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Excess waste might be created by a “linear economy” that proceeds from resource extraction to 

production, use, and landfill disposal. In contrast, a “circular economy” (CE) could extract less, 

design products to last longer, design products to be recycled, and then encourage recycling. 

These ideas were introduced by architect Walter Stahel (1982) and design engineers (e.g., 

Hendrickson et al. 1998). Interdisciplinary CE literature reviewed in Stahel (2016) advocates for 

policies to encourage repair and reuse of products with longer lives – to reduce pollution from 

extraction through disposal. Product durability regulations are discussed in both the E.U. and 

U.S.1  Ironically, circular economy has attracted little interest within economics. Here, we omit 

recycling because it is already well covered.2  Instead, we focus on product durability. 

With optimal corrections for production and disposal externalities and no other market 

failure, then those optimal policies do not depend on durability. After all, the choice of durability 

itself does not generate an externality. Here, in contrast, we ask what uncorrected market failures 

can justify calls in the interdisciplinary CE literature for policies that do depend on durability.  

 Economists since Pigou (1932) show that optimal corrective taxes apply to externality-

generating activities at a rate equal to marginal external damages (MED), at least under what we 

call the “perfect assumptions”: perfect competition, full information, perfect enforcement, 

certainty, constant returns to scale (CRTS), and many identical, perfectly rational consumers 

(e.g., Baumol and Oates 1988). Producers pay the MED per ton of emissions, and consumers pay 

the MED per ton of disposal. Many subsequent papers relax each of those assumptions.3   

Below, we review a large literature in which market power allows a producer to choose 

product durability. Consumers can only buy what firms choose to offer. That literature makes 

important contributions, but we find no economics literature that focusses on consumers’ 

unconstrained choices about durability and the market failures that could distort consumer 

choices. In other words, we do not try to extend further that existing literature. Instead, we focus 

on the opposite perspective. We revert to the simple assumption of perfect competition with free 

entry and exit, which means that producers are willing to offer whatever consumers want to buy. 

 
1 The E.U. suggests requiring more durability to increase GDP and environmental benefits (Montalvo, et al. 2016, 
pp.10-12). Richter et al. (2019) calculate optimal durability of LED light bulbs and find that “longer lifetimes … in 
the E.U. could be appropriate” (p.107). They then discuss minimum durability standards and labelling requirements. 
The U.S. Federal Trade Commission (2021) also discusses durability regulations.  
2 The large economics literature on recycling includes early examples like Fullerton and Kinnaman (1996) and 
Palmer and Walls (1997), and it extends through the research and citations in Taylor (2020) or Berck et al. (2021).   
3 See reviews in Bovenberg and Goulder (2002) and Greenstone and Jack (2015). 



-2- 
 

Our questions about consumer choice of durability are analogous to those about the 

energy efficiency gap, defined as “a wedge between the cost-minimizing level of energy 

efficiency and the level actually realized” (Allcott and Greenstone 2012, p.4). This gap might be 

driven partly by externalities that prevent minimizing social costs and partly by “internalities” 

such as present bias or inattention (see Gerarden et al. 2017, or the review by Allcott 2016). 

Consumers may spend too little now on greater energy efficiency, even if it would save money 

on electricity in the long run. Analogously, we define a “durability gap” as a wedge between the 

cost-minimizing level of durability and the level actually realized. This gap also can be driven 

partly by externalities, internalities, or consumer mistakes. Consumers might not pay more now 

for a product that lasts longer, even if it saves money in the long run. If so, then policies can help 

consumers maximize their own welfare. In over-simplified-but-intuitive terms, making products 

that last twice as long can cut in half the repeated costs of production and disposal.4 

These gaps are analogous but different. The energy efficiency gap focuses on policies to 

fix externalities from energy use during a product’s fixed lifetime – ignoring the choice of 

product durability.5 In contrast, we focus on policies to fix externalities from production and 

disposal when consumers can choose durability – ignoring energy efficiency and externalities 

from the use of the product.  

We start with all the perfect market assumptions. Perfect competition means that firms 

cannot limit durability, plan obsolescence, or prevent repairs. Instead, selling at cost, firms will 

offer product varieties with any combination of characteristics desired by consumers. We ask 

whether one or more market failures creates a “durability gap” that makes chosen durability 

suboptimal. When we find a durability gap, we ask what policy could optimally address it.  

