data is procyclical with an elasticity close to one—
rather than zero, as assumed in these models. The authors have further demonstrated that once these models are made
consistent with this aspect of the data, they cannot generate volatile unemployment. Our model can.

A second critique is by Kudlyak (2014) and concerns the literature that has addressed the unemployment volatility
puzzle by introducing some form of wage rigidity. Kudlyak (2014) builds on the insight in Becker’s (1962) classic
paper that only the present value of the wages paid over the course of an employment relationship is allocative for
employment. Kudlyak (2014) established that the appropriate measure of rigidity of the allocative wage for a large
class of search models is the cyclicality of the user cost of labor, defined as the difference in the present value of wages
between two firm-worker matches that are formed in two consecutive periods. As Kudlyak (2014) first estimated and
Basu and House (2016) confirmed, the user cost of labor is highly cyclical in that it sharply falls when unemployment
rises. Both of these papers have also argued that reproducing the cyclicality of the user cost of labor is the key litmus test
for the cyclicality of wages implied by any business cycle model. As these authors discussed, early attempts to solve the
unemployment volatility puzzle by introducing some form of wage rigidity fail this test. As we show, our model passes
it.

Finally, a third critique of the literature on the unemployment volatility puzzle has been formulated by Borovicka



and Borovickova (2019), who argued that the literature is grossly at odds with robust patterns of asset prices. In contrast
to existing work, our model incorporates standard asset-pricing preferences, which generate movements in risk-free rates
and risk premia in accord with the data. Our model thus overcomes this final critique as well.

The important contribution of Hall (2017) accounts for the observed volatility of unemployment within a model that
features alternating wage offer bargaining, a reduced-form stochastic discount factor, and no human capital accumula-
tion. This paper is immune to the critique by Chodorow-Reich and Karabarbounis (2016) but not to the critiques by
Kudlyak (2014) and Borovicka and Borovickova (2019). In particular, as we show in Kehoe, Lopez, Midrigan, and Pas-
torino (2021), Hall (2017) relies on a parametrization of wage setting that yields highly (ex ante) inefficient allocations
associated with a counterfactually low degree of cyclicality of the user cost of labor. Hence, in this precise sense, the
wages in Hall (2017) are much more rigid than those in the data. Moreover, Borovicka and Borovickova (2019) discussed
how in Hall’s (2017) model, fluctuations in unemployment arise not from the time variation of the price of risk, as they
do in our model, but rather from strongly countercyclical movements in the risk-free rate, which are counterfactual.

Also related to our paper is the work of Kilic and Wachter (2018). These authors embedded a reduced-form version
of the wage-setting mechanism in Hall (2017) within a model with preferences as in Epstein and Zin (1989) and variable
disaster risk. Although the resulting pricing kernel does not lead to a risk-free rate puzzle, the model generates volatile
unemployment by relying heavily on a form of inefficient real wage stickiness as in Hall (2017). In contrast, we show
that variable disaster risk can generate realistic fluctuations in the job-finding rate and unemployment under efficient
wage setting without rigid wages, provided human capital acquisition is incorporated.

Fundamentally, our mechanism differs along two main dimensions from those in the large literature examined by
Ljungqvist and Sargent (2017). First, this literature focuses on changes in unemployment in response to changes in ag-
gregate productivity across steady states, because in this class of models, steady-state changes in aggregate productivity
well approximate stochastic fluctuations in it. By contrast, in the models we propose, steady-state changes in aggregate
productivity do not well approximate stochastic fluctuations in it. Second, the main result of Ljungqvist and Sargent
(2017) on the conditions for unemployment to be volatile does not apply to our setting.

To demonstrate that steady-state changes in aggregate productivity in our class of models do not well approximate
stochastic fluctuations in it, we contrast the implications of two classes of preferences: CRRA preferences and our
baseline preferences with time-varying risk, in the presence of an aggregate productivity process with constant variance.
Both classes of preferences lead to identical steady states and hence, according to the argument in Ljungqvist and Sargent
(2017), should give rise to similar non-steady-state fluctuations. But, as we show, in response to productivity shocks,

CRRA preferences lead to no fluctuations in unemployment, whereas our baseline model produces large ones.?

YIn Kehoe, Lopez, Midrigan, and Pastorino (2021), we prove that in the models reviewed by Ljungqvist and Sargent (2017), the change in
unemployment across steady states resulting from a change in aggregate productivity is identically zero, once we modify them to be consistent
with both the critique by Chodorow-Reich and Karabarbounis (2016) and the insight of Shimer (2010) on the cost to firms of recruiting workers
and bargaining over wages. Specifically, Shimer (2010) argued that if recruiting workers or bargaining takes time away from production, then
the cost of doing so is proportional to the opportunity cost of a worker’s time in production. We show that a similar result on the insensitivity of
unemployment to steady-state changes in aggregate productivity holds in a large class of models like ours with asset-pricing preferences and either



Next, consider the main result of Ljungqvist and Sargent (2017), namely, that existing search models generate large
fluctuations in unemployment only if they feature what they term a small fundamental surplus fraction, which is a scaled
measure of the steady-state surplus from a match between a firm and a worker. This result does not hold in our class of
models. For instance, as mentioned earlier, the version of our model with CRRA preferences and that with our baseline
preferences have identical steady states. Hence, any statistics calculated from their respective steady states, such as the
fundamental surplus fractions, are identical. But even so, the version with CRRA preferences generates no fluctuations
in unemployment, whereas the version with our baseline preferences gives rise to large ones. So, the fundamental surplus
fraction is not an informative statistic for our class of models. The reason is that fluctuations in unemployment in our
models are driven by time-varying risk, which cannot be captured by statistics from a deterministic steady state.

In sum, our models fall outside of the large class considered by Ljungqvist and Sargent (2017).

3 Economy

We embed a Diamond-Mortenson-Pissarides (DMP) model of the labor market with competitive search in an economy
with endogenously determined asset prices. The economy is subject to both aggregate shocks—namely, productivity
shocks—and idiosyncratic shocks. We extend the DMP model to include two key features: asset-pricing preferences
that generate time-varying risk and human capital acquisition with labor market experience. In our baseline model, we
use a version of the preferences in Campbell and Cochrane (1999) with an internal consumption habit that is exogenously
time-varying conditional on consumption—in short, an exogenously driven habit. In our extensions, we consider other
popular preference structures.

The economy consists of a large number of firms and a measure of consumers such that a finite measure of con-
sumers exists per firm.> Each consumer belongs to one of a large number of families that insure their members against
idiosyncratic risk. Each consumer survives from one period to the next with probability ¢. A measure 1 — ¢ of new
consumers is born each period so that the measure of consumers in the economy is constant over time and equal to
one. Consumers’ human capital accumulates during employment and depreciates during unemployment. Firms post

vacancies to hire consumers with any desired level of human capital.

3.1 Technologies and Resource Constraints

Consumers are indexed by a state variable, z;—referred to as human capital—that summarizes their ability to produce
output. This variable captures a consumer’s productivity and evolves with experience in the labor market. Specifically,
in period ¢, a consumer with human capital z; produces A;z; units of output when employed and bA;z; units of output
when unemployed with 0 < b < 1. Hence, the opportunity cost of employment is bA;z; in period ¢ with an elasticity

to aggregate productivity of one, consistent with the findings in Chodorow-Reich and Karabarbounis (2016). Here we

productivity or preference shocks.
3Throughout, we maintain that the number of firms is sufficiently large that the assumption that each firm views aggregate allocations as
unaffected by its individual decisions is a reasonable approximation.



follow Hall (2017), who incorporates these findings by assuming that the opportunity cost of employment is proportional
to aggregate productivity; see the discussion in Hall (2017, p. 324). We assume that (log) aggregate productivity follows

a random-walk process with drift g, given by

log(A¢i1) = ga + log(As) + 0acatit, (D

where €4¢4+1 ~ N(0, 1). Newly born consumers draw their initial human capital from a distribution v(z) with mean one

and enter the labor market unemployed. After entry, when a consumer is employed, human capital evolves according to

Zir1 = (1 + ge) 2z, (2)

and when a consumer is unemployed, it evolves according to

zi41 = (14 gu)2t, 3)

where g. > 0 and g, < 0 are constant rates of human capital accumulation on the job and depreciation off the job.*

Posting a job vacancy directed at a consumer with human capital z costs a firm kA;z in lost production in period ¢.
This specification of the cost of posting vacancies is consistent with the argument in Shimer (2010) that for firms to be
able to recruit workers, employed workers must reduce their time devoted to production, thereby decreasing a firm’s out-
put. Under this view, the cost of hiring workers moves one-for-one with the productivity of a worker engaged in market
production.’ Assuming that home production and vacancy posting costs scale linearly with z; is convenient, because as
we show later, it implies that all value functions are linear in z;. This scaling assumption, though, is unnecessary for our
results and is motivated purely by analytical tractability and computational convenience. (In Kehoe, Lopez, Midrigan,
and Pastorino, 2021, we consider a more general human capital process that does not scale with z; and show that the
resulting model works very similarly to our baseline model.)

The realization of the productivity innovation ¢, is the aggregate event. Let e = (gg,...,&;) be the history of
aggregate events at time #. An allocation is a set of stochastic processes for consumption {C(g!)} and measures of
employed consumers, unemployed consumers, and vacancies for each level of human capital z and history of aggregate
events, {e(z,e),u(z,¢e!),v(z,")}. For notational simplicity, we express these allocations in shorthand notation as

t

{C, e(2),ur(2),v(2)} from now on, suppressing their explicit dependence on £'. The measures of employed and

unemployed consumers satisfy

/[et(z) + w(z)]dz = 1. (@)

z

The timing of events in a period is as follows. At the beginning of period ¢, current productivity A; is realized, firms

“We assume that the rate g. of human capital accumulation on the job is small enough that the aggregate stock of human capital in the economy
admits a stationary distribution.

Note that since aggregate productivity follows a random-walk process with positive drift, if we were to assume that home production b and
the vacancy posting cost » are constant, then the ratios b/A; and /A, would (in a precise stochastic sense) converge to zero and all consumers
would always work.



post vacancies and wage offers to attract consumers, and unemployed consumers from the end of period ¢ — 1 search
for jobs. Then, new matches are formed, and employed consumers immediately begin to work. At the end of period ¢,
a fraction o of employed consumers separates from their firms, entering the pool of unemployed consumers of period
t 4+ 1 who search for jobs at the beginning of period ¢ 4 2, and consumption takes place.

To understand the law of motion for the measures of employed and unemployed consumers, consider unemployed
consumers searching for a job at the beginning of period ¢ with human capital z, denoted by wup;(z). These consumers
were unemployed at the end of period ¢ — 1, had human capital z/(1 + g,,), which grew at rate 1 + g,, to z between ¢ — 1

and ¢, and survived. Therefore,

up(2) = lj_bguu“ <1 jgu> : (5)

The term 1/(1 + g,,), which multiplies u;—1(z/(1 + gu)) in (5), arises from the change of variable in the measure over
2/(1 4 g,,) to derive the measure over 2.° At the beginning of period ¢, firms post a measure of vacancies v;(z) to target
consumers with human capital z, thus creating a measure m(up(2),v¢(z)) of matches, where my(-,+) is a constant
returns-to-scale matching function that is strictly increasing, strictly concave, and differentiable.

The transition laws for employment and unemployment for consumers with human capital z are then given, respec-

tively, by
¢(1—o0)
er(2) o er—1 <1 n ge> + At (0(2))upt (2) (6)
and
oo
u(z) = ﬁgeet_l (1 n ge> + [1 = At (01(2)) Jupe (2) + (1 — @)v(2), (7)

where Ayt (04(2)) = my(upt(2), ve(2)) /upe(2) is the job-finding rate of an unemployed consumer with human capital z
and 0;(z) = v(2) /upt(2) is the tightness of the labor market for consumers with human capital z.

To understand these expressions, consider, for instance, (7). Observe first that new entrants into the unemployment
pool include the measure ¢oe;—1 (2/(1 + ge)) /(1 + ge) of consumers with z/(1 + g.) units of human capital in ¢ — 1
and z units of human capital in ¢, who worked in period ¢t — 1, separated from their firms at the end of the period (an
event with probability ), and survived (an event with probability ¢). New entrants into unemployment also include all
newborn consumers with human capital z of measure (1 — ¢)v/(z). Finally, a proportion 1 — A\,:(6¢(2)) of unemployed
consumers at the beginning of period ¢ remains unemployed.

For later use, it is convenient to define the job-filling rate of a vacancy for consumers with human capital z as
Ae(0:(2)) = my(upe(2),ve(2))/ve(2). Tt follows that Ay (0¢(2)) = 0:(2)Ape(6:(2)). We also define the (negative
of the) elasticity of the job-filling rate with respect to 0;(z) as m(6:(2)) = —0:(2)N}(0:(2)) /At (0:(2)) so that 1 —

®Intuitively, this change of variable implies that the measure of consumers with human capital in the interval, say, [z, ;,Z:—1] in t — 1 is
assigned to the narrower interval [(1 + gu)z, 1, (1 + gu)Zi—1] in ¢ since 1 + g, < 1. Thus, the measure of consumers over z;_1 in ¢t — 1
must be scaled up by 1/(1 + g.) when changed to a measure over z;. More formally, recall that if X and Y = g(X), where g(-) is a strictly
increasing function, are two continuous univariate random variables with densities fx (z) and fy (y), then fy (y) = fx(z)(dz/dy). Here, the
transformation is from X = z/(1 + g.) to Y = z with dz/dy = 1/(1 + g.). See the online appendix for details.



n:(0:(2)) = 04(2)N01 (01(2)) /Awt(0(2)).” Note that when we later assume a Cobb-Douglas matching function, the
elasticity 7;(0¢(z)) is a constant, which we denote by 7.
The aggregate resource constraint in period ¢ is

Cy = At/zet(z)dz + bAt/zut(z)dz - /ﬁ?At/ZUt(Z)dZ, (8)

z

where the right side of this constraint adds the total output of the employed and the total output of the unemployed and

subtracts the total cost of posting vacancies.

3.2 A Family’s Problem

We represent the insurance arrangements in the economy by assuming that each consumer belongs to one of a large
number of identical families, each consisting of a continuum of household members, that have access to complete one-
period contingent claims against aggregate risk. Risk sharing within a family implies that each household member
consumes the same amount C; of goods at date ¢ regardless of the idiosyncratic shocks that such a member experiences.
(This type of risk-sharing arrangement is familiar from the work of Merz, 1995 and Andolfatto, 1996.)

Given this setup, we can separate a family’s problem into two parts. The first part is solved at the level of the family
and determines the family’s choice of assets and the common consumption level of each member. The second part is
solved at the level of individual consumers and firms in the family. The individual consumer problem determines the
employment and unemployment status of each consumer in the family, whereas the individual firm problem determines
the vacancies created and the matches formed by each firm that the family owns.

In our baseline model, we use a variant of the preferences in Campbell and Cochrane (1999). We replace their
external consumption habit with an internal habit that fluctuates exogenously conditional on consumption—or, simply,
an exogenously driven habit—to eliminate the consumption externality generated by their specification while retaining
its desirable asset-pricing properties. (See Ljungqvist and Uhlig, 2015 for the implications of this externality.) We
later show that our specification implies results nearly identical to those implied by their specification. Formally, with a
consumption habit X, a family’s utility is given by

11—«
EOZH X ©)

11—«

Let the habit X satisfy X; = (1 — St)Ct so that S; = (Cy — X4)/Cy is the fraction by which a family’s consumption
exceeds its habit. In contrast to Campbell and Cochrane (1999), we assume that S’t is exogenous rather than just external
to a family’s consumption choices. As will become apparent, using a scaled version of Sy, namely, S; = gt(a_l)/ “ with
(w — 1)/ > 0, makes the pricing kernel for the economy and hence all asset-pricing formulae analogous to those that

arise with an external habit. Note that in a symmetric equilibrium, C} is equal for all families, and all families’ common

"To see this, substitute As:(0¢(2)) = Awt(0:(2))/0:(2) and Xy (0:(2)) = Ape(0:(2)) + 0:(2) N} (0:(2)), rewritten as 0, (2) N, (0:(2)) =
Xt (01(2)) — Awt (0:(2))/0:(2), into the expression for 1 — 1, (0;(2)) with 1:(0:(2)) = —0:(2)N;,(0:(2))/ X5 (0:(2)).
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marginal utility of consumption is 'S} ~“C;® = B*(S;C;)~ in any period t. Hence, without loss of generality, the
law of motion for the surplus consumption ratio and the pricing kernel can be expressed in terms of S; rather than S,.
We refer to S; as the scaled surplus consumption ratio or, simply, the surplus consumption ratio.

We assume that s; = log(S;) is governed by an autoregressive process given by
sp41 = (1= ps)s + psse + Aa(5) [Aas1 — Ee(Aagyr)], (10)

where a; = log(A;), Aa¢r1 = ary1 — at, and s denotes the mean of s;. The sensitivity function \,(s;) is defined as

Aalst) = %\/{1—2(3,5—3)} 1 (11

when the right side of (11) is nonnegative and zero otherwise. As in Campbell and Cochrane (1999), the function A, (s¢)
is chosen so that in a downturn following a negative technology shock, risk aversion sharply rises, but the risk-free rate

is relatively stable.® The pricing kernel for the economy is

S 1C) @
Qt,t+1=ﬂ<tgicz“> : (12)

This kernel determines the intertemporal price of consumption goods and is the discount factor used by individual
consumers and firms. Using similar notation, we let Q;, = 8" *[S,C,./(S;Ct)]~* denote the discount factor for period
r > t + 1 in units of the period-t consumption good.

Since each family is identical, has access to complete one-period contingent claims against aggregate risk, and faces
prices of contingent claims that are related in the usual fashion to the marginal rate of substitution in (12), these claims
in equilibrium are zero for each family. Thus, for notational simplicity, we do not explicitly include them in the budget

constraint of a family, which can then be expressed as
Ce+ I =Wy + 11 + Hy. (13)

In this expression, I; is the total resources invested by a family to create new vacancies, W, is the total wages of
employed consumers of the family, II; is the profit flows of the firms that the family owns, and H; is the total home
production of unemployed consumers of the family. In equilibrium, I; = xA; fz zo(2)dz, Wy + 11y = Ay fz zey(z)dz,
and H; = bA; [ zuy(z)dz.

Note for later that the risk-free rate Ry, = exp(rs;)—namely, the return on a claim purchased in ¢ to one unit of
consumption at all states in ¢ + 1—satisfies R¢; = 1/E;(Qy,+1). More generally, the return R;11 on any assetin ¢ + 1
must satisfy the first-order condition 1 = E;(Q¢¢+1R¢+1). By a standard argument in Hansen and Jagannathan (1991),

this first-order condition implies that the (conditional) Sharpe ratio of any asset—namely, the ratio of the conditional

8 As we show below in expression (42), derived when consumption is conditionally log-normally distributed, as is approximately the case in
our model, the real risk-free rate is governed by two forces that move in opposite directions. Specifically, the function A4 (s:) affects consumers’
incentives to save to ensure that movements in the risk-free rate due to intertemporal substitution reasons are offset by corresponding movements
in it due to precautionary saving reasons.
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mean excess return on the asset, E;(R;+1 — R ft)’ to the conditional standard deviation of the excess return, oy (Ry4+1 —

R ¢;)—must satisfy
Ei(Riy1 — Ryy) < t(Qt,t+1)
ot(Rey1 — Rp) | = Ee(Qris1)

The right side of this Hansen-Jagannathan bound is the highest possible Sharpe ratio in the economy, the maximum

(14)

Sharpe ratio, which is a common measure of the price of risk. As Campbell and Cochrane (1999) show, a critical feature
of preferences with a consumption habit is that the price of risk varies with the exogenous state s; so that when the state
is low, the price of risk is high and risky investments are unattractive. This feature of the price of risk will prove critical

to the volatility of the job-finding rate and unemployment in our model.