As explained below, we allow for three types of market failure: (1) pollution externalities 

from extraction, production, or disposal; (2) consumers underweighting future costs, so the 

private rate of discount exceeds the social rate; and (3) consumer errors about product durability. 

We solve two different models, for two different definitions of “durability”. In both 

cases, we assume consumers can choose among variants of a particular type of product. One 

 
4 Future empirical work can address questions about the durability gap that are similar to those already addressed 
about the energy efficiency gap (Gillingham et al. 2009). Are the true long-run costs of durability known to the 
consumer and incorrectly measured by the analyst, or the other way around? Are consumers making rational 
decisions or not? Are external social cost being ignored? What is the size of each component of the gap? 
5 For example, Heutel (2015) studies policies to address an energy efficiency gap from present-bias internalities, 
using a model with a single durable good that has a fixed lifespan and that causes externalities from its use of 
energy. He shows that the optimum requires both a Pigovian tax and another policy to address the internality. 
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model assumes different variants are designed and built in ways that will require different 

maintenance or repair schedules (e.g., cars, or laptops). Consumers can then decide when each 

variant would optimally be retired, and they use that information to choose the one to buy. The 

other model has no maintenance or repair, but variants are designed and built to last different 

lifetimes (e.g., light bulbs). In both models, free entry and competition mean that some producer 

will build the desired variant and sell it at cost. We use the present value of all private costs over 

each variant’s lifetime to derive annualized or “levelized” cost to consumers, and we show that 

the rational consumer would choose the variant with the lowest levelized cost.  

Then we account for market failures and the present value of all social costs over a 

variant’s life to derive levelized cost to society. We solve analytically for the optimal tax upon 

purchase of each variant that induces buyers to choose the variant that minimizes social costs. 

Our closed-form solution is called the “optimal” tax, because it encompasses either a first-best 

optimal (FBO) tax that corrects externalities without any other market failure, or a second-best 

optimal (SBO) tax in the presence of one or more uncorrected market failure (e.g., social 

discount rate less than private discount rate, or if consumers make mistakes). 

If that optimal tax falls with durability, then we say that a “durability gap” exists and can 

be addressed by a policy that explicitly favors long product lifetimes. We ask whether our results 

validate claims in the CE literature that optimal policy would need to address durability.   

Using our models where consumers choose durability, the case where pollution 

externalities are the only type of market failure is solved easily to replicate the result in Bernard 

(2019) that the FBO purchase tax equals marginal environmental damage. This standard 

Pigovian tax does not favor products with longer lifetimes. We then prove five new results.  

First, when that product tax is less than MED, even if it is a uniform tax for all durability 

variants of the relevant product, we show that a uniform increase in this suboptimal tax induces 

consumers to pay more for a variant with extra durability. The reason is that buying a longer-

lasting product delays the time that the tax must be paid to buy its replacement.  

Second, if the externality remains imperfectly corrected by this suboptimal per-unit tax, 

then a second-best policy can raise welfare in this model either by increasing that tax, or by 

introducing a durability subsidy, or by a marginally binding durability mandate. Then we add the 

other two categories of market failures, and we solve analytically for SBO purchase tax rates.  

Third, when the social rate of discount is less than the private rate, and this market failure 

is not corrected directly, then the SBO product tax falls below MED for products that last longer 
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(a durability gap, because optimal policy does encourage durability). The logic is that private 

decisions favor cheaper and less-durable products, failing to account for future excess social 

costs of disposal or of producing replacements. An exception is the case where producing a more 

durable good itself generates extra environmental damages that require a higher tax. 

Fourth, we find that an error by consumers who underestimate (or overestimate) a 

product’s life is an uncorrected market failure that effectively raises (reduces) the product’s 

perceived annual cost of ownership. A higher perceived levelized cost is a disincentive that 

offsets part of any external cost from extraction of materials or production of the variant. In this 

case, the SBO tax is less than MED. A large underestimate can make the SBO tax negative (or an 

overestimate of durability can raise the SBO tax above MED). But any such mistake has 

ambiguous effects on how SBO taxes depend on product life. Thus, it conveys no clear message 

about a durability gap to be fixed by inducing changes in durability.  

Fifth, for a numerical illustration of all these results with different combinations of 

market failures, we use data on 4,362 lightbulbs in the U.S. from 2015 to 2019, which we 

scraped from the website of the largest U.S. online lightbulb retailer. We regress sales price on 

the stated expectation of bulb lifetime and other attributes to estimate some parameters, and we 

calibrate other parameters. We insert all those parameters into our analytical formulas to 

calculate optimal tax rates, so that we can show graphically whether and how much these tax 

rates depend on durability – for alternative specifications about existing market failures. 

1. Some Background on Particular Market Failures 

Green designs of products that can be disassembled for recycling were discussed early by 

economists (e.g., Fullerton and Wu 1998; Calcott and Walls 2000; Eichner and Pethig 2001), but 

the terminology of “circular economy” (CE) was not introduced until a decade ago by non-

economists (see Stahel 2016 and Geissdoerfer et al. 2017). Interdisciplinary CE literature points 

to the importance of interactions around the entire circle, starting at mineral extraction, extending 

through product design for durability and recycling, and continuing through production 

processes, forward product supply chains, reverse supply chains for used materials, consumer 

recycling behavior, and methods of using waste back in production. The combination and 

interactions of all these activities is not well studied by economists. 

This paper asks whether and when a market failure makes chosen durability suboptimal, 

but the list of possible market failures is far too long for one paper. One market failure omitted 
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here is that asymmetric information can lead to adverse selection in markets for used durables 

(Akerlof 1970; Hendel and Lizzeri 1999a). If so, then consumers buying a new car know that 

they cannot sell it at a price that reflects its true value. Rather than get locked into the ownership 

of a long-lasting durable they cannot sell, consumers may choose less durability. Our model 

below assumes perfect information and many identical consumers (with no need to trade).  

A second market failure omitted here is how imperfect competition can allow producer 

choice of durability. Early papers on this topic ignore environmental consequences and just 

discuss whether and when market power affects durability (e.g., Levhari and Srinivasan 1969; 

Swan 1970). Durability is independent of market structure under strong assumptions, including 

the ability of firms to pre-commit to future prices, but a large subsequent literature finds reasons 

firms with market power underprovide durability: when allowing for maintenance (Schmalensee 

1974); when firm are unable to lease the product to reduce time consistency problems (Bulow 

1986); stochastic depreciation rates (Rust 1986); and preference heterogeneity (e.g., Kim 1989; 

Hendel and Lizzeri 1999b). These papers and others are reviewed by Waldman (2003).  

Later, similar models were extended to add environmental externalities. For example, 

Boyce and Goering (1997) look at polluting durable-goods producers with market power, but 

they assume fixed durability. Our focus is endogenous durability. With imperfect competition 

that allows producer choice of durability, Goering and Boyce (1999) and Runkel (2003, 2004) 

look at FBO and SBO pollution policy. Overall, they show optimal emission taxes can be higher 

or lower than MED, depending on assumptions (e.g., whether demand is linear, whether the cost 

function has increasing returns, or whether the firm can pre-commit or lease the durable). When 

firms can pre-commit, Runkel (2003) shows the emissions tax is less than MED. Without pre-

commitment, Kinokuni et al. (2019) show a disposal fee greater than MED can help solve the 

time consistency problem and curb planned obsolescence, which raises durability and welfare. 

Looking at other market failures, Eichner and Runkel (2003) consider missing markets 

for product attributes such as recyclability and durability. Finally, in Bernard (2019), a monopoly 

that makes products more durable may add production steps that raise emissions. In her other 

examples, emission reductions increase durability. When durability and pollution abatement are 

neutral or complementary attributes, an emission tax reduces the monopoly’s pollution and 

increases durability; when these attributes are “competitive”, effects are ambiguous. 

Rather than try to extend this large producer choice literature even further, we choose a 

new perspective. Here, we focus on perfectly competitive firms that enter or exit the market with 
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no fixed costs, so that only consumers choose what type of product will be built. If consumers 

want a more durable product, then that is what competitive producers will design and provide.  