3.3 Comparison with Original Campbell-Cochrane Preferences

Our preferences with an exogenously driven habit are very similar to those in Campbell and Cochrane (1999). The
difference is that the habit X, in the utility function in (9), whose law of motion in our formulation is determined by the
process for the exogenous (scaled) surplus consumption ratio S, is replaced in Campbell and Cochrane (1999) by the
habit X; = (1 — S;)Cy, where C; denotes aggregate consumption, A¢; 1 = log(Cyy1) — log(Cy), and the process for

the (log) surplus consumption ratio 5; = log(S;) is
Sp41 = (1 = ps) 54 ps5s + AN(5¢)[AC41 — Ei(ACiy1)]. (15)

The associated sensitivity function is given by A(5;) = /[1 — 2(5; — 5)]/S — 1 when \(5;) is nonnegative and by zero

otherwise. Each family chooses consumption C; in order to maximize
t Xt l-a
Eo Z ﬁ ;

taking as given S;, C;, and X;. After we take first-order conditions and impose that in equilibrium C; = Cy, a family’s
marginal utility of consumption becomes 3%(S;C;)~® and so the pricing kernel for the economy is

gt 1Ct+1 @
Q =/ =/ . 16
b+l ( S:C > (16)

Comparing the pricing kernel in (16) with that in (12), we see that the only difference between them is that the shock
to s¢+1 in our setup is the innovation to the growth rate of log aggregate productivity, Aa;1, whereas the shock to 5441
in the external habit setup is the innovation to the growth rate of log aggregate consumption, Ac;1. The key implication
of this difference is that allocations in our setup are efficient, unlike those in Campbell and Cochrane (1999). Recall
that in the original pure exchange economy in Campbell and Cochrane (1999), consumption is exogenous with ¢; = a,
where a; can be thought of as exogenously specified output. Hence, Ac; 1 — E¢(Aci1) = Aary1 — E¢(Aay41) so that
the specification of the consumption habit in Campbell and Cochrane (1999) and the specification we adopt are identical
in a pure exchange economy. In our production economy, in contrast, since consumption does not equal productivity,

these two specifications differ. In our model, however, consumption growth approximately equals productivity growth

12



and these two specifications lead to nearly identical quantitative results.

3.4 Competitive Labor Market Search

We consider labor markets in which the matching of firms and consumers to create employment relationships is subject
to search frictions. In particular, we set up a symmetric competitive search equilibrium in the spirit of the market-utility
approach in Montgomery (1991); see also Moen (1997) and, for an extensive review of the literature, Wright, Kircher,
Benoit, and Guerrieri (2021). Since we will show later that, under our assumptions, the equilibrium is unique and
symmetric, from now on we refer to it simply as the competitive search equilibrium. Let Z, be the set of human capital
levels among the unemployed in period ¢. Given that we assume that firms can freely enter the labor market, we can
think of there being a large number of firms that in period ¢ search for consumers with any given level of human capital
2 € Uy.

Each period ¢ consists of two stages. In stage 1, any firm that searches for consumers with human capital z posts
vacancies for such consumers and commits to a wage offer for a resulting match, W,,,;(2), defined as the present value
of the wages to be paid over the course of a match with a consumer of type z. In stage 2, after having observed all offers,
consumers of type z choose which market to search in. A market is defined by (z, W,,,(2)), namely, a skill level and
a wage offer for that skill level.” These two stages should be thought of as occurring at the beginning of each period
t, right after aggregate productivity is realized.'® Then, matches are formed, output is produced, and at the end of the
period, consumption takes place. We now turn to describing in greater detail our labor market setup as well as firms’ and

consumers’ problems, starting from stage 2.

3.4.1 Stage 2: Consumers Choose Labor Markets

We start by considering symmetric histories in which all firms have made the same wage offers in stage 1 of period ¢,
so that there is only one wage offer W,,,;(z) for each level of human capital z. We refer to (z, W,+(2)) as the common
market. We also refer to the present value of all payments to be received by a consumer with human capital z from future
home production and future employment after a match formed in ¢ dissolves as the post-match value in t, denoted by

Wyt (%), which is given recursively by

Wpt(z) = ¢0Et[Qt,t+1Ut+1(2’/)] + ¢(1 - U)Et [Qt,t—i—let—f—l(z/)]v (17

with 2 = (1 + g.)z. The total value of a new match to a consumer is thus Wi(z) = Wi (2) + Wpe(2), since the
current match pays Wp,;(z) and the consumer’s post-match value is W), (z). We decompose the total value of a match

to a consumer into these two terms so as to clearly distinguish the portion that a firm chooses, namely, W,,,;(z), and the

“Rather than envisioning one large market with many firms that make the same wage offer, we find it useful to think of every firm as anticipating
that it can create its own market when contemplating a wage offer and of consumers as freely flowing between these markets until the value of
search W (z), defined later, is equated across them. Given a set of wage offers from all markets, the associated values of market tightness are
determined by the equality of the value of search across markets. As a convention, we interpret two or more markets with identical human capital
and wage offers as sub-markets of the same market.

1%In a monthly model like ours, one might think of these two stages as all occurring early in the morning of the first day of a month. Then, on
the same day, consumers and firms match and produce that day and for the rest of the month.
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portion that a firm takes as given, namely, W, (z). The value of unemployment U;(z) for a consumer with human capital

Z 18

Ui(z) = bAz + PE(Qrat1{ Mot+1 (0141 (2")) [Wint1 (2") + W1 (2')]
+ [1 = M1 (041 (2)) U1 () ), (18)

with 2’ = (1 + gy, )z. The value of search for a consumer with human capital z in market (z, Wy,¢(2)) is
Wi(2) = At (0¢(2)) [Wint (2) + Wit (2)] + [1 — At (0:(2))] U (2). (19)

Since a firm that contemplates an arbitrary wage offer in stage 1 needs to anticipate consumers’ behavior in stage 2,
we need to determine consumers’ responses to any such offer and the resulting outcomes in stage 2. Given that we focus
on symmetric equilibria, it is sufficient to consider asymmetric histories at the beginning of stage 2 in which all firms
but one have offered W, (=) and one has offered, say, W,,;(z). Consider then markets (z, Wyn:(2)) and (z, Wi (2)).
The tightness 0;(z) of market (z, W,,+(z)) satisfies the free-entry condition defined later and hence (23). The tightness
0,(z) of market (z, W, (2)) is determined as follows. As long as the wage offer W,,;(z) is sufficiently attractive, firms
understand that consumers will flow between markets (z, Wi (2)) and (z, Wit (2)) until the value of search in the two
markets is equated. In this case, 0;(z) is determined by the participation constraint Wy(z) = W,(z), which can be

expressed as

Aot (01(2)) Wi (2) + Wit (2)] + [1 = At (04(2))] Ui (2)
= At (0(2)) [Wint (2) + Wit (2)] + [1 = At (0:(2))] Ut (2), (20)

with Wj(z) defined by the left side of this equality. Alternatively, if the wage offer TW,,,;(z) is so low that the left side of
(20) is less than the right side even with a job-finding rate \,¢(6;(2)) of one in that Wi, (2) + Wy (2) < Wi(z), then
0,(z) = 0 and no consumers flow to market (z, Wiy (z)). In this case, although consumers can find jobs with probability
one in market (z, Wi,,+(2)), they prefer to search in the common market (z, Wi (2)).

We have derived consumers’ participation constraint as the result of a firm’s anticipation of consumers’ optimal
responses in stage 2 to a deviation from the symmetric equilibrium by such a firm in stage 1.!! By the one-shot-deviation
principle, the only deviations by firms in stage 1 of period ¢ that we need to consider are one-time deviations. Hence,
after period t, regardless of whether a consumer accepts the offer W,,,;(z) in market (z, Wi,(2)) or the offer Wi,,;(2) in
market (2, Wi (2)), the consumer takes as given the same sequence of value functions {U,.(2)}22, and so {W,,.(2)}22,

in any period » > ¢ resulting from future home production and employment. Note for later that if a firm makes the

T As is common in the market-utility approach of the directed search literature, the participation constraint can also be interpreted as specifying
reasonable beliefs for a firm about the tightness 6 (z) of market (z, Wit (z)) for any wage offer Wi, (z) that the firm makes in stage 1. According
to this approach, given the values W (2), Ut(2), and We(2), a firm’s reasonable beliefs about the tightness of market (z, Win+(2)) are summarized
by 0:(2) = 0" (Wit (2)|[Wpt(2), Ur(2), Wi(2)), which solves Awi (0:(2))[Wine(2) + Wpe(2)] + [1 — Awe(0:(2))]Us(2) = Wi(z). Although
this alternative approach does not specify the details of consumer behavior that justify such beliefs, it would yield equilibrium outcomes that are
identical to ours.
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symmetric wage offer Wi,:(z) = Wi (), then the tightness 6;(z) of market (z, W;,,¢(2)) is the symmetric one 6;(z) by
the participation constraint in (20).

Finally, at the end of stage 2 of period ¢, each family consumes C}.

3.4.2 Stage 1: Firms Choose Contingent Wage Offers and Post Vacancies

Consider the problem of a firm targeting a consumer with human capital z in stage 1 of period ¢ when the state is £ and
aggregate productivity is A; = A(e?). To set up this problem, given that the equilibrium is symmetric, we allow a firm
to choose any possible wage offer Wmt(z) when all other firms that search for consumers with human capital z make
the symmetric wage offer W(z).
Consider market (z, Wi,,:(2)). Any firm targeting a consumer of type z € Z; incurs the cost KA,z to post a vacancy.
Denote by Y;(z) the present value of output produced by a match between a firm and a consumer of type z, and let
/

Z/ = (1 4 ge)z. Since a match dissolves with exogenous probability o, the present value Y;(z) can be expressed

recursively as

Yi(z) = Az + (1 — U)Et[Qt,tJrlYtJrl(Z/)]- (21)

Given a wage offer W,,,;(z) for consumers of type z, the value of a vacancy aimed at such consumers is

Vi(2) = —r Az + Ap(00(2)[Ye(2) = WD)+ [1 = A0 Eefmaxs [Quei Vi (). (22)

Note that the last term in (22) captures the idea that if a firm is unsuccessful in hiring a consumer with human capital z
in period t, then the firm can search again in period ¢ + 1 for a consumer with any human capital level z’. Free entry into

market (z, W,,,s(2)) implies that V(z) = 0 in any period s for any human capital z so that (22) yields
KAz = Api(04(2))[Ye(2) — Wine (2)]. (23)

We refer to both V;(z) = 0 for each s and z and (23) for each ¢ and z as the free-entry condition.
Consider now the problem of a firm choosing an offer Wmt(z) possibly different from W,,,;(z). We rely on the
specification of consumers’ search behavior in stage 2 to derive the tightness ét(z) of market (z, Wmt(z)) by restricting

attention to serious offers, namely, offers that satisfy

Wmt(z) + Wpt(z) > Wt(Z) (24)

and hence lead to a positive job-filling rate, as discussed earlier. When a firm makes a (serious) offer of Wmt(z), the

value of a vacancy is

Vi(2) = —kAiz + Ape(0:(2))[Yi(2) = Wi (2)] + [1 = Ape(0e(2)[Er{mas [Qp. 1 Vi ()]},

where Az (0;(2)), determined from A, (f;(2)) in the participation constraint in (20), is the job-filling rate in market
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(2, Wint(2)). The problem of a firm that posts a measure of vacancies for consumers of type z is then
_max  Vi(z), (25
{Wmi(2),0:(2)}
subject to the participation constraint in (20) and the serious offer constraint in (24).12
Since a firm’s value of any offer that is not a serious one is zero, it is without loss of generality to consider a

relaxed version of this problem without the serious offer constraint. The first-order conditions for such a problem are

)\ft(ét(z)) = [Lt(z))\wt(ét(z)) for Wmt(z) and

Np(04(2)) (Ye(2) = Wine(2) — Ee{maxas[Qr41 Vi1 (2)]})
= [it(2) Xy (00(2)) [Wini (2) + Wipt(2) — Us(2)]

for ét(z), where fi;(z) is the multiplier on the participation constraint. Rearranging terms, using the free-entry condition
Vir1(2) = 0, and exploiting the symmetry of equilibrium by setting Wi, (z) = Wiy (2) and 6;(z) = 6,(z) yields that

the relationship
X (0:(2)
Ast(0:(2))

holds for all firms in equilibrium.

_ X(6(2))

Yilz) = Wom(2)] = 30,20

(Wint(2) + Wt (2) = Us(2)] (26)

3.5 Competitive Search Equilibrium: Definition and Characterization

Given the stochastic processes for aggregate productivity A; and the surplus consumption ratio S;, we define a com-
petitive search equilibrium as a collection of state-contingent sequences of allocations {Cy, e:(2), us(2), ve(2), 0¢(2)},
pricing kernels {Q; 41}, and values {W,,(2), Wpi(2), Ur(2), Wi(2), Yi(2), Vi(2)} such that i) for each ¢, taking as
given the pricing kernels and the remaining allocations and values, market tightness ;(z) and the wage offer W,,,;(z)
solve the firm’s problem (25); ii) the values W, (2), Ui (z), Wi(2), Yi(2), and V;(2) satisfy the valuation equations (17),
(18), (19), (21), and (22); iii) the laws of motion for employment and unemployment satisfy (6) and (7); iv) the free-entry
condition (23) holds; v) the resource constraint (8) holds; vi) vacancies v;(z) are implied by the definition of 6;(z) and
(5); and vii) consumption C and the pricing kernel Q) ;41 satisfy (12).

We now turn to characterizing such an equilibrium, starting with the following result that we prove in the online

appendix.

Proposition 1 (Uniqueness, Symmetry, and Efficiency of Competitive Search Equilibrium). The competitive search

equilibrium is unique, symmetric, and efficient.

That the competitive search equilibrium is efficient extends well-known results in the literature (see, for instance,

the survey by Wright, Kircher, Benoit, and Guerrieri, 2021). One way to see this result is to observe that if we

12Since a firm posts a measure of vacancies to attract a measure of consumers, the resulting matches can be thought of as determined by the
matching function m.(-, -), which is defined over measures. Hence, it makes sense to consider deviations by an individual firm in our setup. We
thank Espen Moen for useful suggestions about this setup.
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multiply both sides of (26) by 6;(2) and use that n:(0,(2)) = —01(2)N}(01(2))/Afe(0(2)) and 1 — me(0e(2)) =
01(2)N.,;(04(2))/Awt(0:(2)), then this condition is equivalent to the Hosios condition for Nash bargaining, which in
turn implies the efficiency of equilibrium.

We establish next that all equilibrium value functions are linear in z because market production, home production,
and the cost of posting job vacancies are all linear in z. Thus, market tightness, job-finding rates, and job-filling rates
are independent of z. In formalizing this result, also proved in the online appendix, we let W,,,; denote W,,,;(1) and use

similar notation for the remaining values.

Lemma 1 (Linearity of Competitive Search Equilibrium). In a competitive search equilibrium, labor market tightness
0:(2), the job-finding rate Ay (6:(2)), the job-filling rate X\t (0;(2)), and the elasticity n,(0;(%)) of the job-filling rate
with respect to 0,(z) are independent of z, and values are linear in z in that Wy (2) = Wiz, Wi (2) = Wiy,

Ui(z) = Uz, Wye(2) = Wiz, and Yi(2) = V2.

This result implies that to solve for equilibrium values and for the labor market and stock market variables of interest,
we do not need to record the measures e;(z) and u;(z) of employed and unemployed consumers with each level of
human capital z but rather only the aggregate human capital of employed and unemployed consumers given by Z.; =
[, zet(2)dz and Zy; = [, zus(z)dz, respectively. As we show in the online appendix, multiplying (6) and (7) by z
and integrating the resulting expressions with respect to z gives the transitions laws for the aggregate human capital of

employed and unemployed consumers,

Lot = Cb(l - U)(l + ge)Zetfl + ¢>\wt(9t)(1 + gu)Zutfl (27)

and

Zut = 00 (14 ge) Zet—1 + O[1 — At (00) (1 + gu) Zut—1 + 1 — ¢, (28)

which can be used to express the aggregate resource constraint as
Ct = AtZer + bAt Zut — A9 (1 + gu) Zut—1, (29)

where we have used that aggregate vacancies in efficiency units satisfy Z,; = fz zvi(2)dz = P0¢(1 + gy) Zui—1, since
ve(z) = Opupe(2) and upe(z) = dup—1(2/(1 + gu))/(1 + gu). Note that in light of Lemma 1, we have dropped the
dependence of market tightness on z. From now on, then, we denote the job-finding rate, the job-filling rate, and the
elasticity of the job-filling rate with respect to 6; as Ay (6;), Ap(6:), and 7(6y), respectively, or, simply, Ay, Ast, and
Tlt-

Proceeding similarly, we define aggregate employment as e; = fz et(z)dz and aggregate unemployment as u; =

fz u¢(z)dz. As we prove in the online appendix, integrating (7) with respect to z gives
ur = dpoer—1 + [1— At (01)Jupe +1 — ¢, (30)
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where wy; = fz upt(2)dz = Puy—1. Since consumers are of measure one, aggregate employment satisfies e, = 1 — wy.
Hence, given some initial conditions for e_; and u_;, we can construct the processes for aggregate employment and
unemployment just from the process for 6.

The next proposition establishes that for given initial conditions for the aggregate human capital Z._; and Z,,_; of
employed and unemployed consumers, the competitive search equilibrium aggregate allocations {Cy, Zet, Zy4, 0 } solve
the aggregate planning problem, namely, the problem of maximizing (9) subject to (27) through (29), taking as given
the exogenous processes for aggregate productivity A; and the surplus consumption ratio S;. The remaining competitive
search equilibrium aggregate allocations of the employed e;, the unemployed w¢, and vacancies v; = fz ve(z)dz with

v¢(z) = Oyup(z) are determined given some initial conditions for e_; and u_1.

Proposition 2 (Characterization of Aggregate Allocations). The competitive search equilibrium aggregate allocations

{C4, Zet, Zu, 0t} solve the aggregate planning problem.

For later, it is useful to note that an immediate implication of Proposition 1 is that the solution to the aggregate

planning problem is unique.

3.6 Characterization of the Job-Finding Rate

The first-order conditions for the solution to the aggregate planning problem imply that

pret = At + (1 + ge)Et{Qtt41[(1 — o) pret 1 + T prut+1]}, 3D
put = 0AL + (1 + gu)Ee{ Qr 11 [Me+1 Mot 1 tet+1 + (1 — N1 Mot 1) ue+1] 3 (32)
KA = (1= ne)Ape(pter — pout), (33)

as derived in the appendix, where p; and p,,; are the (scaled) multipliers associated with the transition laws for the
aggregate human capital of employed and unemployed consumers in (27) and (28) and so describe the shadow values of
augmenting their stocks of human capital by one unit. The discount factors { Q¢ ¢+1} in (12) are defined from allocations.
Note that conditions (31) to (33) are similar to those that arise in standard search models. In particular, equation (31) is
analogous to the sum of the value of an employed consumer and the value of an employing firm, (32) is analogous to the
sum of the value of an unemployed consumer and the value of a firm searching for a consumer, and (33) is analogous to
the free-entry condition in those models. The key difference is that in our competitive search equilibrium, the planner
takes into account the impact of vacancy creation on job-finding and job-filling rates and hence internalizes the search
externality generated by firms posting vacancies to attract consumers in order to maximize their own profits.