We limit consideration here to three categories of market failure that are prominent in the 

environmental economics literature and that could have important effects on consumer choice of 

durability. The first category we consider includes negative external effects from extraction, 

production, and disposal. These external social costs arise from mining and other virgin materials 

extraction (e.g., water pollution, tailings, loss of biodiversity) and other stages of production 

(e.g., greenhouse gases, local air pollutants, soil contamination). For a given type of product, 

these effects are summarized in our model below for each variant (𝑗𝑗=1,…,𝑁𝑁) by the difference 

between the private unit cost or competitive price 𝑃𝑃𝑗𝑗 and the social cost 𝑃𝑃𝑗𝑗∗. This category also 

includes negative externalities from disposal (e.g., litter and noise from garbage collection plus 

methane and leachate emissions from landfills). These effects appear in our model as the 

difference between the private cost of disposal 𝐷𝐷𝑗𝑗  and the social cost 𝐷𝐷𝑗𝑗∗. 

A second category of market failures is a possible divergence between the social rate of 

discount 𝜌𝜌 and the private rate of discount 𝑟𝑟. The huge and complex literature on this topic is 

summarized here using just one prominent debate. Discussing climate policy, Stern (2007) 

argues for a social discount rate of 1.4%, partly on the grounds that the social welfare function 

should weight all generations equally and not underweight consumption of future generations. In 

response, Nordhaus (2007) argues for a higher social discount rate of 4.3% based on market 

interest rates, because future generations could gain more by investing additional capital at 

market interest rates. This debate is explained by Goulder and Williams (2012) as a debate about 

two different concepts, not about two values for a single “social rate of discount”. The two 

concepts are blurred in models of Nordhaus and others that uses a representative, infinitely-lived 

consumer, since intertemporal choice then reflects both the consumer’s utility maximization and 

social welfare maximization. This type of model has only one discount rate to be used both for 

private behavior and for social welfare. In contrast, an overlapping generations model might 

have individuals who underweight future generations. If so, then current generations can affect 

future generations without fully taking their welfare into consideration.6  

 
6 The debate about discounting also inevitably involves uncertainty, irrational behavior, and short-run versus long-
run discounting. Goulder and Williams (2012) argue that uncertainty would affect both the private and social 
discount rates in the same direction, though not necessarily by the same amount. Here, we model consumer mistakes 
about perceived product lifetimes rather than mistakes about their own discount rate.  
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We focus on this market failure as an externality imposed by current consumers on future 

generations, but the difference between private and social rates of discount could reflect other 

market failures such as tax distortions, liquidity constraints, or consumer mistakes. For example, 

Heutel (2015) models “present bias” as quasi-hyperbolic discounting, where consumers’ short-

run discount rate is too high relative to their own long-run rate. He assumes the social planner 

uses the “long-run criterion,” employing only the lower long-run discount rate. In fact, a model 

of consumers with infinite lives requires some internality if consumers put less weight on future 

utility. But the same effect appears with current generations of perfectly rational consumers that 

underweight costs on future generations. We adopt this latter externality interpretation. Our 

numerical illustrations simply use a market interest rate of 4% for private optimization, while we 

vary the social discount rate from 4% down to 3%, 2%, or 1%. 

In a third category of market failure, consumers could be subject to inattention, irrational 

behavior, bias, simple errors, or other problems studied in behavioral economics. See reviews in 

Dellavigna (2009) and Gerarden, et al. (2017). These market failures again include too many 

possibilities to analyze here. Using our second model below, we investigate whether optimal 

policy favors durability in the simple case where consumers mis-estimate product lifetimes.  

2. Consumer Choice of Durability  

We consider the consumer’s choice from among a set of product variants, any one of 

which can provide the same stream of services, but where durability and other attributes can 

differ. As an example, consumers choose from a set of washing machines that can all provide the 

same washing services. Or, a set of phones can all provide the same calling services. Our 

numerical example below is a set of lightbulbs that provide the same stream of light. We assume 

that many identical consumers face enough varieties to be able to acquire any combination of 

other desired characteristics, allowing us to focus on the choice among variants that differ only 

by durability. We consider consumers with an arbitrarily long horizon who must choose one 

variant from the relevant set (ignoring the opt-out decision).7 

Analysis requires a specific definition of durability. It could be based on economic 

depreciation, the annual fall in market value, but the resale price is not relevant for our many 

identical consumers who would have no interest in trading used appliances. In normal parlance, a 

 
7 Similarly, in Bernard’s (2019) monopoly model, “An infinitely lived representative household needs a given 
functionality or service supplied by the produced good. For instance, the household needs one washing machine, one 
toaster, or one refrigerator.” (p. 1187). 
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more durable product might be one that requires less maintenance and repair. Our first model 

here allows consumers to choose among variants with different repair cost schedules, where 

costs rise with variant age. A vehicle can be repaired, repeatedly, but eventually the repair cost 

becomes high enough that the owner chooses to dispose of it and buy a replacement. Sometimes, 

however, a more durable product is simply one that lasts longer. A light bulb or a toaster-oven is 

a “one-hoss-shay” investment with no repair costs at all, and a constant service flow, until the 

product fails entirely. In our second model below, we explore this case where each variant has no 

maintenance or repair but instead a fixed lifetime.  

Specifically, consumers must choose one variant from a set indexed by 𝑗𝑗 = 1, … ,𝑁𝑁, 

where all variants in this set provide the same constant flow of benefits 𝐵𝐵 (such as washing 

services for a set of washing machines). Each consumer needs this stream of services to last 

indefinitely, but the 𝑁𝑁 variants differ by their design for durability (built-in during construction), 

their purchase price 𝑃𝑃𝑗𝑗, and their final disposal cost 𝐷𝐷𝑗𝑗 . All 𝑁𝑁 variants are available to consumers 

because of full information, competition, and free entry or exit. With many identical consumers, 

only one variant is chosen, produced, and observed.8 

In our first model, each variant has its own maintenance and repair cost schedule 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡) 

that depends on time since purchase, 𝑡𝑡. A change in the scalar 𝛾𝛾 is used below to represent a 

proportional change in the maintenance schedule 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡), where 𝑚𝑚𝑗𝑗(𝑡𝑡) is continuous, twice 

differentiable, and strictly convex [𝑚𝑚𝑗𝑗′(𝑡𝑡) ≡ 𝜕𝜕𝑚𝑚𝑗𝑗/𝜕𝜕𝑡𝑡 > 0]. Eventually, these repair costs rise 

enough that the consumer chooses to retire variant 𝑗𝑗 at chosen time 𝑇𝑇𝑗𝑗, but differing repair cost 

schedules 𝑚𝑚𝑗𝑗(𝑡𝑡) imply that each variant can provide a different useful life. 

To acquire this constant stream of benefits into the future, the consumer must make a 

plan about which variant to buy, when to retire it, and how to replace it. All characteristics of 

each variant are known in advance and fixed over time, so the consumer can plan from time zero 

and then just stick to the plan. Because the stream of benefits is fixed and necessary, the goal is 

simply to minimize the present value of the cost of buying this stream of services indefinitely. 

 We proceed first by describing the consumer’s initial choice of variant, and then we 

prove that this same choice would be repeated. The initial choice requires two steps. First, fully 

 
8 In this partial equilibrium model, competition and CRTS imply that the supply curve is flat. Given consumer 
market demand for each variant, a unit tax on each variant would raise its flat supply curve and the equilibrium price 
by exactly the amount of the tax.  
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informed consumers plan the cost-minimizing retirement date (0 < 𝑇𝑇𝑗𝑗 < ∞) for every variant 𝑗𝑗 by 

balancing its rising maintenance cost against costs of disposal and replacement. Second, they 

then compare the 𝑁𝑁 variants to choose the one with the lowest constant “levelized” flow cost. A 

longer-lasting variant may cost more initially but have a lower long-run annual cost.9   

Consumers may also face various tax rates. Upon purchase, consumers must pay the price 

𝑃𝑃𝑗𝑗, a purchase tax 𝜏𝜏𝑗𝑗𝑃𝑃, plus an amount 𝜀𝜀 (which we use later to represent a change in the price or 

tax). Upon disposal, consumers must pay the private disposal charge 𝐷𝐷𝑗𝑗  plus a disposal tax 𝜏𝜏𝑗𝑗𝐷𝐷. 