Under the assumption of a Cobb-Douglas matching function of the form m(u,v) = Buv!~", which we maintain

in our quantitative analysis and implies that Ay; = B 1/(1=n) Ayt / (1777), we can rewrite (33) as

_ 1—n Pet — Haut
log(Awt) = x + (77 > log (At ) : (34)
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where Y is a constant derived in the appendix. Expression (34) makes it clear that the job-finding rate A, is determined
by the value jie; — iy Of hiring a consumer scaled by aggregate productivity A;, up to constants. Given {Qy 41},
the multipliers pe; and p,,; are solutions to the dynamical system defined by (31) and (32). Here p.; is the (expected)
present (discounted) value of the sum of market and home production for a consumer with human capital z; = 1 who
is employed in period ¢, and i, is the corresponding present value for a consumer with human capital z; = 1 who is
unemployed in period . The difference in these present values, jie; — Liye, s the value of hiring such a consumer, which
is given by the present value of the incremental output produced by moving one consumer with one unit of human capital
(z¢ = 1) from unemployment to employment in . We refer to the incremental output in period ¢ + n resulting from such
a change in period ¢ as the surplus flow in t 4+ n from a match created in ¢ and denote it by vy .

To develop intuition for the solution to this system, we consider an approximation to it, in which we ignore the
variation in future job-finding rates A5 = Ay (05) by assuming that A\,,s = Ay (0), s > t, for a given 6, and so denote
Aws by Ay, for simplicity. (In Kehoe, Lopez, Midrigan, and Pastorino, 2021, we show that the intuition we provide here
and elsewhere continues to hold when we dispense with the assumption of constant future job-finding rates.) In our
quantitative analysis, we solve this system through an accurate global nonlinear algorithm described later that involves
no approximation. To determine the present value of surplus flows under our approximation of future job-finding rates,
we impose the limit condition that the present values of future multipliers converge to zero, and we solve the dynamical

system in (31) and (32) forward to obtain!3

1 + ge 1 — 1+ ge 1
Z P R O Et(QurinArin): (35)
Hout (1+ gu)nAw (1+ gu)(1 = nAyw) b

It follows from (35) that the value p; — ¢ of hiring a consumer on the right side of (34) depends on the present value

of aggregate productivity and can be expressed as
oo
Het — Hut = Z Et(Qt,t+nvt+n)7 (36)
n=0

where the surplus flow in period t 4+ n is given by
Vt4n = (0554 + 635 )At+n (37)

For this latter result, we have used that since p; and p,,; are determined by the system in (35), so is their difference,
which has the form shown in (36). In (37), d; and J5 are the large and small eigenvalues or roots of the two-by-two
matrix in the vector difference equation in (35) with corresponding weights ¢, and cs. For ease of interpretation, it is

convenient to rewrite the present value of surplus flows as

Et(Qtt-‘rnvt—i-n) = (086? + Csdg)Pnta (38)

rwith v g [(1H9)(1=0)  (1+ge)o
T with U =¢ (14gu)n e (14g2)(1=1A0) ]|

PWe impose limr—, oo B¢ (Qu, 7V~ [ter, prur]™)=1[0,0

19



where Py = E(Q¢t4+nAs+n) is the price of an asset that pays a one-time dividend of A;,, in period ¢t + n. We refer
to this asset as a claim to productivity in n periods or simply a productivity strip. Note that the present value of surplus
flows on the right side of (36) decays over time, as it represents the discounted difference between the value of being
employed and the value of being unemployed and both states are transitory: an employed consumer can lose a job and an
unemployed consumer can find one. That these surplus flows decay slowly over time will prove critical for our model’s
ability to generate volatile job-finding rates and unemployment.

Consider now the solution for p.; — p¢ from the system in (35). To keep the algebra simple, we set the survival
probability ¢ to one and maintain that g, is zero; see the appendix for the general case. As we show there, the large

d¢ > 1 and small d; < 1 roots of this solution are

Se=1+3[/ (T = N)2+4ndwge—/(1 = NF and  6s=A—3[/(1 = N)2Z+dnhwge—/ (1 = N3,  (39)
with associated weights
ce=[(A=05)(1 —b) +geb] /(6 — 0s) and  cs=1—b—cy, (40)
where A = (1 — o)(1 + ge) — N\w < 1.'* Combining these formulae with (34), (36), (37), and (38), we then obtain:

Proposition 3 (Job-Finding Rate). The job-finding rate approximately satisfies

1— = P,
log(Awt) = X + (77"> log [Z(cﬁ? +ead}) 5| (41)
t

n=0

where x is a constant and 0y, 05, ¢p, and cs are given in (39) and (40).

This proposition shows that the (log) job-finding rate is a weighted average of the prices of claims to future pro-
ductivity, up to the constants x and 7. Hence, movements in the job-finding rate are due solely to movements in these
prices, relative to current productivity. Interestingly, this result applies as stated to all preference structures we examine.
In particular, under our approximation of constant future job-finding rates, the weights {c,0;' + 50 } remain fixed as we
vary preferences, since they are determined solely by the labor market side of the economy—the roots (dy, d5) and their
weights (¢, ¢s) do not depend on either the utility function or the aggregate productivity process. Then, the formula for
the job-finding rate has this same form for all the preferences we consider and differs across them only in terms of the
expression for Py /A"

After we present our quantitative results, we use the formula in Proposition 3 to provide some intuition about the

amplification mechanism for productivity shocks that our model gives rise to. As will become clear, the longer is the

"“When ¢ is less than or equal to one and g, is nonzero, c; = [(¢X — 55)(1 — b) + d(ge — gu)b]/(0e — 65), ¢s = 1 — b — co, ¢ =
$(149u)+ 5[V + gu = N2+ 400 (1 + 9u)(ge — gu) =/ (1 + gu — A)Z] and 65 = GA=F[/ (1 + gu — X)? + 402w (1 + gu)(ge — gu)—
V14 gu—A)?]with A= (1—=0)(1+ ge) — NAw (1 + gu).

I5Tf we drop our approximation of constant future job-finding rates, then when we solve (31) and (32) forward for fic: and jiys, terms of the
form E+(Q+,+4-n Awt+nAt+n) appear that involve the covariance of Q¢ 4 and Awttn As4n. Since preferences affect this covariance, the resulting
formulae for pre; — pue and hence A+ depend on preferences. In Kehoe, Lopez, Midrigan, and Pastorino (2021), we show that the formulae in
Proposition 3 can nonetheless be extended to this more general case.
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horizon or maturity n of claims to future productivity, the more sensitive are the prices of these claims to fluctuations
in productivity. Moreover, the larger is the growth of human capital during employment, and the larger is the decline of
human capital during unemployment, the more slowly the present value of surplus flows decays over time. Correspond-
ingly, by (38), the present value of the prices of claims to future productivity attributes large weights to long-maturity
claims. That is, the persistence that the human capital process imparts to surplus flows implies that these flows have
long durations, making the job-finding rate more dependent on the prices of long-maturity claims that fluctuate relatively
more with productivity. This feature of our model will play a crucial role in amplifying the impact of aggregate shocks

to the labor market.

4 Quantification

Here we describe how we choose parameters for our quantitative analysis. The model is monthly, and its parameters are
listed in Table 1: six parameters, { B, b, 0,1, ¢, g. }, have assigned values, and the remaining seven, {g,, 04, K, 3, S, @, ps },
have values chosen to match seven moments from the data. We normalize the value of market tightness 6 to one in the
deterministic steady state, as in Shimer (2005), which pins down the efficiency of the matching function, B. Following
Ljungqvist and Sargent (2017), we fix the home production parameter b to 0.6 and the matching function elasticity 7 to
0.5. We set the separation rate o to 2.8%, which equals the Abowd-Zellner corrected estimate of the separation rate by
Krusell et al. (2017), based on data from the Current Population Survey (CPS).16

We interpret each model year as corresponding to one year of (potential) labor market experience—measured in the
data as age minus education minus six—and choose the survival probability ¢ to be consistent with an average working
life of 30 years, which corresponds to the prime-age working horizon between the ages of 25 and 55 years. Below,
we consider an alternative parameterization with ¢ set at a value consistent with an average working life of 40 years,
as we assume in our later life-cycle extension of the baseline model. We select a growth rate of human capital during
employment g, of 3.5% per year, which, taking into account an aggregate productivity growth of 2.2% per year, matches
the average annual growth rate of real hourly wages documented by Rubinstein and Weiss (2006, Table 2b), based
on the National Longitudinal Survey of Youth (NLSY).!” To make clear that our results do not rely on human capital
depreciating during unemployment, we set g,, to zero in our baseline. We later explore the sensitivity of our findings to
lower rates of human capital accumulation on the job and higher rates of human capital depreciation off the job. As we
will discuss, our results hold for a wide range of values for g, and g,,. In particular, a locus of pairs (g, g,,) exists with

identical predictions for the volatility of the job-finding rate.

16This statistic is lower than the 3.4% monthly separation rate in Shimer (2005) owing to the correction for potential misclassification. We also
experimented with a recalibration in which we used the higher separation rate in Shimer (2005) and found very similar results. As will become
evident, employment responses in our model are determined mainly by the duration of surplus flows from a match rather than by the length of time
a worker spends in any given match.

"Rubinstein and Weiss (2006, Table 2b) documented that annual wage growth is 7.7% over the first 10 years of labor market experience, 3.3%
between 11 and 15 years of experience, and 4.9% between 16 and 25 years of experience, for an average annual growth rate of approximately
5.8%. Taking into account a growth rate of labor productivity of 2.2% per year (see footnote 18), we obtain an annual growth rate of wages of
3.5%, which we use in our baseline calibration. Despite our model’s lack of specific predictions for flow wages, we later show that similar values
for g. are implied by our moment-matching exercise under different wage protocols for flow wages.
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We turn now to the endogenously chosen parameters. We select the parameters g, and o, of the aggregate produc-
tivity process to match the mean and standard deviation of labor productivity growth from the U.S. Bureau of Labor
Statistics (BLS) for the period between January 1947 and December 2007.'® We choose « to reproduce an average
quarterly unemployment rate of 5.9% based on data from the BLS between January 1948 and December 2007.

Consider next the preference parameters, {3, S, a}. We choose the rate of time preference  and the mean S of
the surplus consumption ratio S; so as to match the mean and standard deviation of the real risk-free rate 7, measured
as iy — E¢(m11), where 4; is the one-month Treasury bill rate and E;(7;41) is expected inflation.!” To see how the
process for the state Sy can be parametrized to generate a volatility of the risk-free rate in line with the data, consider
the following argument adapted from Campbell and Cochrane (1999) to our economy. Under the approximation that
consumption growth equals productivity growth in that Ac; ~ Aa;, consumption innovations are normally distributed

and the risk-free rate, defined as exp(7 ;) = 1/E¢(Qy,¢+1), satisfies

1
Ty~ —Eyflog(Qte41)] — iof[log(Qt,m)]. (42)

Then, by using the law of motion for s;, the definition of the sensitivity function \,(s;), and our approximation that
Ei(Aci+1) = Ei(Aagt1) = ga, simple algebra implies that
ao?
T4 A const + o [52 - (1- ps)] S¢. (43)
Hence, the model can reproduce the standard deviation of the risk-free rate in the data with a suitable choice of S. (For
details, see the online appendix.)

We choose the inverse elasticity of intertemporal substitution « so that the (unconditional) Sharpe ratio of the stock
market excess return E(R;41 — Ry;)/0(Ri+1 — Ryy) in the model, measured by the return on consumption claims,
equals the (unconditional) Sharpe ratio of the stock market excess return in the data.”’ This strategy is similar to that
used by Campbell and Cochrane (1999) and Wachter (2006) in a related context. To pin down the persistence ps of the
log surplus consumption ratio s;, we follow Mehra and Prescott (1985), Campbell and Cochrane (1999), and Wachter
(2006) and interpret dividends as claims to aggregate consumption in the model and as claims to aggregate dividends in

the data. Based on this strategy, we choose p; to reproduce the annual serial correlation of the log price-dividend ratio

in the data.?!

'8The actual variable is “Nonfarm Business Sector: Labor Productivity (Output per Hour) for All Employed Persons.” We use data for labor
productivity starting from 1947 to guarantee that the time series for productivity growth conforms to our time series for unemployment, which
covers the period between 1948 and 2007.

"“We calculate i; using an updated version of the Fama and French’s (1993) data for the thirty-day Treasury bill rate, available from Kenneth
French’s website, and E;(7++1) as the inflation predicted from a regression of monthly CPI (U.S. city average for all urban consumers) inflation
on twelve of its lags, as is common in the literature.

I the model, the consumption claim in ¢, {C, }52,, is defined as a claim to a dividend stream equal to aggregate consumption today and in all
future periods. We measure the Sharpe ratio of the stock market excess return in the data using the S&P composite stock price index available from
Robert Shiller’s website. Note that we would have obtained similar results by using data from, say, the Flow of Funds, since as shown by Larrain
and Yogo (2008), the returns measured from broad-based stock price indices are highly correlated with the returns measured from aggregate stock
market prices and dividends based on the Flow of Funds. In our sample, this correlation is 0.97.

2n the online appendix, we discuss with what degree of precision the data on asset prices pin down ps and how our results on the volatility of

22



We conclude by describing the global algorithm that we use to solve the model; we provide more details in the
online appendix. We found, as Wachter (2005) did in a related context, that only a global method proves an accurate
solution. Accordingly, we use Chebyshev polynomials for policy rules and evaluate expectations by a Gauss-Hermite
quadrature with a sufficiently large number of nodes so that results are not sensitive to changes in their number.?> We
follow Wachter (2005) in allowing for a large fine grid over the surplus consumption space that crucially places many

grid points close to zero.

5 Findings

Shimer (2012) has argued that a key issue confronting existing search models is that they generate too little variation
in the job-finding rate, which accounts for over two-thirds of the observed fluctuations in unemployment. Accordingly,
our study is focused solely on a mechanism that increases the volatility of the job-finding rate. For this reason, we
purposely abstract from fluctuations in the job-separation rate and compare, across the model and the data, statistics on
the job-finding rate and a constant-separation unemployment rate implied by it, as in Shimer (2012), which we discuss

next. We then turn to the model’s implications for stock and bond returns.

5.1 Job-Finding Rate and Unemployment

As Table 1 illustrates, our model produces an average quarterly volatility of the job-finding rate of 6.60%, which is very
similar to that in the data, 6.67%. Note, though, that even if our model exactly matched the empirical time series of the
job-finding rate, it would not be able to match the empirical time series of the unemployment rate, because the separation
rate varies in the data, whereas it is constant in our model. To address this issue, we follow Shimer (2012) and construct
a monthly constant-separation unemployment rate series {u,} based on data on unemployment from the BLS between
1948 and 2007 with law of motion @;+; = o(1 — ;) + (1 — A1) U, where o equals 2.8%, which implies an average
quarterly unemployment rate of 5.9%; see Shimer (2012) for details. For brevity, both in Table 1 and hereafter, we refer
to this series simply as the unemployment rate.

Table 1 shows that our model closely matches the volatility of this constant-separation unemployment rate in the
data (0.75% in the model and 0.79% in the data) and implies a serial correlation for it of 0.99, which is in line with
that in data, 0.96. Table 1 further demonstrates that our model reproduces well the highly negative correlation between

job-finding and unemployment rates, which is -0.99 in the model and -0.96 in the data. This result is consistent with

the job-finding rate vary across empirically relevant values of p,. Specifically, in our baseline model, we choose ps by targeting the autocorrelation
of the log price-dividend ratio. In the online appendix, we first measure the variability of the estimate of this autocorrelation from the data.
Then, we show how varying the estimated value of this autocorrelation in our moment-matching exercise affects the implied value of the habit
persistence parameter and, in turn, the volatility of the job-finding rate. Finally, we investigate how the variability of other moments in the data
that can alternatively be used to discipline ps, such as the standard deviation of the excess return on stocks and the mean of the 20-year real bond
yield, impacts the value of this parameter and the volatility of the job-finding rate. Overall, we find that our model’s implications for the volatility
of the job-finding rate are robust to different methods of determining the value of the habit persistence parameter and to a broad range of relevant
values for it.

2In particular, we use Chebyshev polynomials of degree twenty in the transformation g(s;) = [1 — 2(s; — s)]"/? of the surplus consumption
state s; and of degree four in each of the human capital states Z¢; and Z.
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Shimer’s (2005) emphasis that unemployment rises in recessions because the job-finding rate falls owing to a decline in
vacancy creation.

In light of all of these statistics, we conclude that our model solves the unemployment volatility puzzle.

5.2 Stocks and Long-Term Bonds

We now discuss our model’s implications for stock market returns and long-term bond yields.

5.2.1 Stock Market Returns

In the data, flows of payments to equity or debt holders are mostly payments for physical and intangible capital, and
depend on firm leverage. Our simple model without either physical or intangible capital features none of these payments
and abstracts from leverage. Indeed, as the free-entry condition shows, equity flows in our model are simply payments
for the up-front costs of posting job vacancies. For these reasons, we follow the simple approach in the asset-pricing
literature that dates back at least to Mehra and Prescott (1985) and interprets stocks as claims to streams of aggregate
consumption; see, for instance, Campbell and Cochrane (1999) and Wachter (2006). Following this approach, we price
claims to streams of aggregate consumption in the model and contrast their prices to stock prices in the data.

In Table 1, we compare the mean and standard deviation of the excess return on stocks, their ratio—which corre-
sponds to the Sharpe ratio of the stock market excess return—and the mean and standard deviation of the log price-
dividend ratio computed from the S&P composite stock price index with the corresponding statistics on consumption
claims implied by our baseline model. As is apparent from the table, the two sets of statistics are indeed close. For
instance, the ratio of the mean to the standard deviation of the excess market return is 0.45 both in the model and in the
data. The standard deviation of the log price-consumption ratio in the model is 86% of the standard deviation of the log
price-dividend ratio from the S&P composite stock price index in the data, namely, 0.38 versus 0.44. In this sense, our

model has predictions for the stock market broadly in line with the data.

5.2.2 Long-Term Bond Yields

One problem with the early habit model of, say, Jermann (1998), is that it implied excessively volatile interest rates. As
Cochrane (2008, p. 295) explained, the next generation of habit models, such as Campbell and Cochrane (1999), were
designed to overcome this limitation. As Table 1 illustrates, the standard deviation of the risk-free rate in our model is
the same as that in the data. Hence, our baseline model does not imply excessively volatile short-term interest rates.

We now turn to examining our model’s implications for long-term interest rates and show that our model does not
generate a volatility puzzle for such rates either. Two basic approaches have been followed in the literature to analyze
long-term interest rates. The first approach relies on Treasury Inflation-Protected Securities (TIPS) as a measure of real
interest rates. The second approach consists of augmenting the economic model of interest with an inflation process
and assessing the resulting model’s implications for nominal interest rates. In terms of the data, which we take from

Gurkaynak, Sack, and Wright (2007, 2010), we note that reliable measures of nominal 20-year bonds and TIPS are
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available only since 1981 and 1999, respectively.