Any tax rate can be positive or negative. A private disposal company or a municipality might 

collect a positive charge per unit of disposal, or they may charge only a fixed monthly fee to 

collect all garbage. In the latter case, the monthly fee is inframarginal, and the private marginal 

cost 𝐷𝐷𝑗𝑗  is zero (ignoring scrap value).  

Using continuous time, where 𝑟𝑟 is the private discount rate, we define 𝑃𝑃𝑃𝑃𝑗𝑗 as the present 

value of all private costs of variant 𝑗𝑗 (including taxes).10  The consumer does not just minimize 

this present value, however, because useful lives differ. We want the lifetime 𝑇𝑇𝑗𝑗 that minimizes 

the equivalent long-run annual (i.e., “levelized”) cost of ownership, 𝑐𝑐𝑗𝑗. To find 𝑐𝑐𝑗𝑗, we first set the 

present value of actual private costs equal to the present value of levelized costs 𝑐𝑐𝑗𝑗:11  

𝑃𝑃𝑃𝑃𝑗𝑗(𝑇𝑇𝑗𝑗)  ≡  𝑃𝑃𝑗𝑗 + 𝜏𝜏𝑗𝑗𝑃𝑃 +  𝜀𝜀 + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡
𝑇𝑇𝑗𝑗

0
+ (𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷)𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗  ≡  � 𝑐𝑐𝑗𝑗

 𝑇𝑇𝑗𝑗

0
𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡 (1) 

This equation essentially defines 𝑐𝑐𝑗𝑗, so we can rearrange and solve for that levelized cost: 

𝑐𝑐𝑗𝑗(𝑇𝑇𝑗𝑗) =
𝑟𝑟

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
𝑃𝑃𝑃𝑃𝑗𝑗(𝑇𝑇𝑗𝑗) =

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

�𝑃𝑃𝑗𝑗 + 𝜏𝜏𝑗𝑗𝑃𝑃 + 𝜀𝜀 + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡
𝑇𝑇𝑗𝑗

0
+ (𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷)𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗� 

 (2) 

This levelized cost 𝑐𝑐𝑗𝑗 is the “user cost of capital” for comparison with an asset’s return, a concept 

that dates back at least to Hall and Jorgenson (1967). It is the flat “rental rate” paid by a renter to 

an owner who just breaks even when the owner pays for purchase, maintenance, and disposal. 

The levelized cost 𝑐𝑐𝑗𝑗(𝑇𝑇𝑗𝑗) for each variant is U-shaped across the possible choices for 

 
9 For example, Miotti et al. (2016) calculate the present value of all ownership costs for 125 light-duty vehicles (and 
find that electric vehicles have higher initial costs but lower annualized costs than most fossil-fuel-powered cars).  
10 We ignore heterogeneity, including consumer discount rates (e.g., preferences, credit constraints, or tax rates). On 
heterogeneity, see Heutel (2015). If some consumers cannot borrow enough to pay the higher up-front cost of the 
variant with optimal durability, then then the taxes considered here cannot achieve first-best outcomes. 
11 Because of continuous time, this 𝑐𝑐𝑗𝑗 is not a flat annual cost but an instantaneous flow cost rate.  
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retirement date (0 < 𝑇𝑇𝑗𝑗 < ∞), first falling as purchase price is spread over more years of use, and 

then rising because we assume repair costs rise with variant age (enough for a minimum at finite 

life). Our numerical section below illustrates the U-shaped curve later in Figure 2. 

Fully informed consumers with no liquidity constraints essentially differentiate (2) to find 

the age 𝑇𝑇𝑗𝑗 at which 𝜕𝜕𝑐𝑐𝑗𝑗/𝜕𝜕𝑇𝑇𝑗𝑗 is zero. They invest in the variant that has minimum levelized costs 

(whenever the flow of services is first required). Because the decision is made with perfect 

certainty, and because future technology does not change, they will not revise the retirement 

date. To see how this simple model relates to a more complete dynamic model, see Dixit and 

Pindyck (1994, pp. 136-52). They start with a fully dynamic investment problem with both a 

time trend and uncertainty, and they show how it reduces to our simpler problem as the trend and 

uncertainty go to zero (using either dynamic programing or option pricing methods).12 

We use the Leibniz Rule to differentiate (2), and then we interpret the derivative:   