Consider the first approach of directly constructing measures of real interest rates using TIPS. One issue with this
approach, as discussed by D’ Amico, Kim, and Wei (2018), is that in several well-known periods, these securities were
quite illiquid, and thus their yields were distorted by sizable liquidity premia. We address this issue by following the
strategy by D’ Amico, Kim, and Wei (2018), who argued that a TIPS-specific liquidity premium can be filtered out from
TIPS yields by regressing these yields on the first three principal components of nominal yields of up to 20-year maturity.
To lengthen the sample, we backcast TIPS yields using predictions from this same regression on principal components of
nominal yields estimated over the post-1999 period to obtain liquidity-adjusted TIPS yields for the period between 1981
and 1999, during which nominal 20-year bonds were actively traded but TIPS were not, as discussed by Gurkaynak,
Sack, and Wright (2007).

In Table 1, we report the mean and standard deviation of real yields on 20-year bonds constructed using this strategy,
as well as the corresponding statistics for real yields in our baseline model. The mean yield in the model, 3.55, is a bit
lower than that in the data, 4.74, but the standard deviation of these yields in the model, 2.24, is quite close to that in the
data, 1.95.

Consider next the second approach. We first solve for all real variables in our model. We then append to the model
a purely exogenous process for inflation with shocks that are correlated with those to the real side of the economy.
Specifically, following Wachter (2006), we specify inflation as an ARMA(1,1) process and estimate the process for CPI
inflation allowing for the contemporaneous correlation of inflation with shocks to aggregate productivity. It is worth
noting that, as in Wachter (2006), although inflation has no effect on real variables by construction, nominal bonds carry
a positive risk premium over real bonds because the estimated process for inflation implies that inflation is high when
surplus consumption is low, so that nominal bonds buy fewer goods when consumers have a high marginal utility of
consumption. (See the online appendix for details.) In practice, this inflation-risk premium on nominal bonds is very
small, about 25 basis points.

Given the estimated parameters of the inflation process, we can compare nominal yields in the model to those in the
data. As reported in Table 1, the mean nominal yield on 20-year bonds is similar across the model and the data, 7.53
versus 7.71, and the standard deviation of these yields in the model is also close to that in the data, 2.30 versus 2.41.

In summary, our model does not display a risk-free rate puzzle at either short or long horizons.

6 Two Critical Forces: Time-Varying Risk and Human Capital

Here we demonstrate the critical roles played by time-varying risk and the process of human capital acquisition for our
results. Without either ingredient, our model would not generate volatile job-finding rates or unemployment. To illustrate
the role of time-varying risk, we study a model with CRRA preferences and show that such a model implies no volatility
for either the job-finding rate or unemployment. To illustrate the role of human capital acquisition, we study a model in

which consumers’ human capital is constant over time and show that such a model generates negligible fluctuations in
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labor market variables.

6.1 Role of Time-Varying Risk

We investigate the importance of time-varying risk in our model by showing that as the degree of risk in the economy
decreases, so does the volatility of the job-finding rate. We begin with a stark example in which we eliminate time-
varying risk by removing the habit in consumption, so that our preferences reduce to preferences with constant relative
risk aversion, and show that the job-finding rate is constant in this case. We then demonstrate, more generally, that as we

reduce the degree of risk in the economy, the volatility of both the labor market and the stock market decreases.

6.1.1 Constant Relative Risk Aversion Preferences

Consider a version of our model in which we set .S; = 1 so that our baseline utility function reduces to the CRRA form
oo . Ctl_a

E . 44

o?oﬁ (1—@) (44)

For this specification of preferences and a general time-invariant constant returns-to-scale matching function, the fluctu-

ations of the job-finding rate and unemployment are identically zero.

Proposition 4 (Constant Job-Finding Rate and Unemployment under CRRA). Starting from the steady-state values of
the total human capital of the employed and the unemployed, Z, and Z,,, with preferences of the form in (44), both the

job-finding rate and the unemployment rate are constant.

In interpreting this result, it is important to note that by construction, we have abstracted from the standard mecha-
nism of differential productivity across sectors of search models, which implies that a decrease in aggregate productivity
Ay reduces a consumer’s productivity in market production but leaves a consumer’s productivity in home production and
the cost of posting job vacancies unaffected. Hence, by this mechanism alone, consumers find it less attractive to work in
the market, and firms find it less profitable to hire workers in a downturn, so a reduction in aggregate productivity leads
to an increase in unemployment. In our model, by contrast, a decrease in A; equally decreases a consumer’s productivity
in market and home production as well as the cost of posting vacancies. Specifically, a consumer with human capital
z produces A;z when employed and bA;z when unemployed, and it costs a firm xA;z to post a vacancy for such a
consumer. Therefore, the only effect of a change in aggregate productivity in our model is the resulting change in the
present value of the surplus flows from a firm-consumer match, as (36) and (37) show. With CRRA preferences and
random-walk productivity, this present value is constant relative to current productivity, and so are the job-finding rate
by (34) and unemployment.

We now provide some intuition for this result using our approximation for the job-finding rate in (34). In the ap-
pendix, we show that the same logic applies to the formal proof of the result, which does not rely on any approximations.
To start, note that by substituting into (36) the expression (c,0;' + c50% ) A¢yr, for the surplus flow vy, by (37) and the

CRRA pricing kernel 8" (Cy4.,/Cy) ~ for the pricing kernel Q¢ ¢+, by (12) and dividing by Ay, the key term on the right
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side of (34) becomes

00 11—« A o
Met — Mut n n n Atin Citn
BT —nZB (cedy +csés>Et{< i ) ( ) ) } (45)

=0
where C; = C, /Ay is scaled consumption. With CRRA preferences and random-walk productivity, it is easy to show
that consumption moves proportionately to productivity so that scaled consumption Cy is constant. Moreover, given that
productivity follows a random-walk process, its expected growth rate, ¢ (A4; 1, /A;)'~, does not vary with A;. Hence,
the right side of (45) is constant, which implies that both the job-finding rate and unemployment are invariant to changes

in A; by (34).
6.1.2 Relation between Labor Market Volatility and Stock Market Volatility

We now consider two experiments in which we reduce the degree of risk in the economy and show that when we do so,
both labor market volatility and stock market volatility fall. In this sense, our model generates volatility in the job-finding
rate and unemployment only if it also generates volatility in stock prices.

Recall that time-varying risk arises in our model because of a large and, owing to fluctuations in the surplus consump-
tion ratio Sy, volatile price of risk. To isolate the importance of time-varying risk, we then conduct two experiments.
For the first experiment, note that at a steady state, the price of risk is approximately equal to ao,/S.2® In the first
experiment, we thus reduce the price of risk by increasing S (for fixed a and o,) and adjust the vacancy posting cost
K so as to keep the mean unemployment rate fixed at its baseline value. In the left panel of Figure 1, we graph the
resulting volatility of the job-finding rate, the volatility of the stock market as measured by the standard deviation of the
log price-consumption ratio, and the equity premium E(r.,,;) as measured by the expected stock market excess return,
defined as the difference between the mean return on the consumption claim and the risk-free rate. All three statistics
are reported as a percentage of their level in the baseline. It is apparent from the figure that as we reduce the price of risk
by decreasing o, /.S, the risk in the economy, as captured by the volatility of the stock market and the equity premium,
falls, and the volatility of the job-finding rate falls along with it.

In the second experiment, we consider the role of the variability in the consumption habit in generating time-varying
risk. To isolate its importance, we vary the standard deviation of the process for the surplus consumption ratio, holding
fixed the primitive volatility of the aggregate productivity process at its baseline value. Formally, recall that the standard

deviation parameter o, affects both the process for aggregate productivity,

log(Ai11) = ga + log(Ay) + Tacarst, (47)

ZTo see this, note that assuming that returns { R;11} are conditionally log-normally distributed, and using the approximation that Ac;41 =
Aaty1, we obtain that

log[Et(Rt-H/th)} —a s)o :g — .
oellog(Res1/Ryo)] < olog(Qre+1)] = o[l + Aa(st)]oa Sm @ (46)

where the first inequality is the Hansen-Jagannathan bound for log-normal returns and the first equality follows from (10)-(12). The last term of
this inequality is a measure of the price of risk for log-normally distributed returns, and it reduces to ao, /S in a steady state with s; = s.
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and the process for the log surplus consumption ratio,

Si41 = (1 — ps)s + psst + Aa(st)0cat+1, (48)

since ¢ = o, in the baseline. In this second experiment, we reduce the fluctuations in the surplus consumption ratio
by lowering ¢ while keeping the volatility o, of the aggregate productivity process in (47) unchanged. We proceed as
we did above and adjust the vacancy posting cost x to keep the mean unemployment rate fixed at its baseline value. In
the right panel of Figure 1, we graph the same three variables implied by our model as in the left panel of the figure
for different values of . As is apparent from the figure, if we reduce risk by reducing the variability of the surplus
consumption ratio, then in this case too the equity premium falls together with the volatility of both the stock market and
the job-finding rate.

These two experiments make it clear that our model with human capital acquisition produces labor market volatility

through the same forces by which it produces stock market volatility and the equity premium.

6.2 Role of Human Capital

We explore the role of the human capital process in generating fluctuations in the job-finding rate and unemployment by
examining the implications of alternative values for the rates of human capital accumulation on the job and depreciation
off the job. In the next section, we develop further intuition for our findings by analytically characterizing the elasticity of
the job-finding rate with respect to the exogenous state of the economy s; and by showing how this elasticity is affected
by the human capital process.

In Table 2, we compare our baseline model to one in which we set g = ¢, = 0. In this latter model, which we
refer to as DMP model with baseline preferences, as well as in other variants that we will consider in later sections, we
maintain the same parametrization as in the baseline model, with the exception of the vacancy cost parameter , which
is chosen in each instance to ensure that the model reproduces the average quarterly unemployment rate in the data
reported in panel B of Table 1. As Table 2 shows, the volatility of the job-finding rate in the DMP model with baseline
preferences drops to about 2% of that in the data (0.14%/6.67%). Thus, absent human capital, the unemployment rate
barely moves. In the last column of Table 2, we consider the baseline model with g. = g, = 3.5% so that human capital
grows at the same rate, regardless of whether a consumer is employed or unemployed. In this case too, the volatility of
the job-finding rate is quite low, again approximately 2% of that in the data (0.14%/6.67%). These results illustrate that
it is not the presence of human capital acquisition per se that is important for our results but rather the differential growth
of human capital on and off the job, which makes hiring a worker an investment with long-duration payoffs.

The two panels of Figure 2 plot the impulse responses of the job-finding rate and the unemployment rate to a one-
percent decrease in aggregate productivity, starting from the simulated ergodic means of the state variables S, Z.¢, and

Zut, for two versions of our model: the baseline model and the DMP model with baseline preferences.”* Clearly, the

2Since our model is nonlinear, the response of a variable to a shock depends on the levels of the state variables and the size of the shock.
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responses of both the job-finding rate and the unemployment rate are much larger in the presence of the human capital
process than in the absence of it.

So far we have considered an extreme scenario in which all of the duration in surplus flows is due to the acquisition
of human capital on the job, governed by the accumulation rate g., by setting the depreciation rate of human capital
off the job g, to zero. A variety of studies, though, have documented that the decrease in wages following a spell of
nonemployment can be substantial (see, for instance, Davis and von Wachter, 2011). In light of this evidence, we now
show that if we reduce the rate of human capital accumulation on the job and, in a manner consistent with the evidence
on the wage losses due to nonemployment, correspondingly raise the rate of human capital depreciation off the job, then
we obtain results that are identical to those implied by our baseline parametrization.

For instance, a conservative estimate of the degree of human capital depreciation off the job g, is -7.9% per year,
which matches the average wage loss after up to one year of nonemployment for workers with fewer than 35 years of
labor market experience in the Panel Study of Income Dynamics (PSID).2 If we set g, equal to this value, then a value
of g. of just 1.6% per year is sufficient to generate the same volatility of the job-finding rate and unemployment as that
under our baseline parametrization. Note that although such a value of g, is much lower than our baseline value of 3.5%,
it is actually in line with estimates of wage growth based on the PSID (see Rubinstein and Weiss 2006, Table 2b), as we
discuss in Section 9. More generally, in the left panel of Figure 3, we graph the loci of values for (g, g,,) that give rise
to a volatility of the job-finding rate that is equal to a given percentage of the volatility generated by our model under our
baseline parametrization. We trace these loci by varying the values of g. and g,, while keeping all other parameters fixed
at their baseline values, except for x, which, as discussed, we adjust to keep the mean unemployment rate unchanged.

Consider first the locus labeled 100%, which implies the same volatility of the job-finding rate as in our baseline.
Clearly, our amplification results hold for very modest rates of human capital accumulation on the job and depreciation
off the job, including values of g. below 1% and of g, close to zero. In fact, when g, is as low as 1%, even if g,
just equals -3.3%, the model produces 80% of the volatility in the baseline, whereas if g, equals -0.6%, the model still
produces 50% of the volatility in the baseline.

So far we have assumed that a consumer’s average working life is 30 years. We now consider how our results change
if we increase a consumer’s average working life to 40 years by raising the value of ¢ from 0.9972 to 0.9979—we
will use such a value of ¢ later in our extension of the baseline model to a life-cycle model with young and mature
consumers. In the right panel of Figure 3, we graph loci of values for (g, g,,) constructed analogously to those in the left
panel. Namely, we trace these loci by varying the values of g. and g,, while keeping all other parameters fixed at their
baseline values, except for x, which we adjust to keep the mean unemployment rate unchanged, and ¢, which is now set

at a higher value. If we compare the panels for the 30-year working life and the 40-year working life, then it is clear that

As is standard, we compute the impulse response for, say, the job-finding rate in t + n as E¢(Awt4n|et = A, St, Zut, Zet) — Et(Awtsnler =
0, St, Zut, Zet), with Sy, Zy,¢, and Ze¢ set to their simulated ergodic means.

We computed this value of g, using the sample used by Buchinsky, Fougeére, Kramarz, and Tchernis (2010). See Kehoe, Midrigan, and
Pastorino (2019) for details.
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with the longer working life, for any given value of g,, the model generates the same volatility of the job-finding rate
as it does with the shorter working life for somewhat smaller values of g.. For example, with a value of g,, of -7.9%,
the model with the longer working life and g. equal to 1.5% generates the same volatility of the job-finding rate as the
model with the shorter working life and g. equal to 1.6%. Likewise, with the longer working life, given a value of g, as
low as 1%, when g,, equals -2.9% (rather than -3.3% as in the case of the shorter working life), the model produces 80%
of the volatility in the baseline, whereas when g,, equals -0.4% (rather than -0.6% as in the case of the shorter working
life), the model produces 50% of the volatility in the baseline.

Overall, we conclude that our findings on the volatility of the job-finding rate are not knife-edged results that hold
only for specific values of g., g, or the average working life. Rather, our results are robust to perturbations of the values

of the parameters describing the evolution of human capital.

7 Our Mechanism

Here we explore the mechanism of our model in more detail. We first derive a closed-form solution for the job-finding
rate and its dependence on the exogenous state of the economy s;, based on the simple approximation for the multipliers
et and i,y in (35). We also identify a sufficient statistic for the volatility of the job-finding rate that will turn out to be
common across all preference structures we explore. We then argue that our mechanism does not rely on wage rigidity
and that the parametrization of the human capital process, which governs the dynamics of wages, is both consistent
with evidence on wage growth untargeted in our moment-matching exercise and robust to alternative wage protocols to

determine flow wages.

7.1 Inspecting the Mechanism

We now inspect our mechanism by deriving a closed-form solution for the job-finding rate and its dependence on the
state of the economy. Using it, we next derive a sufficient statistic for the volatility of the job-finding rate that is robust
across all preference structures we consider. To start, we simplify the calculation of the price F,;; in ¢ of a claim to
aggregate productivity in ¢ + n that appears in (41) by approximating the growth rate of consumption by the growth rate
of aggregate productivity. Under this approximation, the pricing kernel becomes Q; 141 = S[Si+1A41+1/(S:A)] ™. In
the next lemma, we provide a risk-adjusted log-linear approximation to Pp¢/A; = Ei(Qt t4nAttn/As) around s; = s,
which is the price of a claim to the growth rate of aggregate productivity A;;,,/A; in t + n derived from (38). We focus
on the scaled price P,;/A; because it is stationary, unlike the price P,;;, which grows over time since A; is governed by

a random-walk process with drift.

Lemma 2 (Price of Productivity Claim). The price Py; of a claim to aggregate productivity in n periods approximately
satisfies

P,
log <14:> =ap + bn(st - 8)7 (49)

30



where ag = by = 0, ap, = log(B8) + (1 — @)gq + an—1+ [1 — bp—1 — (o — by—1)/S|?02/2, and

bn = (1= ps) =+ psbn1 + <1 B _Sb“) (a _Sb’”> . (50)

Ifa>land1—ps+ (1 —a/S)o2/S > 0, then b, grows monotonically from 0 to c.

The proof of this lemma is in the appendix. To understand this result, observe that the constant a,, in (49), once
recursively solved out, equals the log of the discount factor 5™ up to an adjustment term for productivity growth and
risk, captured by g, and o, and decreases with n as long as the drift rate g, is large enough and o > 1. The elasticity
by, of the (scaled) price P,;/A; with respect to the exogenous state s; instead captures how this price moves with s; and
increases monotonically from 0 to «, provided that 1 — ps + (1 — a/S)o2/S > 0, which is satisfied in our baseline
parametrization.

Given that the elasticity b, increases with the maturity n of a claim, (49) implies that the longer is the maturity
of a claim, the more sensitive is its price at horizon n to the exogenous state s;, and so the lower is the price of a
long-maturity claim relative to that of a short-maturity one when the state is low (s; < s). To see why the elasticity by,
increases with n, consider first an economy without risk (o, = 0) in which the dependence of the price of a claim to
its horizon is governed purely by intertemporal substitution motives. In this case, the expression for b,, in (50) reduces
to bL% = (1 — ps) + psbt® | with b} = 0, which implies that b = (1 — p?). Hence, b.° increases with n, since
py decreases with it. Intuitively, when the exogenous state s; is below its mean s, it is expected to revert back to it,
as habits slowly adjust to the lower consumption level. Thus, consumers value current consumption more than future
consumption. As a result, they are willing to pay relatively less for a claim to consumption in the far future, when
the state is expected to be much closer to its mean, and relatively more for a claim to consumption in the near future,
when the state is expected to be close to its current low value s;. This intertemporal substitution logic explains why b,
increases with n in the absence of risk.

Now consider an economy with risk in which the last term in (50) is nonzero. This term is an offsetting adjustment
factor for risk that captures both precautionary saving motives, which have a negative effect on b, and a risk premium
effect, which has a positive impact on b,, and compensates for the risk resulting from the covariance between the future
marginal utility of consumption and future productivity growth.?® Although this offsetting adjustment factor is negative,
as the precautionary saving motives dominate the risk premium effect, it does not reverse the monotonicity of b,, with n.
Specifically, in the presence of risk, the elasticity b, still increases with the maturity of a claim towards «, albeit more
LS

slowly in that b,, < bfLS . To see why b,, is smaller than but converges to it, note that in the short run, precautionary

%To see why precautionary saving motives have a negative effect on b,, whereas the risk premium effect has a positive impact on it, consider the
price of a real risk-free bond that pays one unit of consumption goods in n periods, Py, = E¢(Q¢,¢+n ), which can be approximated as log(Py;) ~
ay+by, (st —s). Since this bond pays off a constant amount of goods, its price moves with the state s; only because of intertemporal substitution and
precautionary saving motives. The sensitivity of this price to s, is given by b], = (1—ps)a+psbr_1+[—bh_1— (a—bl_1)/S][(a—b},_1)/S]o2.
In this expression, precautionary saving motives are captured by the last term, which has an obvious negative effect on by,, as bj, lies between 0
and « for any n under typical parametrizations. That the risk premium effect is positive is immediate by comparing the first term multiplying o2
in b, and the corresponding term in by, since both (a — by, _1)/S and (v — b,,—1) /S are positive. See the online appendix for these derivations.
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saving motives make consumers more willing to save, attenuating the incentives for intertemporal substitution. In the
long run, though, as productivity risk cumulates, the risk premium effect becomes as important as precautionary saving
motives so that the adjustment factor for risk converges to zero, implying that b,, converges to b2 as n becomes large.
Since our baseline asset-pricing preferences imply that the prices of long-maturity claims to future productivity are
more sensitive to shocks to s; than those of short-maturity ones, our model can generate large movements in the price
of an asset only if the asset assigns large weights to long-maturity claims.?” For our purposes, then, as is apparent from
(41), the key implication of the elasticity b,, increasing with n is that the response of the job-finding rate to a given shock
to s, is larger, the larger are the weights {c¢d}’ 4 c50} } on the prices of long-maturity claims to productivity in the surplus
flows from a match between a firm and a consumer by (37). It turns out that in the presence of human capital acquisition,
surplus flows are indeed characterized by large weights on long-maturity claims, as we will discuss, and so their present
value is sensitive to shocks to s;. Hence, the combination of our asset-pricing preferences and human capital acquisition
generates volatile job-finding rates and unemployment. We formalize these intuitions in the following proposition, in

which o (s;) denotes the standard deviation of s;.2

Proposition 5 (Sufficient Statistic for Job-Finding Rate Volatility). Under the approximation in Lemma 2, the response

of the job-finding rate to a change in s; evaluated at the risky steady state is given by

dlog(A 1— > @ (cpb)t 4 507
0ue) _ < ’7> S b with w, = O CO) (51)
dsy n )= Y e e (ced) + cso)

where a,, and by, are given in Lemma 2. The standard deviation of the job-finding rate satisfies

log(Aw
ollog(hue)] = d(’flift)o(st)- (52)

As argued, since the elasticities {b,,} of the prices of claims to future productivity with respect to the exogenous
state s; increase with the horizon of a claim, a change in the exogenous state s; leads to a large change in the job-finding
rate only if the weights {w,, } on long-maturity claims to productivity are large. In the left panel of Figure 4, we graph
the global solution for the prices of claims to productivity against the exogenous state s; when the endogenous states

(Zet, Zyt) are set to their simulated ergodic means—namely, we use neither the approximation that Ac; 1 ~ Aay41 nor

7 As shown in Kehoe, Lopez, Midrigan, and Pastorino (2021), most existing state-of-the-art asset-pricing models share this same property. More
specifically, as we discuss, this property holds true for the other standard preference specifications we consider below, but for different reasons than
those discussed here for our baseline model. For instance, in the frameworks with Epstein-Zin preferences and either long-run risk or time-varying
disaster risk, long-duration claims are more exposed to the small low-frequency stochastic productivity components arising, respectively, from
long-run risk and time-varying disaster risk. When the elasticity of intertemporal substitution is greater than one, as is typically assumed in this
literature, the positive effect of higher productivity in the future on the prices of claims dominates the negative intertemporal substitution effect on
them so that the prices of long-maturity claims are more responsive to changes in s; than those of short-maturity ones.

ZFor this result, we compute the approximate solution to our model with market tightness 6 set at its value at the risky steady state, defined as
the steady state reached when agents use the decision rules computed in our stochastic equilibrium, but with all future shocks set to zero, following
the method of Lopez, Lopez-Salido, and Vazquez-Grande (2017). This value of € is very close to that in the deterministic steady state. A simple
log-linear approximation around the deterministic steady state, however, is not close to the log-linear approximation around the risky steady state,
which allows for terms in o, in the formulae for a,, and b,, and so in our sufficient statistic. See Kehoe, Lopez, Midrigan, and Pastorino (2021)
for details, including approximate formulae for the case in which we dispense with the assumption of constant future A+ but retain the log-linear
approximation for the prices of claims to future productivity. It turns out that these formulae are very accurate.
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the risk-adjusted log-linear approximation of Lemma 2. Note that the prices of longer-maturity claims are indeed much
more sensitive to changes in the state s; than those of shorter-maturity ones. Moreover, as the figure makes clear, log
prices are approximately linear in the state s;. For a comparison, we plot in the right panel of Figure 4 the corresponding
solution when we use both of the approximations of Lemma 2—namely, that Ac; 11 ~ Aayq1 and log(P/A) is
approximately linear in the state s;. As is apparent from the two panels, the global and approximate solutions are quite
close.

In the left panel of Figure 5, we plot the impulse responses of the prices of claims to a one-percent decrease in
aggregate productivity based on the global solution to our model. Clearly, after this shock, the prices of short-horizon
claims fall little, whereas those of long-horizon ones fall greatly. Thus, together with Proposition 5, these figures illustrate
that our model generates large variations in the job-finding rate only when the weights {w,} are sufficiently large for
large n.

We now turn to showing that without human capital acquisition, these weights decay very quickly over time. More
generally, the greater is the rate of human capital accumulation during employment, and the greater is the rate of human
capital depreciation during unemployment—namely, the more positive g. is and the more negative g, is—the slower
these weights decay, and the larger is the response of the job-finding rate to changes in aggregate productivity.

DMP Model with Baseline Preferences. Consider the DMP model with our baseline preferences and g. = ¢, = 0.
In this case, the constant c, on the large root is zero and the small root, referred to as the DMP root, is given by
dpymp = 1 — o — nAy, where, as was the case before, o is the separation rate, 7 is the elasticity of the job-filling rate
with respect to market tightness, and \,, is the job-finding rate. Thus, in the DMP version of our model, surplus flows
follow a first-order difference equation with the surplus flow in n periods proportional to 07 ,,pA¢4+n by the analogue
of (37). The weight in the corresponding expression for dlog(Ay:)/ds; is then wy, = €™ 6P 1 p/ > 0’ g €0 p- For
standard parametrizations, the DMP root is substantially smaller than one so that surplus flows quickly decay over time.
Specifically, with o equal to 2.8%, n equal to 0.5, and \,, equal to 45.35% as in our baseline, it follows that dppsp
equals 74.5%, which amounts to a decay rate of over 25% per month. Hence, (§pysp)2* is 0.09% after only two years.
Accordingly, the weights on claims to future productivity with long maturities are practically zero, as the hiring problem
is essentially static. These observations intuitively explain why the DMP model gives rise to an unemployment volatility
puzzle.

Baseline Model. By our formula in (39) for the roots of the solution to the system in (35), the large root d; is bigger than
one, and the weight ¢, on this root is positive in the presence of human capital acquisition so that the present value of
the surplus flows from a match between a firm and a consumer slowly decays over time. In turn, this fact implies that
the formula for the job-finding rate in (41) assigns sizable weights to claims to future productivity with long maturities,
which are very sensitive to the exogenous state s; and hence lead to large fluctuations in the job-finding rate in response
to productivity shocks. In the right panel of Figure 5, we report the cumulative weights for each maturity implied by

the DMP model with baseline preferences and those implied by our baseline model, both without any approximation.
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Clearly, the weights in the DMP model with baseline preferences decay very quickly relative to those in our baseline

model—that is, cumulative weights converge to one very quickly in the former model relative to those in the latter model.

For a sense of magnitudes, we compute the (Macaulay) duration of these weights, > ; wy,n, and compare it across

models. The duration of the weights {w, } is 3.6 months in the DMP model with baseline preferences and 12.4 years in

our baseline model under our parametrization. The expression for d log(Ay:)/ds; in (51), however, implies that a more

relevant measure of the duration of these weights is their average weighted by the elasticities {b,, } of the prices of claims
00

to future productivity with respect to the exogenous state s; at different horizons, which is given by > °  w,b, when n

equals 0.5.%% For the DMP model with baseline preferences, this elasticity is 0.04, and for our baseline model, it is 1.53.

7.2 Implications of Our Mechanism for Wages

Here we first discuss the implications of our model for the cyclicality of flow wages, which demonstrates that our findings
are not predicated on wage rigidity. We then turn to examining additional evidence on wage growth that is consistent with
our parametrization of the human capital process and to evaluating the robustness of this parametrization to alternative

wage protocols that determine flow wages.

Cyclicality of Flow Wages. Note that our competitive search equilibrium determines the present value of wages paid
to an employed consumer over the course of a match with a firm but not the flow wage received by such a consumer
in each period. More generally, in any model with complete markets and commitment by both firms and workers to
state-contingent employment contracts, many alternative sequences of flow wages give rise to the same present value of
wages. Hence, in this precise sense, our model does not have specific predictions for flow wages.

Given this indeterminacy, we follow the approach popularized by Barlevy (2008) and Bagger, Fontaine, Postel-
Vinay, and Robin (2014), who assume that when a match is formed in period ¢, a firm commits to pay a worker each
period a share g; of the period output for the duration of the match. Thus, w; » = 0;A-2; is the wage in period 7 > t.
Accordingly, we determine flow wages as follows. For any present value of wages Wy, (z¢) = Wiy, 2 implied by our
model for a match between a firm and a consumer with human capital z; that starts in ¢, we choose g; so that the present
value of the wages w;; = 0tAizt, W41 = 0tAi+12t+1, and so on, calculated using our stochastic discount factor,
exactly equals Wi (z¢).

Using this approach, we now argue that our model is robust to the critique by Kudlyak (2014) of the degree of rigidity
of the wage process implied by prominent solutions to the unemployment volatility puzzle. Specifically, we find that our
model is consistent with the degree of cyclicality of wages estimated by Kudlyak (2014) and Basu and House (2016).
Hence, it does not rely on counterfactually rigid wages.

To elaborate, as Becker (1962) emphasized, in general the present value of the flow wages paid to a worker over the

course of an employment relationship is allocative for employment, rather than the current flow wage. Kudlyak (2014)

®The term Z,‘:’:O wnby, is a measure of duration that is different from the standard Macaulay one, in which instead of weighting the fraction
wy, of the present value of surplus flows accruing at horizon n at the risky steady state by the horizon length n, we weight the fraction w,, by the
elasticity of the (scaled) price of a claim to productivity at horizon n with respect to the state s¢, namely, by,.
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further proved that for a large class of search models, the appropriate allocative wage is the difference in the present value
of wages between two matches that start in two consecutive periods, as captured by the user cost of labor. Intuitively, in
a search model, hiring a worker is akin to acquiring a long-term asset subject to adjustment costs. Thus, by measuring
the rental price of the services of a worker potentially employed for several years, the user cost of labor is a more relevant
measure of the cost of hiring a worker than the flow wage.

Both Kudlyak (2014) and Basu and House (2016) measured the cyclicality of the user cost of labor as the semi-
elasticity of the user cost with respect to the unemployment rate. Using NLSY data, these authors estimated the user
cost of labor as UC; = PV, — B(1 — o) PV,41, where PV} is an empirical measure of the present value of wages from
a match that begins in ¢, defined as PV; = wy; + Zfzt LB - 0)]" 'wy . In this expression, wy ; is the wage in
period T > ¢, and 5(1 — o) is a fixed discount factor that takes into account the real interest rate and the job separation
rate. (See Kudlyak, 2014 and Basu and House, 2016 for details.) Intuitively, the user cost measures the shadow wage
that would make a risk-neutral firm indifferent between hiring a worker today at that wage, thus creating a match that
survives to tomorrow with probability 1 — o, and hiring a worker tomorrow at the present value of wages prevailing then.
Importantly, as its formula shows, the user cost of labor in ¢ captures not just the flow wage of a new hire in ¢ but also the
difference in the present value of wages from ¢ 4+ 1 on between a worker hired in ¢ and a worker hired in ¢ 4 1. Hence,
the user cost incorporates any potential extra cost or benefit of committing in ¢ to a (possibly state-contingent) sequence
of wage payments from ¢ + 1 on, relative to waiting and hiring an identical worker in ¢ + 1 at the relevant present value
of wages in ¢ 4 1. In particular, if recessions are times of scarring in that relative to workers hired in upturns, workers
hired in downturns not only obtain a lower wage when hired but also in any subsequent period, then it is clear that the
user cost of labor can be much more cyclical than the flow wage.

Kudlyak (2014) indeed estimated a semi-elasticity of the user cost of labor with respect to the unemployment rate
of -5.2%, and Basu and House (2016) refined this estimate to -5.8% so that a one percentage point increase in the
unemployment rate is associated with an approximately 6% decrease in the user cost of labor. Hence, the user cost is
quite procyclical. In calculating the user cost of labor in our model, we treat the empirical measure of the user cost simply
as a particular statistic of the allocative wage that takes as inputs a sequence of flow wages {w; -} and the fixed discount
factor 3(1 — o), according to the above formulae for UC; and PV;. Based on flow wages constructed as described, our
model implies a cyclicality of the user cost of labor of -6.0%. Therefore, the comovement between the user cost of labor
and unemployment implied by our baseline model is in line with that in the data, although untargeted, and shows that
our mechanism for unemployment volatility does not rely on a counterfactual degree of wage rigidity.’

Sensitivity to Alternative Measurements of Wage Growth and Wage Protocols for Flow Wages. We begin by dis-

cussing additional evidence on how wages grow with experience, which is the moment we use to pin down the growth

3OIntuitively, with human capital accumulation, the wage in any period 7 of a worker with human capital z; at time ¢ iS wy,» = 0tArzr =
0tA-(1 4 ge)” 2 so that the present value of wages in ¢ used to calculate the user cost of labor in ¢ for such a worker is PV; = g;2:{A; +
Zf:tﬂ[ﬁ(l —0)(1 4+ ge)]" *A;}. Then, for any given sequences of wages {wy -}~ and {w¢+1,7}~ from a match starting in ¢ and a match
starting in ¢+ 1, respectively, for such a worker, the difference between their present values increases with g.. Specifically, (1+g.)” " “upweights”

future terms in this difference of present values, thus magnifying the cyclicity of the user cost of labor.
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of human capital on the job in our model. As noted, we have set the growth rate of human capital g, so that the implied
wage growth in our model matches the longitudinal wage growth with experience estimated by Rubinstein and Weiss
(2006, Table 2b). We now argue that under our baseline parametrization discussed earlier, the wage process implied by
our model is also consistent with the cross-sectional evidence on wage growth with experience documented by Elsby
and Shapiro (2012). These authors report that the difference between the log real wages of workers with 30 years of
experience and those just entering the labor market is 1.1 in the data between 1960 and 2007 for workers with 12 years
of education, which is the historical mean and median number of years of education in the United States. The wage
process implied by our baseline model is in accord with this untargeted statistic, as it implies a difference of 1.0.

We consider now how the parameters g. and g, of the human capital process that we infer in our moment-matching
exercise vary with the protocol for flow wages, and we demonstrate that they are fairly insensitive to the details of the
wage setting mechanism. We do so by showing that we obtain similar values for the yearly growth rate of human capital
on the job, g., under very different wage protocols. A similar argument applies to the decay rate of human capital off
the job, g,,. For this purpose, we consider two extreme wage protocols: a constant wage protocol over the duration of a
match, which leads to the most rigid wages, and an efficient recontracting Nash bargaining protocol, in which wages are
instead bargained every period under the Hosios condition, which gives rise to the most flexible wages. As we discuss
in the online appendix, the value of g, inferred under the constant wage protocol is 3.4% and the value of g, inferred
under the recontracting Nash bargaining protocol is 3.6%. These two values bracket the value of 3.5% in our baseline
parametrization.

For an intuition about these results, note that in both our model and the data, some workers switch jobs, whereas
others stay in their jobs over the course of a year. When wages are recontracted each period, they grow from one month
to another as human capital is accumulated. When they are not recontracted each period, wages increase discretely only
when a worker switches jobs. But if we measure wages yearly, these high-frequency differences tend to average out once
aggregated across workers. Hence, the model’s implications for annual wage growth are fairly insensitive to the specific
details of the evolution of wages from one month to another, as they are driven primarily by the process of human capital
acquisition that takes place throughout a year. Thus, effectively, by aggregating wages across months within a year and
across workers with different employment experiences, we end up with an average wage growth with experience that
simply reflects how much human capital increases from one year to another for employed workers and is therefore quite

similar across protocols.

8 Extension to a Model with Physical Capital

The influential early business cycle work by Merz (1995) and Andolfatto (1996) integrated search theory into real
business cycle models. Although ambitious, those papers did not attempt to make their models consistent with any
asset-pricing patterns. Since those early contributions, most of the subsequent literature has focused on models without

physical capital and ignored their asset-pricing implications. Here we embed our mechanism into a real business cycle
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framework with physical capital, retaining our baseline preferences. We thus construct a simple yet full-fledged real
and financial business cycle model that solves the unemployment volatility puzzle and is in line with key patterns of
job-finding rates, unemployment, output, consumption, investment, and asset prices in the data. Note that in contrast to
the separation result between the real and financial sides of an economy in Tallarini (2000), the main result of this model
with physical capital is that the presence of time-varying risk greatly amplifies the fluctuations of real variables.
Consider then the following extension of our baseline model. We assume that physical capital augments the produc-
tion of goods in the market so that if a measure e;(z) of consumers with human capital z is paired with K;(z) units of

physical capital, a firm produces K} (2)[A;ze(2)] 7

, where ze;(z) are effective units of labor. We allow for costs of
adjustment of the aggregate capital stock and maintain the same specifications of the technologies for producing goods
at home and job vacancies as in our baseline model.

We characterize the competitive search equilibrium allocations by solving the aggregate planning problem for this
economy. In such a problem, as we show in the online appendix, productive efficiency implies that the ratio of capital

to effective labor is equalized across firm-consumer matches in that ¢; = K;(z)/[ze(z)] for all z. Hence, the ratio of

aggregate capital to aggregate effective labor equals the same ratio, since

Kt . fZKt(Z)dZ . fz SOtZGt(Z)dZ _
Za  [ze(ndz [ ze(z)dz " (53)

It is immediate that the economy aggregates in a similar fashion, as does the economy of our baseline model. In

particular, aggregate production satisfies

~ Ki(2)1" _ _
/ K2 (2)[Asze(2)]) " Pdz = ALY / { t(z)] zey(2)dz = P AV Zoy = KP (A1 Zoy)' 7,

z Zet(z)
where K; = fZ K (z)dz is the physical capital used by employed consumers and we have used (53) in the second and

third equalities. The aggregate resource constraint can be expressed as
Ct + It = Kf(AtZet)l_ﬂ + bhAtZut — IiAtht.

As before, aggregate vacancies in efficiency units are given by Z,; = fz zu(2)dz = ¢0y(1 + gu) Zui—1. The aggregate
capital stock follows the accumulation law Ky = (1 — 0)K; + ®(I;/K;) Ky, where ®(I/K) = § + €9 — 1 +
S{[I/(OK)])' 1€ —1}/(1 — 1/€), as in Jermann (1998).3!