𝜕𝜕𝑐𝑐𝑗𝑗
𝜕𝜕𝑇𝑇𝑗𝑗

= 0 = −
𝑟𝑟2𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

(1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗)2
[𝑃𝑃𝑗𝑗 + 𝜏𝜏𝑗𝑗𝑃𝑃 + 𝜀𝜀 + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡

𝑇𝑇𝑗𝑗

0
+ (𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷)𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗]

+
𝑟𝑟𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
[𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗) − 𝑟𝑟(𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷)] 

 (3) 

To simplify, define the ratio 𝑅𝑅𝑗𝑗 ≡
𝑟𝑟𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

1−𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
  and divide everything in (3) by that ratio. We also use 

the definition of 𝑃𝑃𝑃𝑃𝑗𝑗 and move the first term to the left side:  

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

𝑃𝑃𝑃𝑃𝑗𝑗(𝑇𝑇𝑗𝑗)  ≡  𝑐𝑐𝑗𝑗(𝑇𝑇𝑗𝑗)  =  �𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗) − 𝑟𝑟(𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷)�  (3') 

Later propositions use these definitions of 𝑃𝑃𝑃𝑃𝑗𝑗, 𝑅𝑅𝑗𝑗, and the fact that 𝑐𝑐𝑗𝑗 = 𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗) − 𝑟𝑟(𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷) 

at this chosen point. To interpret marginal conditions, however, we re-arrange (3'): 

𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗)  =  𝑟𝑟 �𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷 +
𝑃𝑃𝑃𝑃𝑗𝑗(𝑇𝑇𝑗𝑗)

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
� 

 (3'') 

 
12 Dixit and Pindyck (1994, p.136) consider when to invest 𝐼𝐼 in a project with value 𝑃𝑃 that evolves by geometric 
Brownian motion, 𝑑𝑑𝑃𝑃 = 𝛼𝛼𝑃𝑃𝑑𝑑𝑡𝑡 + 𝜎𝜎𝑃𝑃𝑑𝑑𝜎𝜎 (where 𝑑𝑑𝜎𝜎 is the increment of a Wiener process). In the general stochastic 
case, either a higher trend 𝛼𝛼 or higher uncertainty 𝜎𝜎 leads to a greater value of waiting. The investment rule is 
characterized by a critical value 𝑃𝑃∗ such that it is optimal to invest when 𝑃𝑃 > 𝑃𝑃∗. They solve this problem first using 
dynamic programing (p.140), and then again using option pricing (“contingent claims analysis”, p.147). The two 
solutions are equivalent. In the deterministic case (𝜎𝜎 = 0), they show how optimizing investors might wait if 𝛼𝛼 > 0 
(p.138). Our problem has no trend (𝛼𝛼 = 0) and no uncertainty (𝜎𝜎 = 0), so the equation above implies 𝑑𝑑𝑃𝑃 = 0. Thus, 
the investment is immediate, as long as 𝑃𝑃 ≥ 𝐼𝐼. Proposition 1 below shows that the same variant will be purchased 
repeatedly. Thus, we do not need the value function here, but future extensions can consider uncertainty, technical 
progress, or a trend in returns, especially if the rate of technical progress differs across goods of different durability. 
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To a consumer who contemplates using the variant slightly longer than 𝑇𝑇𝑗𝑗, the marginal cost of 

delay on the left is the additional maintenance cost at that point in time, 𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗). The marginal 

benefit on the right is the time value (at interest rate 𝑟𝑟) of delaying a capital cost that includes not 

only the disposal cost and tax, but also the present value cost of buying repeated replacements 

forever afterwards.13 The marginal cost of delay 𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗) is rising, and it crosses the marginal 

benefit of delay at chosen age 𝑇𝑇𝑗𝑗 (which is flat because the U-shaped 𝑐𝑐𝑗𝑗 curve is flat at that 𝑇𝑇𝑗𝑗).   

The 𝑁𝑁 variants have different chosen lifetimes because of different costs of purchase, 

repair, and disposal. After choosing 𝑇𝑇𝑗𝑗 to minimize the levelized cost for each variant 𝑗𝑗, the 

consumer then chooses the one with the lowest minimum 𝑐𝑐𝑗𝑗. We assume all variant attributes are 

constant over time, and that consumers live indefinitely, so we can now prove that consumers 

would always make the same choice again at the time of replacement.14  

PROPOSITION 1: To minimize the present value cost of acquiring the needed stream of services 
forever, in this model, the variant with the lowest levelized 𝑐𝑐𝑗𝑗 would be purchased repeatedly.  