We set 9 equal to 0.26, set & equal to 0.1/12, and choose the curvature parameter £ of the adjustment cost function so

that the standard deviation of investment growth relative to consumption growth in the model equals that in the data.’> As

'In Jermann (1998), ®(I/K) = b(I/K)'~*/(1 — a) + c. Once we impose, as discussed in Jermann (1998), that the capital stock in steady
state grows at the same rate as aggregate productivity and that adjustment costs are constant in the ratio of investment to capital near the steady
state so that ®(§) = e’ — 1 + § and ®'(§) = 1, the adjustment function in Jermann (1998) reduces to ours with a = 1/£, b = 8¢ and
c=0d0+e —1—-6/(1—1/&). See the online appendix for a derivation.

32This value of ¥ targets an average labor share of output of 70%, computed in the model as the mean ratio of total wages to output and in
the data as the average ratio of wages to gross domestic income over the period between 1948 and 2007, where wages are measured by the BEA
series “Gross Domestic Income: Compensation of Employees, Paid” and profits are measured by the BEA series “Gross Domestic Income: Net
Operating Surplus.”
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is consistent with a model with physical capital, we choose the mean and standard deviation of the aggregate productivity
process so as to match the corresponding moments of total factor productivity in the data (see Fernald, 2014). Observe
that in our baseline model, the home production parameter b can be thought of as measuring the (expected) ratio of the
amount of goods produced at home to those produced in the market in that b = E[b, A2/ (Asz¢)] = by, so b equals
0.6. To pursue this analogy in our model with physical capital, we need to specify the average amount of goods that a
consumer with human capital z; produces in the market. To do so, note that if a measure e;(z) of consumers with human
capital z produces K7 (z)[Aszes(2)]'~, then each such consumer produces
K @A) { Ki(z) ]1’ R
er(2) zey(z)

We can then define b as the (expected) ratio of the amount of home-produced goods to the amount of market-produced

bhAtZ { bh }
b=E| ——— | =E{ ————— ¢,
<2A§‘0¢f> (Kt /(AtZer)]”

where in the last equality, we have used (53). To keep this model parallel to our baseline, we set b, so that b equals 0.6

goods for such a consumer,

in the model with physical capital as well.

As shown in Table 3, this augmented model gives rise to a volatility of the job-finding rate and a volatility of
unemployment that are consistent with those in the data—in fact, both are slightly higher. Specifically, the volatility
of the job-finding rate is 7.24% in the model and 6.67% in the data and that of unemployment is 0.84% in the model
and 0.79% in the data. The model also successfully replicates important observed features of stock and bond returns.
In particular, the model does not exhibit the excess volatility of either short-term or long-term bond yields of the early
habit model of Jermann (1998). Indeed, the volatility of short-term bond yields is the same in the model and in the data,
namely, 2.35%, and the volatility of 20-year nominal bond yields is 2.30% in the model and 2.41% in the data.

In sum, the model with physical capital fits both the real and financial data well.

9 Extension to a Life-Cycle Model

Our baseline model is a perpetual youth model in which all consumers face the same probability of survival and are
characterized by the same human capital process on and off the job. In the data, though, the growth rate of wages tends
to be higher for younger workers than for mature workers, which supports the notion that human capital grows faster for
the former group than for the latter group—see Rubinstein and Weiss (2006) for a comprehensive review of the evidence
on wage growth with labor market experience. At the same time, as we will discuss, the volatility of unemployment is
higher for young workers than for mature workers. One question, then, is whether an extension of our model in which
we explicitly account for differences in the human capital process between young and mature workers can reproduce
the observed volatility of the job-finding rate and unemployment for these two groups. Intuitively, our mechanism can

account for these aspects of the data, as it implies that the greater the rate of human capital accumulation on the job or
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depreciation off the job, the higher the volatilities of the job-finding rate and unemployment.

To address this question formally, we augment our model with the following simple life-cycle structure. We assume
that consumers are born young and that at the end of each period, young consumers remain young with probability ¢,
and become mature with probability 1 — ¢,. Mature consumers survive with probability ¢,, and die with probability
1 — ¢m. Every period, dying mature consumers are replaced by a measure v of unemployed newborn consumers with
human capital z drawn from a distribution v(z) with mean one. We assume that the measure of newborns each period is
v=(1—¢y)(1 —¢m)/(1— ¢y, +1— ¢y) and the initial measures of young and mature consumers are /(1 — ¢,) and
v/ (1 — ¢p) so that the measures of these two groups of consumers are constant over time and sum to one.>?

We allow the rate of human capital accumulation on the job and depreciation off the job to differ across young and

mature consumers. Specifically, when a consumer of age i € {y, m}, where y denotes a young consumer and m denotes

a mature consumer, is employed, human capital grows according to

zt+1 = (1 + gei) 2t (54)
When a consumer of age ¢ is unemployed, human capital evolves according to

zer1 = (1 + Gui) 2t (55)

We let the cost of posting job vacancies x;A:z and the job separation rate o; vary with a consumer’s age 7. Each
family now consists of a continuum of young and mature consumers. The definition of a competitive search equilib-
rium is the natural generalization of that in our baseline model, except that now a labor market is defined by the triple
(2,1, Wit (2)) of a given skill level, age group, and wage offer for a consumer of that skill level and age group.

It is immediate to show that the analogues of Lemma 1 and Propositions 1 and 2 hold. Now, though, we need to
record the aggregate human capital of young and mature consumers by their employment status, namely, (Zeyt, Zuyt)
and (Zemt, Zumt ), as part of the state. The aggregate resource constraint is

Cr = At(Zeyt + Zemt) + bAL(Zuyt + Zumt) — Ky As / 2y (2)dz — km Ay / 20me(2)dz, (56)

z z
where the first two terms on the right side of (56) are the total market and home output of young and mature consumers,
and the last two terms are the costs of posting vacancies aimed at young and mature consumers. Note that the third term

on the right side of (56), namely, the vacancy costs of recruiting young consumers, can be rewritten as

Ky At / 20ypupy (2)dz = Ky Abyidy (1 + Guy) Zuyi—1, 57)

using that vy (2) = Oyeupy(2) and upye (2) = dyuyi—1(2/(1 + guy))/(1 + guy). Similarly, the last term in (56), namely,

331f we let y; and m; denote, respectively, the measures of young and mature consumers in ¢, then the young and mature transition equations,
together with the constancy of the measure of each group, imply that y; = ¢yy:—1 + 7, and so y = v/(1 — ¢,) with y; = y in each ¢, and
my = ¢pmmi—1 + (1 — ¢y)yt—1, and som = /(1 — ¢) with m; = mineacht and y = v/(1 — ¢,). Since y + m = 1, the expression for v
solves /(1 — ¢,) +7/(1 = ¢um) = 1.
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the vacancy costs of recruiting mature consumers, can be expressed as

Km At / Zemtubmt(z)dz = kmAtOmt [¢m(1 + gum)Zumt—l + (1 - ¢y)(1 + guy)Zuyt—l]a (58)

using that v, (2) = Opiupme(z) and

Ut (2) %umt_1< : )+1_¢yuyt_1( z ) (59)

1+ Gum 1+ Gum 1+ guy 1+ Guy

As (59) indicates, unemployed mature consumers with human capital z at the beginning of period ¢, up,:, consist of
unemployed mature consumers at the end of period ¢ — 1, u;,;—1, who survived to period ¢ and whose human capital
grew from z/(1 4 gum) to z between ¢t — 1 and ¢, as well as of unemployed young consumers at the end of period ¢ — 1,
Uyt—1, Who became mature and whose human capital grew from z/(1 + gy, ) to z between ¢ — 1 and ¢. Substituting (57)
and (58) into (56) gives the resource constraint in terms of the aggregate states.

By a similar logic, we can generalize the transition laws for the aggregate human capital of employed and unem-
ployed consumers from our baseline model as follows. The transition laws for the aggregate human capital of employed

and unemployed young consumers are

Zeyt = (z)y(l - Uy)(l + gey)Zeyt—l + (z)y)\wt(ayt)(l + guy)Zuyt—l

and

Zuyt = ¢y0y(1 + gey)Zeyt—l + Qby[l - )\wt(eyt)](]- + guy)Zuyt—l + v,

where + is the measure of newborn consumers who start with a mean human capital of one. The transition laws for the
aggregate human capital of employed and unemployed mature consumers are similar but also include terms that account

for the human capital of young consumers who become mature at the end of period ¢ — 1,

Zemt = Qbm(l - Um)(l + gem)Zemt—l + (1 - st)(l - Uy)(l + gey)Zeyt—l

+ )\wt(emt)[qsm(l + gum)Zumt—l + (1 - ¢y)(1 + guy)Zuyt—lL

and

Zumt = ¢m0'm(1 + gem)Zemt—l + (1 - ¢y)ay(1 + gey)Zeyt—l

+ [1 - Awt(emt)][gbm(l + gum)Zumtfl + (1 - Qby)(l + guy)Zuytfl]-

Our strategy for choosing parameter values is nearly identical to that in the baseline model, so we remark here only
on the main differences. We choose the probability ¢, that a young consumer remains young and the probability ¢,
that a mature consumer survives in the market so that the mean duration of life as a young consumer is 10 years and the

mean duration of life as a mature consumer is 30 years, in order to match an overall average working life of 40 years in

40



the data.>* Correspondingly, we pin down the key new human capital parameters {ge;} and {g,;} for young and mature
consumers, respectively, based on estimates of the wage growth on the job and of the wage changes before and after a
spell of nonemployment experienced by workers with fewer than 35 years of age (young) and more than 35 years of age
(mature). Note that 35 years of age correspond approximately to 17 years of potential labor market experience at the
historical mean and median number of years of education in the United States (12 years).

Specifically, we choose ge, and ge,, so as to reproduce, respectively, an average annual growth rate of real hourly
wages, net of the growth rate of labor productivity, of 4.22% over the first 17 years of labor market experience and of
2.75% over the remaining working horizon, based on the estimates by Rubinstein and Weiss (2006) from the NLSY
discussed earlier; see the online appendix for details. Similarly, we select g, and g, so as to match the average per-
centage change between the first wage in the first employment spell after a nonemployment spell and the last wage in
the last employment spell before a nonemployment spell for workers in the two age groups who experience a complete
spell of nonemployment. Using data from the PSID at monthly frequency available between 1988 and 1997, we esti-
mate that such an average percentage wage difference is -0.99% for workers with fewer than 17 years of labor market
experience and -18.20% for workers with more than 17 years of labor market experience, net of the growth rate of labor
productivity.?

Consider now job-finding and unemployment rates. Since unemployment rates from the BLS are available disaggre-
gated by age group rather than by experience, we measure the job-finding rate for workers below and above the cutoff of
35 years of age, as discussed. The average quarterly job-finding rate over the period between June 1976 and December
2007 is 46.87% for workers with fewer than 35 years of age and 34.95% for workers with more than 35 years of age.3
Using the monthly job-finding rates for the two age groups, we construct age-specific monthly constant-separation un-
employment rate series, in which the age-specific monthly separation rates o, and o, are chosen so that the average of
each constructed unemployment rate series reproduces the average unemployment rate of the relevant age group in the
data. As the resulting average quarterly unemployment rate of young workers is much higher than that of mature workers
(8.7% for the young versus 4.1% for the mature), the monthly separation rate of young workers is also higher (4.4% for
the young versus 1.5% for the mature). Given these parameters, we choose the vacancy posting cost «; for each age
group ¢ so that the model replicates the average quarterly job-finding rates of the two groups in the data. Similarly to
the baseline model, we normalize market tightness at the deterministic steady state, which pins down the efficiency of

the matching function for each age group. We recompute the remaining relevant moments for this same period between

3*Such a life cycle is consistent with a retirement age of approximately 55 to 60 years, depending on a worker’s educational attainment, ranging
from no high-school diploma to a college degree.

31f we alternatively choose gey and germ S0 as to match the average annual wage growth of workers with fewer and more than 17 years of labor
market experience, respectively, in the PSID based on the estimates of Rubinstein and Weiss (2006, Table 2b), we obtain a value of 2.51% for
gey and of -0.43% for gen,. Even for such smaller degrees of human capital accumulation on the job, our model reproduces 78% and 74% of the
volatility of the job-finding rates for young and mature workers and 83% and 78% of the volatility of unemployment for young and mature workers
in the data.

3We focus on the period after June 1976 because the BLS reports short-term unemployment by age, which is necessary to compute the job-
finding rate as we do in our baseline model following Shimer (2012) only from that date onward.
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June 1976 and December 2007.

As Table 4 shows, the volatility of the average quarterly job-finding rate and that of the average quarterly unemploy-
ment rate, constructed as described, are both higher for the young than for the mature in the data. Specifically, in the data,
the volatility of the job-finding rate is 4.98% for the young and 4.60% for the mature, and the volatility of unemployment
is 0.86% for the young and 0.51% for the mature. Our life-cycle model reproduces this same pattern: the volatility of the
job-finding rate is 5.46% for the young and 4.43% for the mature, and the volatility of unemployment is 0.97% for the
young and 0.52% for the mature. In sum, the unemployment rate of younger workers is 1.69 times more volatile than
that of older workers. Our model replicates this pattern well: it predicts that the unemployment rate of younger workers
is 1.87 times more volatile than that of older workers.

In this simple exercise, we have examined whether our basic mechanism can account for the differential volatility of
unemployment for young and mature workers in the data in light of differences in their wage and implied human capital
acquisition patterns. To do so, we have highlighted the role of human capital accumulation on the job and depreciation
off the job and kept other parameters, such as home production, identical across the two groups. If we further allowed,
say, mature workers to be less attached to the labor market than young workers so as to capture shifting preferences for

leisure with age, then the model could reproduce the data even more closely.

10 Robustness to Alternative Preferences

Here we show that our results for alternative preference structures are similar to those for the preference structure in our
baseline. In the online appendix, we also demonstrate that the asset-pricing implications of these alternative preference
structures in our production economy with frictional labor markets are nearly identical to those of these preference

structures in pure exchange economies.?” See Tables A.1-A.6 and Figure A.2 in the online appendix.

Campbell-Cochrane Preferences with External Habit. We adapt the setup of Campbell and Cochrane (1999) with ex-
ternal habit designed for a pure exchange economy, as discussed earlier, to our production economy. The only difference
from the original specification in Campbell and Cochrane (1999) is that we replace their sensitivity function with

Ai(5t) = m;m—l (60)
Here o(ec441) and o4(eci41) are, respectively, the unconditional and conditional standard deviations of the innovation
to aggregate consumption growth, e.i+1 = Aci+1 — Ei(AG41). The term o(eci41)/0¢(ect+1) in (60) adjusts for the
time-varying conditional volatility of consumption in our production economy relative to its constant value in the pure
exchange economy of Campbell and Cochrane (1999). This adjustment allows the model to reproduce the volatility of
the risk-free rate in the data. Table 5 shows that this model generates results that are nearly identical to those generated

by our baseline model.

3"In Kehoe, Midrigan, Lopez, and Pastorino (2021), we further investigate the properties of these alternative preference structures.
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Epstein-Zin Preferences with Long-Run Risk. We consider a model with Epstein-Zin preferences, a slow-moving
predictable component in productivity as in Bansal and Yaron (2004), and discount factor shocks as in Albuquerque,

Eichenbaum, Luo, and Rebelo (2016) and Schorfheide, Song, and Yaron (2018). In this case, preferences are given by

1
_ _ 1-p) 1,
Vi={(1-B)SCI " + BBV )T} T
Productivity growth now has a long-run risk component x; in that Aay;+1 = gq + Tt + Ta€at+1 and Typ1 = pPrTy +
@x0aExt+1, Where the shocks e,; and €, are standard normal i.i.d. and orthogonal to each other. The growth rate of
the shock to the stochastic discount factor, As; = Alog(S;), follows an autoregressive process given by As;41 =

PsASst + Ps04651+1, Where the innovation e, is standard normal i.i.d. and orthogonal to €,; and .. The pricing kernel

—p p—a
Qti+1 =15 <Cgr1> (S?l) { ‘?jl 1 } : (61)
t t [ (V7))

We set the mean and the standard deviation of the aggregate productivity process to replicate those measured in the

is

data. We choose the persistence p, of the long-run risk state x; so that the model generates the same standard deviation
of the log price-consumption ratio as that generated by our baseline model. We assume that the parameter ¢, of the
process for the long-run risk state ; is such that its volatility o2 = ¢202/(1 — p2) accounts for the same share of the
volatility of aggregate productivity growth, 02 /(02 + 02) = 0.0445, as that in Bansal and Yaron (2004). We select the
value of the parameter ¢ of the process for the discount factor shock to match the standard deviation of the risk-free rate.
As for ps, notice that the role of the surplus consumption ratio in our baseline model is similar to that of the discount
factor shock in this model. Because of this feature, we set the persistence p, of the process for the discount factor shock
in the same way as we set the persistence of the process for the surplus consumption ratio in the baseline model.

We choose a risk-aversion parameter o of 4.35 to match a Sharpe ratio of the stock market excess return of 0.45 in
the data and set p equal to 0.1 so that the elasticity of intertemporal substitution of consumption is 10. As is well-known,
to reproduce the positive comovement between the price-dividend ratio and consumption in the data, the elasticity of
intertemporal substitution must be greater than one (see Bansal and Yaron, 2004 and Kilic and Wachter, 2018). As noted
by Kilic and Wachter (2018) in a related context, a large value for the theoretical elasticity of intertemporal substitution
is nonetheless consistent with the low values for the elasticity of consumption growth with respect to interest rates
commonly estimated. Indeed, when we estimate the contemporaneous elasticity of consumption growth with respect to
interest rates based on data simulated from our model using powers of the lagged states s; and x; and lagged consumption
growth as instruments in the spirit of Campbell (2003), we also find a coefficient of around 0.1—rather than 10—which is
in line with the estimates in the literature (see, for instance, Hall, 1988 and Campbell, 2003). As Bansal and Yaron (2004)
and Kilic and Wachter (2018) discussed, the reason why the parameter p that governs the elasticity of intertemporal
substitution in a model like ours cannot typically be recovered through such an estimation exercise is that it is difficult

to adequately control for the endogeneity of the conditional volatility of the future marginal utility of consumption.
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As Table 5 shows, this model can produce 89% (70%/79%) of the volatility of unemployment in the data and has
reasonable implications for asset prices.
Epstein-Zin Preferences with Variable Disaster Risk.We adopt a discrete-time version of the model in Wachter (2013)

with Epstein-Zin preferences and a slow-moving probability of rare disasters. In this case, preferences are specified as
1-p 1—ay]i=2 lflp
Vi={(1-p0i "+ BE(V R (62)

The process for aggregate productivity growth now includes a discrete-valued jump component j;1 and is given by
Aatr1 = ga + Oa€at+1 — Wjttr1, Where the disaster component j;, 1 is a Poisson random variable with intensity sq,
which evolves according to the process s;+1 = (1 — ps)s + psst + \/St0sEst41-

We choose the mean and the standard deviation of the aggregate productivity process to match those in the data, and
a mean disaster intensity s of 3.55% per year as in Wachter (2013). We select the volatility o, of the disaster intensity
to reproduce the standard deviation of the risk-free rate in the data, and the risk aversion coefficient o to match a Sharpe
ratio of the stock market excess return of 0.45 in the data. We set the persistence p; of the disaster intensity to generate
the same standard deviation of the log price-consumption ratio as that generated by our baseline model. Like Wachter
(2013), we choose a value of 0.26 for the disaster impact parameter w and of 10 for the elasticity of intertemporal
substitution (p = 0.1).38

As Table 5 shows, the model produces a volatility of unemployment of 0.78% that is similar to that in the data,
0.79%, and also has predictions for asset prices broadly in line with the data.
Affine Stochastic Discount Factor. Our results also hold for reduced-form stochastic discount factors of the type con-

sidered by Ang and Piazzesi (2003),%

1
log(Qr 1) = — (ko — p15e) — 5(70 —y18¢)202 = (90 — V15t)Taat1-

In this case, we assume that the exogenous state s; evolves according to S¢y1 = psS¢+0g€q¢+1 and is driven by shocks to
aggregate productivity, €4.41. Aggregate productivity growth follows a random-walk process as in our baseline model.
We keep the parameters for the mean and standard deviation of the aggregate productivity process, g, and o, at the
same values as in our baseline model and choose the values of the four parameters (1o, f41, Y0, 7y1) SO as to reproduce the
mean and standard deviation of the risk-free rate, the Sharpe ratio of the stock market excess return, and the volatility
of the stock market excess return in the data. We select the persistence ps of the exogenous state to generate the same
standard deviation of the log price-consumption ratio as that generated by our baseline model. Table 5 shows that this
model produces 91% (0.72%/0.79%) of the volatility of unemployment in the data and also has predictions for asset

prices consistent with the data.

3 As in the version of our model with Epstein-Zin preferences and long-run risk, in this version of our model too, we estimate the elasticity
of consumption growth with respect to interest rates on data simulated from our model using powers of s; and lagged consumption growth as
instruments. We find this elasticity to be around 0.1, despite assuming that the elasticity of intertemporal substitution 1/p equals 10.

3Here we simply posit a stochastic discount factor that is not derived from marginal utility, and so we define a competitive search equilibrium
given {Q+,++1}. Hence, we drop condition vii) in the above definition of equilibrium.

44



11 Conclusion

We propose a new mechanism that allows search models to reproduce the observed fluctuations in the job-finding rate
and unemployment at business cycle frequencies. Our model thus solves the unemployment volatility puzzle of Shimer
(2005) and is immune to the critiques of existing mechanisms that address it, namely, those by Chodorow-Reich and
Karabarbounis (2016) on the cyclicality of the opportunity cost of employment, by Kudlyak (2014) and Basu and House
(2016) on the cyclicality of wages, and by Borovicka and Borovickova (2019) on the asset-pricing implications of these
mechanisms.

To this purpose, we augment the textbook search model with two features: preferences from the macro-finance
literature that are consistent with the observed variation in asset prices over the business cycle and a process of human
capital acquisition that accounts for the longitudinal and cross-sectional evidence on wage growth with labor market
experience. In such a framework, a firm’s investment in hiring workers becomes a risky activity with long-duration flows
of the surplus from a match between a firm and a worker, which are then sensitive to variation in the price of risk over
the cycle. Hence, shocks to either aggregate productivity or, directly, to stochastic discount factors make the present
value of these surplus flows sharply fluctuate. In turn, fluctuations in the present value of these surplus flows imply that
investments in hiring workers are highly cyclical and thus that job-finding rates and unemployment are as volatile as in
the data.

We further show that both new features we introduce play a critical role. That is, if we abstract from either preferences
that generate time-varying risk or human capital acquisition, then the model gives rise to only negligible movements in
unemployment. We demonstrate that the same intuition applies once we augment the model with physical capital or
incorporate heterogeneity in the human capital process across workers. Overall, our results show that reintegrating
search and business cycle theory is both a tractable and promising avenue of future research.

We have purposely kept our model simple so as to focus on our new mechanism. We have therefore abstracted
from a host of potentially relevant sources of heterogeneity—for instance, in returns to experience across jobs, stochastic
discount factors, households’ exposure to time-varying risk, and labor market frictions. Including these multiple dimen-
sions of heterogeneity and assessing their importance for labor market fluctuations would be an interesting extension of

our framework for future work.

References

ALBUQUERQUE, R., EICHENBAUM, M., LUO, V.X. and REBELO, S. (2016), “Valuation Risk and Asset Pricing”,
Journal of Finance, 71 (6), 2861-2904.

ANDOLFATTO, D. (1996), “Business Cycles and Labor-Market Search”, American Economic Review, 86 (1), 112—-132.
ANG, A. and PIAZZESI, M. (2003), “A No-Arbitrage Vector Autoregression of Term Structure Dynamics with Macroe-
conomic and Latent Variables”, Journal of Monetary Economics, 50 (4), 745-787.

BAGGER, J., FONTAINE, F., POSTEL-VINAY, F. and ROBIN, R. (2014), “Tenure, Experience, Human Capital, and

45



Wages: A Tractable Equilibrium Search Model of Wage Dynamics”, American Economic Review, 104 (6), 1551-1596.
BANSAL, R. and YARON, A. (2004), “Risks for the Long Run: A Potential Resolution of Asset Pricing Puzzles”,
Journal of Finance, 59 (4), 1481-1509.

BARLEVY, G. (2008), “Identification of Search Models Using Record Statistics”, Review of Economic Studies, 75 (1),
29-64.

BASU, S. and HOUSE, C.L. (2016), “Allocative and Remitted Wages: New Facts and Challenges for Keynesian Mod-
els”, in J.B. Taylor and H. Uhlig (eds.) Handbook of Macroeconomics, volume 2, (Elsevier) 297-354.

BECKER, G. (1962), “Investment in Human Capital: A Theoretical Analysis”, Journal of Political Economy, 70 (5),
9-49.

BEELER, J. and CAMPBELL, J.Y. (2012), “The Long-Run Risks Model and Aggregate Asset Prices: An Empirical
Assessment”, Critical Finance Review, 1 (1), 141-182.

BOROVICKA, J. and BOROVICKOVA, K. (2019), “Risk Premia and Unemployment Fluctuations”, New York Univer-
sity mimeo.

BUCHINSKY, M., FOUGERE, D., KRAMARZ, F. and TCHERNIS, R. (2010), “Interfirm Mobility, Wages and the
Returns to Seniority and Experience in the United States”, Review of Economic Studies, 77 (3), 972-1001.
CAMPBELL, J.Y. (2003), “Consumption-Based Asset Pricing”, in G.M. Constantinides, M. Harris and R.M. Stulz (eds.)
Handbook of the Economics of Finance, volume 1, (Elsevier) 803—887.

CAMPBELL, J.Y. and COCHRANE, J.H. (1999), “By Force of Habit: A Consumption-Based Explanation of Aggregate
Stock Market Behavior”, Journal of Political Economy, 107 (2), 205-251.

CHODOROW-REICH, G. and KARABARBOUNIS, L. (2016), “The Cyclicality of the Opportunity Cost of Employ-
ment”, Journal of Political Economy, 124 (6), 1563-1618.

COCHRANE, J.H. (2008), “Financial Markets and the Real Economy”, in R. Mehra (ed.) Handbook of the Equity Risk
Premium (Elsevier) 237-326.

COCHRANE, J.H. (2011), “Discount Rates”, Journal of Finance, 66 (4), 1047-1108.

D’AMICO, S., KIM, D.H. and WEI, M. (2018), “Tips from TIPS: The Informational Content of Treasury Inflation-
Protected Security Prices”, Journal of Financial and Quantitative Analysis, 53 (1), 395-436.

DAVIS, S.J. and VON WACHTER, T. (2011), “Recessions and the Costs of Job Loss”, Brookings Papers on Economic
Activity, 41 (2), 1-72.

DEN HAAN, W.J.,, RAMEY, G. and WATSON, J. (2000), “Job Destruction and Propagation of Shocks,” American
Economic Review, 90 (3), 482—-498.

ELSBY, M.W.L. and SHAPIRO, M.D. (2012), “Why Does Trend Growth Affect Equilibrium Employment? A New
Explanation of an Old Puzzle”, American Economic Review, 102 (4), 1378-1413.

EPSTEIN, L.G. and ZIN, S.E. (1989), “Substitution, Risk Aversion, and the Temporal Behavior of Consumption and
Asset Returns: A Theoretical Framework™, Econometrica, 57 (4), 937-969.

FAMA, E.F. and FRENCH, K.R. (1993), “Common Risk Factors in the Returns on Stocks and Bonds”, Journal of
Financial Economics, 33 (1), 3-56.

FERNALD, J. (2014), “A Quarterly, Utilization-Adjusted Series on Total Factor Productivity”, Federal Reserve Bank of

46



San Francisco mimeo.

GURKAYNAK, R.S., SACK, B. and WRIGHT, J.H. (2007), “The U.S. Treasury Yield Curve: 1961 to the Present”,
Journal of Monetary Economics, 54 (8), 2291-2304.

GURKAYNAK, R.S., SACK, B. and WRIGHT, J.H. (2010), “The TIPS Yield Curve and Inflation Compensation”,
American Economic Journal: Macroeconomics, 2 (1), 70-92.

HAGEDORN, M. and MANOVSKII, I. (2008), “The Cyclical Behavior of Equilibrium Unemployment and Vacancies
Revisited”, American Economic Review, 98 (4), 1692—-1706.

HALL, R.E. (1988), “Intertemporal Substitution in Consumption”, Journal of Political Economy, 96 (2), 339-357.
HALL, R.E. (2017), “High Discounts and High Unemployment”, American Economic Review, 107 (2), 305-330.
HALL, R.E. and MILGROM, P.R. (2008), “The Limited Influence of Unemployment on the Wage Bargain”, American
Economic Review, 98 (4), 1653-1674.

HANSEN, L.P. and JAGANNATHAN, R. (1990), “Implications of Security Market Data for Models of Dynamic
Economies”, Journal of Political Economy, 99 (2), 225-262.

HOSIOS, A.J. (1990), “On the Efficiency of Matching and Related Models of Search and Unemployment”, Review of
Economic Studies, 57 (2), 279-298.

JERMANN, U.J. (1998), “Asset Pricing in Production Economies”, Journal of Monetary Economics, 41 (2), 257-275.
KEHOE, P.J., MIDRIGAN, V. and PASTORINGO, E. (2019), “Debt Constraints and Employment”, Journal of Political
Economy, 127 (4), 1926-1991.

KEHOE, PJ., LOPEZ, P., MIDRIGAN, V. and PASTORINO, E. (2020), “On the Importance of Household versus Firm
Credit Frictions in the Great Recession”, Review of Economic Dynamics, 37 (S1), S34-S67.

KEHOE, PJ., LOPEZ, P.,, MIDRIGAN, V. and PASTORINO, E. (2021), “Notes on Search Models and Unemployment
Fluctuations”, Stanford University mimeo.

KILIC, M. and WACHTER, J.A. (2018), “Risk, Unemployment, and the Stock Market: A Rare-Event-Based Explanation
of Labor Market Volatility”, Review of Financial Studies, 31 (12), 4762-4814.

KRUSELL, P., MUKOYAMA, T., ROGERSON, R. and SAHIN, A. (2017), “Gross Worker Flows over the Business
Cycle”, American Economic Review, 107 (11), 3447-76.

KUDLYAK, M. (2014), “The Cyclicality of the User Cost of Labor”, Journal of Monetary Economics, 68 (C), 53-67.
LARRAIN, B. and YOGO, M. (2008), “Does Firm Value Move Too Much to be Justified by Subsequent Changes in
Cash Flow?”, Journal of Financial Economics, 87 (1), 200-226.

LJUNGQVIST, L. and SARGENT, T.J. (2017), “The Fundamental Surplus”’, American Economic Review, 107 (9),
2630-2665.

LJUNGQVIST, L. and UHLIG, H. (2015), “Comment on the Campbell-Cochrane Habit Model”, Journal of Political
Economy, 123 (5), 1201-1213.

LOPEZ, P., LOPEZ-SALIDO, D. and VAZQUEZ-GRANDE, F. (2017), “Risk-Adjusted Linearizations of Dynamic
Equilibrium Models”, Bank of France mimeo.

MEHRA, R. and PRESCOTT, E.C. (1985), “The Equity Premium: A Puzzle”, Journal of Monetary Economics, 15 (2),
145-161.

47



MERZ, M. (1995), “Search in the Labor Market and the Real Business Cycle”, Journal of Monetary Economics, 36 (2),
269-300.

MOEN, E.R. (1997), “Competitive Search Equilibrium”, Journal of Political Economy, 105 (2), 385-411.
MONTGOMERY, J.D. (1991), “Equilibrium Wage Dispersion and Interindustry Wage Differentials”, Quarterly Journal
of Economics, 106 (1), 163-179.

PISSARIDES, C. (2009), “The Unemployment Volatility Puzzle: Is Wage Stickiness the Answer?”, Econometrica, 77
(5), 1339-1369.

RUBINSTEIN, Y. and WEISS, Y. (2006), “Post Schooling Wage Growth: Investment, Search and Learning”, in E.
Hanushek and F. Welch (eds.) Handbook of the Economics of Education, volume 1, (Elsevier) 1-67.

SCHORFHEIDE, F., SONG, D. and YARON, A. (2018), “Identifying Long-Run Risks: A Bayesian Mixed-Frequency
Approach”, Econometrica, 86 (2), 617-654.

SHIMER, R. (2005), “The Cyclical Behavior of Equilibrium Unemployment and Vacancies”, American Economic Re-
view, 95 (1), 25-49.

SHIMER, R. (2010), Labor Markets and Business Cycles (Princeton: Princeton University Press).

SHIMER, R. (2012), “Reassessing the Ins and Outs of Unemployment”, Review of Economic Dynamics, 15 (2), 127-148.
TALLARINI, T.D. Jr. (2000), “Risk-Sensitive Real Business Cycles”, Journal of Monetary Economics, 45 (3), 507-532.
WACHTER, J.A. (2005), “Solving Models with External Habit”, Finance Research Letters, 2 (4), 210-226.
WACHTER, J.A. (2006), “A Consumption-Based Model of the Term Structure of Interest Rates”, Journal of Financial
Economics, 79 (2), 365-399.

WACHTER, J.A. (2013), “Can Time-Varying Risk of Rare Disasters Explain Aggregate Stock Market Volatility?”,
Journal of Finance, 68 (3), 987-1035.

WRIGHT, R., KIRCHER, P, BENOTT, J. and GUERRIERI, V. (2021), “Directed Search and Competitive Search Equi-
librium: A Guided Tour”, Journal of Economic Literature, 59 (1), 90-148.

48



Appendix

In this appendix, we provide some of the details and sketches of the proofs omitted from the main text. See the online
appendix for complete arguments.

First-Order Conditions for the Aggregate Planning Problem and Expression for the Job-Finding Rate. By Proposi-
tion 2, the competitive search equilibrium aggregate allocations {C}, Z¢;, Zy¢, 0, } solve the aggregate planning problem.

Here, C; — X; = 5,C; = Sy / (a_l)C’t, where S; is governed by an exogenous stochastic process. Thus, we can express
the aggregate planning problem as the problem of choosing {C}, Z¢t, Zu:, 0, }, given the processes for A; and Sy, to solve

—avl—a
max E025t Ce (A.63)

-«

subject to the following constraints for all periods ¢ with multipliers ¢, Gt ftet, and G¢piye, respectively,

St - Cy = Ay Zet + bA Zyy — kAGO(1 + gu) Zut—1,
Stlet - Loy = ¢(1 — U)(l + ge)Zet—l + ¢)\wt(1 + gu)Zut—la
StHut - Lyt = qu'(l + ge)Zet—l + ¢(1 - Awt)(l + gu)Zut—l +1- ¢7

where we have omitted the explicit dependence of A, on 6;. The optimality conditions for the aggregate planning
problem are

Ci: & = BH(S:Cy) ",

Zet + Stptet = StAr + (1 + ge)Ee{s+1[(1 — o) ptet+1 + o ftut+1]},

Zut © Sthut = stbAr + (1 + gu) Ee{Sit1 [Mwtt1ttet+1 + (1 — Aot 1) prut+1) } — ¢(1 + gu)Ee(Ser16A¢4160141),
Or: KA = Ny (pet — fhut)-

Using the definition of the stochastic discount factor Q; ;11 = <;4+1/<; and the properties discussed that A,y = 6; Ay, and
1 —ne = 6\, / \wt, we can rewrite the first-order conditions as equations (31) to (33).
To derive (34), note that with the Cobb-Douglas matching function m(u,v) = Bu"v'~", it follows that ; = 7 and

Aft = Bﬁ)\;tl%", since
BN = BT <B“?”tl_n>1n -B (“ty = \r.
wt U s ft
Substituting this expression into (33) gives
kA = (1 —n)Bt=— ’7)\ (,uet — ut)-
By simple algebra, we then obtain that

1
1—1n BTi(1 — 1— ot — [hu
o) = (15 P2 (15 e (52),

which is (34) with y = (1 — 1) log[BT7 (1 — ) /x]/n. 0
Proof of Proposition 3. Recall the system in (35),

[zj Z " [ ] Ei(Qtt4nArtn), (A.64)
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where VU is the transition matrix given by
\I/:¢|:(1+ge)(1_a) (1—|—ge)0' :| )
(1+gu)77)\w (1+gu)(1 _n/\w)

0 0
0 Js
eigenvalues of ¥ and V is the corresponding matrix of eigenvectors. Hence, we can decompose U™ as

By performing a standard eigendecomposition, we can express ¥ as ¥ = V [ ] V~1, where §; and J, are the

Y=V [56! 52] vl (A.65)

With A = (1 — 0)(1 + ge) — NAw(1 + gu), the eigenvalues of ¥ are given by

1 w+ A
56,3 = QMZH + %\/(1 + Gu — )‘)2 + 477)‘w(1 + gu)(ge - gu)

¢>(1 + gu) + % [\/(1 + Gu — A)2 + 477)‘111(1 + gu)(ge - gu) - \/(1 + Gu — /\)2}

= 5 , (A.66)
oA = $ [V + 90 = N7+ 4201+ 9) (0 — 9u) — V/( + g — V7]
where in (A.66) we have used that
HEID _p1 g~ 20rgu—n  ama EEEN ) 00, ),

Now, note that premultiplying (35) by the row vector [1 —1] yields piet — piye. Then, by using our decomposition of
U, we obtain that fiey — prur = > (ce0) + 502 )Ee(Qr t4nAtgn), Where 0} + 507 satisfies

o 0.1 . .
1 —1]1/[6Z 55]‘/ l[b}:cﬁg—}—csés. (A.67)

To solve for the constants ¢, and c;, evaluate (A.67) at n = 0 and n = 1 using (A.65) to obtain a system of two equations
in two unknowns,

[1 —1] [ﬂ =1—-b=cy+cs and [1 —1] \% [((5)12 (;)] v1 E] =dA1—b) + d(ge — gu)b=cpdy + c50s.
(A.68)
Solving these two equations for ¢, and c, gives the expressions in footnote 14. O

Proof of Proposition 4. We prove that starting at the steady-state values of the aggregate human capital of employed
and unemployed consumers, Z. and Z,, with CRRA utility and random-walk aggregate productivity, job-finding and
unemployment rates are constant. We proceed by conjecturing and verifying that the solution to the aggregate planning
problem is constant over time, which implies that the job-finding rate and the unemployment rate are also constant, as
both are only functions of #;, which is constant. Recall that a solution to the aggregate planning problem is characterized
by the first-order conditions (31) through (33) with Q¢ ¢+1 = 8 [ét+1At+1/ (C’tAt)} ~® and by the constraints (27) through
(29). Define then C; = C; J Ay, fiet = et/ A, and fiyy = e/ Az, Since the competitive search equilibrium aggregate
allocations {Cy, Zet, Zyt, 04 } solve the aggregate planning problem and, as we show in the online appendix, the aggregate
planning problem admits a unique solution, it suffices to show that there exists a solution to the aggregate planning
problem with C,=C, Zet = Zey, Zt = Zu, 0; = 0, [let = fle, and [,y = [iy, When the initial conditions Z._; and
Z,—1 equal the steady state values Z. and Z,,.
To start, note that substituting E¢(Q¢ ++1) = BE[(Cty1/Ct) ] in (31) and dividing both sides by A; gives