Proof: All variant characteristics remain constant into the future, so the levelized cost 𝑐𝑐𝑗𝑗 could 
be incurred every period forever by a consumer who buys variant 𝑗𝑗 again after each lifetime 𝑇𝑇𝑗𝑗. 
The present value of that stream of costs into the future is 𝑐𝑐𝑗𝑗/𝑟𝑟. Suppose variant 𝑘𝑘 is the one that 
minimizes levelized cost [𝑐𝑐𝑘𝑘 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑐𝑐1, … , 𝑐𝑐𝑁𝑁)]. Then variant 𝑘𝑘 must also minimize the cost of 
repeatedly buying any other variant [𝑐𝑐𝑘𝑘/𝑟𝑟 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑐𝑐1/𝑟𝑟, … , 𝑐𝑐𝑁𝑁/𝑟𝑟)]. Moreover, the consumer 
cannot reduce costs by switching from variant 𝑘𝑘, because that other variant cannot have a 
levelized cost lower than 𝑐𝑐𝑘𝑘. ∎  

  While still looking at consumer behavior, we prove two more propositions to establish a 

logical baseline for use in later propositions. Each proof is short and intuitive, so each is included 

in the text. First, how does maintenance cost affect the choice of lifetime?  

PROPOSITION 2: An increase in the scalar 𝛾𝛾 that multiplies all maintenance costs 𝑚𝑚𝑗𝑗(𝑡𝑡) in the 
model above induces consumers to choose an earlier retirement date. 

Proof:  Using the U-shaped curve for 𝜕𝜕𝑐𝑐𝑗𝑗/𝜕𝜕𝑇𝑇𝑗𝑗 in equation (3), we allow each 𝑇𝑇𝑗𝑗 in that equation 
 

13 The last term within the brackets of (3'') equals 𝑐𝑐𝑗𝑗/𝑟𝑟, the present value of paying 𝑐𝑐𝑗𝑗 forever after this delay. We 
are grateful to Armon Rezai for pointing out that each repeated purchase incurs the same 𝑃𝑃𝑃𝑃𝑗𝑗, so the total cost with 
an infinite planning horizon is the sum of all discounted present values:  𝑇𝑇𝑇𝑇𝑗𝑗 = ∑ 𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇𝑃𝑃𝑃𝑃𝑗𝑗∞

𝑟𝑟=0 = 1

1−𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗

𝑃𝑃𝑃𝑃𝑗𝑗 . 

14 An extension might consider technical progress that reduces the future cost of a replacement purchase, but this 
extension would preclude the simple comparison of levelized costs used here. Even if all variants have the same rate 
of technical progress, a consumer might rationally choose a variant with higher levelized cost if its lifetime is short 
enough to take advantage of changes in technology that offer rapidly falling replacement cost, or expansion of 
services, or changes that enhance the durable’s other characteristics. 
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to be an implicit function of 𝛾𝛾. At the chosen point, we insert 𝑇𝑇𝑗𝑗 = 𝑇𝑇𝑗𝑗(𝛾𝛾) and take the derivative 
of (3) with respect to 𝛾𝛾. The resulting long expression can be simplified using the definition of 
𝑃𝑃𝑃𝑃𝑗𝑗 in equation (1), as well as 𝑅𝑅𝑗𝑗 ≡ 𝑟𝑟𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗/(1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗). We also replace 𝛾𝛾𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗) − 𝑟𝑟(𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷) 
by 𝑐𝑐𝑗𝑗, as shown in (3'). Then the derivative of (3) is: 

−
𝑟𝑟

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
𝑅𝑅𝑗𝑗𝑃𝑃𝑃𝑃𝑗𝑗

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝛾𝛾

+
𝑟𝑟

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
� 𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡
𝑇𝑇𝑗𝑗

0
+ 𝑅𝑅𝑗𝑗𝑐𝑐𝑗𝑗

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝛾𝛾

− 𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗)−𝛾𝛾𝑚𝑚