Ao\ (G
fiet = 1+ (1 + go) BE; { ( Zl> ( gl) (1= 0)fier1 + oﬂutﬂ]} : (A.69)
t
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where (Ap11/A)' = e(l=a)(gatoatart1) by (1). Since eqi41 has a standard normal distribution, it follows that
By (A1 /A = e(1-0)9a+(1-0)?03/2 Under our conjectured solution, C; is constant so that Cy1/Cy = 1. If we let
§ = Be(l=@)gat(1-2)*03/2 (hen (A.69) becomes

fie =1+ ¢(1+ go)3[(1 — o) fic + o). (A.70)
Proceeding in a nearly identical fashion with (32) gives that
fiuw = b+ ¢(1 + gu)d[nAwfic + (1 — nw) i) (A.71)

under our conjecture, since 7);, the job-finding rate, and the job-filling rate are constant if the matching function is time
invariant and market tightness is constant. Finally, consider (33) and observe that

ko= (1= m)Ap(fie — i) (A72)

holds under our conjecture. Evaluated at our conjectured solution in which aggregate allocations are constant and the
initial conditions satisfy Z._; = Z, and Z,,_; = Z,, the transition equations for Z.; and Z,; and the resource constraint
are clearly satisfied. Thus, we have verified the conjecture. 0
Proof of Lemma 2. We apply the log-linear approximation around a risky steady state described by Lopez, Lopez-
Salido, and Vazquez-Grande (2017) to the pricing equation for a claim to aggregate productivity in n periods, P; =
Et(Qt,t+nAt+n). To write this expression recursively, we start by noting that the price of a 0-period strip at time ¢ + n
is Pyt4+n = A¢4n. Thus, the price of the 1-period strip at time ¢ + n — 1 is the expected present discounted value of this
price in the previous period, Py t4n—1 = Erpn—1(Qt+n—1,t4nL0,t+n). Proceeding with this backward recursion implies
that the price of an n-period strip at time ¢ is the expected present discounted value in ¢ of the price of the n — 1-period
strip in ¢ + 1, that is, Py = E4(Qt41Pn—1,4+1). Letting ¢ 141 = log(Qr4+1), Aarr1 = log(Ai1) — log(A), and
applying the same notational convention for similar expressions, we obtain that

log(Pyt/Ar) = log{E¢[exp(qr+1 + Aarp1 + 1og(Pr—1t+1/At41))]} (A.73)

for n > 1, where log(Py;/A;) = 0 since Py, = A, for all periods t. Let §; = s; — s and use log( Pt /Ar) = an + bpy
to rewrite (A.73) as
an, + bp S = log{E, [exp(qt7t+1 + Aagr1 + Gp-1 + bn—1§t+1)]}- (A.74)

Note that log(Py;/At) = ag + bps; = 0 for all §; gives the initial conditions ag = by = 0. Now, the pricing kernel for
our baseline preferences in (12) in log form is

qtt+1 = log(B) — alsiy1 — alepy, (A.75)
with Aay11 = go + 04€at+1- By (10), the law of motion for §; is $i41 = psSt + Aa(St)TaEat+1 SO that
Asip1 =841 — 5t = —(1 — ps)3t + Na(5¢)0aCats1- (A.76)

Using (A.76), Asi1 = AS;41, and assuming that Acyyq ~ Aayy, it follows that g; 11 + Aarr1 + ap—1 + bp—15141
on the right side of (A.74) is approximately equal to

log(f) — aAsir1 — aAair1] + Aaip1 + an—1 + bp—1541
=log(f) + (1 — @)ga + [psbn—1+ (1 — ps)a]d; + an—1 + {1 — a[l + Xa(st)] + bn-1Xa(5t) }oaCatr1.  (ATT)

Next, we evaluate the right side of (A.74) using (A.77). Note that, except for the last term, all of the other terms on the
right side of (A.77) involve variables that are known in ¢ so that for these terms, we can drop the conditional expectation.
As for the last term in (A.77), we further manipulate it using that the conditional expectation of a log-normal random
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variable with mean 0 and variance o2 is exp(c?/2) to obtain that

0.2
)} 0acar+1)]} = {1 — a[l + A\a(se)] + bn—l)‘a(st)}2?a

(s
2

~ {1 = all + Aa(5)] + ba-1Aa(5)}? 3“ + (07 (bu-1 = @) X (){1 = a1 + Aa(8)] + bu—1Xa(5)})3¢
(o

o' 1 o2 —bp—1) « 1
_[1_S+b" 1<S—1>} 2+S[1—S+bn1<s 1)]0&

*bnf ? 52 *bnf *bnf PN
:<1—bn_1—0‘81> 02“+<1—bn_1—0‘ < 1) (O‘ < 1>023t, (A78)

log{E:[exp({1 — a1 + Ao(5¢)] + bn—1Aq

where in the second line, we have used a first-order Taylor expansion around s; = s, and in the third line, we have used
(1D),
1
Aa(St) = 3 [1—2(sq —s)]—1, (A.79)

which implies that 1+, (s) = 1/S and X, (s) = —1/S in a steady state. Using (A.77) and (A.78) and grouping together
the constants and the terms in §;, we can express the right side of (A.74) as

. a—by, 1\ o2
log{E¢[exp(qt,i+1 + Aai41 + an—1 + bp_15141)]} =log(B) + (1 — a)ga + an—1 + <1 —bp—1 — Sn1> ?a
o —by_ o —by,_ ~
+ (1= ps)a + psbn1 + <1 ~bpo1 = " 1) ( 5" 1) ag} 4. (A.80)
Matching up the constants and the coefficient of 5; on the right side of (A.80) gives the formula in (50).
We next show that the assumptions that
a>1 and 1-— +(1—O‘>U‘2L>0 (A81)
Ps 5) g .

imply that the coefficients {b,,} grow monotonically from O to c. To this end, it is useful to rearrange the formula for b,,
as

by —bp—1 = (04 - bn—1)¢<bn—1)7 (A.82)

where

o 0‘2 1-S5 0‘2 (a—1)/
— _ _ ) _a - ) Za — _ a— [e] < ]
Slbur) =1 po+ (1= ) % 4 by ( - ) T amd S=[C-X)/C V<1 ARy
using that § = S(e—1/e

First, we claim thatif b,,_; € [0, o], then ¢(b,—1) > 0 and b,, > b,,_1. To prove this claim, we note that ¢(b,,—1) > 0
if b,—1 > 0 by (A.81) and (A.83). Therefore, b, > b,,_1 for any b,,_1 € [0, @] by (A.82).

Second, we claim that if b, 1 < a, then b,, < a. To establish this claim, we observe that the term [(1 — S)/S]o2/S

is nonnegative since S < 1, which implies that the function ¢(-) is weakly increasing. Hence, if b,—; < «, then
¢(bp—1) < ¢(a). Therefore, b, < a, since

by = bp—1+ (Oé - bn71)¢(bn71) <bp-1+ (Oé - bn71)¢(04) = [1 - ¢(a)]bn71 + gZ)(Oé)Oé < a, (A.34)

where in the first inequality, we have used that ¢(b,—1) < ¢(«) and o — b,,—1 > 0. The last inequality follows because
[1 — é(a))by—1 + ¢(a)a is a convex combination of b, 1 and a, since ¢(a) = 1 — ps — (o — 1)o2 /S belongs to (0, 1),
and both b,,_; and « are less than or equal to . To see that ¢(a) € (0, 1), note that ¢(a) < 1 follows since ps and ov — 1
are positive. That ¢(a) > 0 follows because S < 1 and we have assumed that 1 — ps — (a/S — 1)02/S > 0. These
facts imply that

pla)=1—ps— (a—1)02/S >1— ps— (a/S —1)a2/S > 0.

Finally, we argue that b,, monotonically converges to «. To begin, recall that the sequence {b,,} starts with by =
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0 € [0, a. Recursively applying our first two claims implies that b,, € [b,—1, «] for all n. Since the sequence {b,,} is
monotone and bounded, it converges (monotonically) to some limit point b*. To prove that this limit point is b* = «,
note that b* solves the quadratic equation (o — b*)¢(b*) = 0 by (A.82). This equation admits two roots, a positive one
with b* = « and, by (A.81) and (A.83), a negative one. The negative one is not relevant because, as argued above, b,, is
a sequence that monotonically increases from by = 0 to b* so its limit point is positive. Hence, this limit point must be
the positive root c. O
Proof of Proposition 5. Substitute P,,;/A; = entbn(5t=5) from Lemma 2 into (41) in Proposition 3 to obtain

1 . o
log(Awt) = x + <77n> log [Z(cﬁ? + cség)ea"+bn(5t_s)] (A.85)
n=0
mx—k()log ceby + ¢y e —|—<> —= - bn p (st —s
n ;0( e ) n ;0 D00 e (ceby + cs07)] (5 =)

— const + (1;"> (Z wnbn> (s¢ — 5), (A.86)
n=0

where the approximation sign follows from denoting the right-side of (A.85) by f(s;) and taking a first-order Taylor
expansion of it around s using that f(s;) ~ f(s) + f'(s)(s; — s). Differentiating (A.86) gives (51), from which (52)
immediately follows. O
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Table 1: Parametrization and results for baseline model

Panel A: Parameters

Panel B: Moments

FEndogenously chosen Targeted Data  Model
ga, mean productivity growth (% p.a.) 2.28 Mean productivity growth (% p.a.) 2.28 2.28
Oa, s.d. productivity growth (% p.a.) 1.84 S.d. productivity growth (% p.a.) 1.84 1.84
K, hiring cost 1.00 Mean unemployment rate (%) 5.9 5.9
B, time preference factor 0.999 Mean risk-free rate (% p.a.) 0.74 0.74
S, mean of state S; 0.21 S.d. risk-free rate (% p.a.) 2.35 2.35
a, inverse EIS 5.35 Sharpe ratio of market excess return (p.a.) 0.45 0.45
pi?  annualized persistence of state 0.935 Autocorrelation log price-dividend ratio (p.a.) 0.95 0.95
Assigned Labor market results
B, efficiency of matching technology 0.46 Mean job-finding rate (%) 45.35 50.14
b, home production parameter 0.6 S.d. job-finding rate (%) 6.67 6.60
o, probability of separation 0.028 Autocorrelation job-finding rate 0.94 0.99
7, matching function elasticity 0.5 S.d. unemployment rate (%) 0.79 0.75
¢, survival probability 0.9972 Autocorrelation unemployment rate 0.96 0.99
ge, human capital growth on job (% p.a.) 3.5 Correlation unemployment and job-finding rate -0.96 -0.99
Elasticity user cost labor to u (Basu and House, 2016)  -5.80 -6.00
Asset market results
Mean excess return (% p.a.) 7.05 6.15
S.d. excess return (% p.a.) 15.6 13.7
Mean log price-dividend ratio 3.51 3.42
S.d. log price-dividend ratio 0.44 0.38
Mean 20-year real yield (% p.a.) 4.74 3.55
S.d. 20-year real yield (% p.a.) 1.95 2.24
Mean 20-year nominal yield (% p.a.) 7.71 7.53
S.d. 20-year nominal yield (% p.a.) 2.41 2.30
Table 2: Role of human capital accumulation
DMP model with baseline preferences Baseline model with
Data Baseline ge=0and g, =0 ge = 3.5% and g, = 3.5%
S.d. job-finding rate (%) 6.67 6.60 0.14 0.14
Autocorrelation job-finding rate 0.94 0.99 0.99 0.99
S.d. unemployment rate (%) 0.79 0.75 0.02 0.02
Autocorrelation unemployment rate 0.96 0.99 0.99 0.99
Correlation u and job-finding rate -0.96 -0.99 -1.00 -1.00




Table 3: Parametrization and results for model with baseline preferences and physical capital

Panel A: Parameters

Panel B: Moments

Endogenously chosen

Ja, mean productivity growth (% p.a.)
Oa, s.d. productivity growth (% p.a.)
K, hiring cost

B, time preference factor

S, mean of state S;

a, inverse EIS

¥, curvature of production function

&, curvature of capital adjustment cost
pi?, annualized persistence of state

Assigned

B, efficiency of matching technology
b, home production parameter

o, probability of separation

1, matching function elasticity

¢, survival probability

d, physical capital depreciation rate

ge, human capital growth on job (% p.a.)

1.36
1.79
1.74
0.999
0.29
7.15
0.26
0.26
0.935

0.46
0.6
0.028
0.5
0.9972
0.1/12
3.5

Targeted

Mean productivity growth (% p.a.)

S.d. productivity growth (% p.a.)

Mean unemployment rate (%)

Mean risk-free rate (% p.a.)

S.d. risk-free rate (% p.a.)

Sharpe ratio of market excess return (p.a.)
Mean labor share of output

Ratio s.d. invest. to consumption growth
Autocorrelation log price-dividend ratio (p.a.)

Labor market results

Mean job-finding rate (%)

S.d. job-finding rate (%)

Autocorrelation job-finding rate

S.d. unemployment rate (%)

Autocorrelation unemployment rate
Correlation unemployment and job-finding rate

Asset market results

Mean excess return (% p.a.)

S.d. excess return (% p.a.)

Mean log price-dividend ratio

S.d. log price-dividend ratio

Mean 20-year real yield (% p.a.)
S.d. 20-year real yield (% p.a.)
Mean 20-year nominal yield (% p.a.)
S.d. 20-year nominal yield (% p.a.)

Data

1.36
1.79

5.9
0.74
2.35
0.45
0.70

4.5
0.95

45.35
6.67
0.94
0.79
0.96

-0.96

7.05
15.6
3.51
0.44
4.74
1.95
7.71
2.41

Model

1.36
1.79

5.9
0.74
2.35
0.45
0.70

4.5
0.95

49.85
7.24
0.99
0.84
0.99

-0.98

5.52
12.2
3.27
0.36
3.68
2.25
7.66
2.30




Table 4: Parametrization and results for lifecycle model with baseline preferences

Panel A: Parameters

Panel B: Moments

Endogenously chosen Targeted Data Model
Ja, mean productivity growth (% p.a.) 1.95 Mean productivity growth (% p.a.) 1.95 1.95
Oa, s.d. productivity growth (% p.a.) 1.40 S.d. productivity growth (% p.a.) 1.40 1.40
Ky, hiring cost for young 1.42 Mean unemployment rate for young (%) 8.7 8.7
Km, hiring cost for mature 6.01 Mean unemployment rate for mature (%) 4.1 4.1
B, time preference factor 0.998 Mean risk-free rate (% p.a.) 1.53 1.53
S, mean of state S; 0.12 S.d. risk-free rate (% p.a.) 1.84 1.84
a, inverse EIS 4.00 Sharpe ratio of market excess return (p.a.) 0.45 0.45
p2 annualized persistence of state 0.935 Autocorrelation log price-dividend ratio (p.a) 0.96 0.96
oy, probability of separation for young 0.044 Mean job-finding rate for young (%) 46.87 46.61
Om, probability of separation for mature 0.015 Mean job-finding rate for mature (%) 34.95 35.55
Assigned Labor market results
B, efficiency of matching technology 0.42 S.d. job-finding rate for young (%) 4.98 5.46
b, home production parameter 0.6 S.d. job-finding rate for mature (%) 4.60 4.43
7, matching function elasticity 0.5 Autocorr. job-finding rate for young 0.94 0.99
¢y, survival probability for young 0.9917 Autocorr. job-finding rate for mature 0.89 0.99
¢m, survival probability for mature 0.9972 S.d. unemployment rate for young (%) 0.86 0.97
gey, HK growth on job for young (% p.a.) 4.22 S.d. unemployment rate for mature (%) 0.51 0.52
Juy, HK growth off job for mature (% p.a.) -0.99 Autocorr. unemp. rate for young 0.95 0.99
gem, HK growth on job for young (% p.a.) 2.75 Autocorr. unemp. rate for mature 0.95 0.99
Jum, HK growth off job for mature (% p.a.) -18.2 Corr. unemp. and job-finding rate for young -0.95 -0.99
Corr. unemp. and job-finding rate for mature -0.93 -0.99
Asset market results
Mean excess return (% p.a.) 5.94 4.27
S.d. excess return (% p.a.) 13.2 9.50
Mean log price-dividend ratio 3.70 3.45
S.d. log price-dividend ratio 0.49 0.30
Mean 20-year real yield (% p.a.) 4.74 3.17
S.d. 20-year real yield (% p.a.) 1.95 1.37
Mean 20-year nominal yield (% p.a.) 7.71 7.45
S.d. 20-year nominal yield (% p.a.) 2.41 1.46
Table 5: Results for other preferences
Data Baseline Alternative preferences
cC EZ w/ LRR  EZ w/ disasters  Affine SDF
Labor market results
S.d. job-finding rate (%) 6.67 6.60 6.66 6.60 5.66 7.08
Autocorr. job-finding rate 0.94 0.98 0.99 0.99 0.99 0.99
S.d. unemployment rate (%) 0.79 0.75 0.77 0.70 0.78 0.72
Autocorr. unemployment rate 0.96 0.99 0.99 0.99 0.99 0.99
Correlation unemployment and job-finding rate -0.96 -0.99 -0.98 -0.98 -0.98 -0.98
Asset market results
Mean excess return (% p.a.) 7.05 6.15 6.32 4.26 4.77 6.92
S.d. excess return (% p.a.) 15.6 13.7 14.1 9.50 10.7 15.6
Mean log price-dividend ratio 3.51 3.42 3.41 3.85 3.76 3.29
S.d. log price-dividend ratio 0.44 0.38 0.39 0.31 0.36 0.38
Mean 20-year real yield (% p.a.) 4.74 3.55 3.70 2.79 -1.62 4.10
S.d. 20-year real yield (% p.a.) 1.95 2.24 2.40 1.26 2.15 2.07
Mean 20-year nominal yield (% p.a.) 7.71 7.53 7.67 6.48 2.04 8.19
S.d. 20-year nominal yield (% p.a.) 2.41 2.30 2.47 1.27 2.16 2.20




Figure 1: Sensitivity of key moments to preference parameters in baseline model
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Note: Ayt denotes the job-finding rate, pd; denotes the log price-dividend ratio of the consumption claim, and
remt denotes the market excess return, measured in the model as the excess return on a consumption claim. As
the relevant parameter varies, the vacancy posting cost k is adjusted so as to keep the mean unemployment rate

constant at its baseline value.

Figure 2: Labor market responses to productivity shock in baseline model
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Note: Impulse responses of the job-finding rate (left panel) and the unemployment rate (right panel) to a -1%
productivity shock. Generalized impulse response functions are calculated based on 10,000 simulations.



Figure 3: Loci of human capital rates corresponding to fractions of job-finding rate volatility in baseline model

(a) Average working life of 30 years (b) Average working life of 40 years
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Figure 4: Prices of productivity strips in global and approximate solutions in baseline model

(a) Global solution (b) Approximate solution
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Figure 5: Asset market responses to productivity shock in baseline model and durations
(a) Prices of productivity strips by maturity (b) Cumulative weights by maturity
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Note: Impulse responses of the prices of productivity strips to a -1% productivity shock (left panel) and duration
of surplus flows in the baseline model and DMP model with baseline preferences (right panel). Generalized impulse
response functions are calculated based on 10,000 simulations.





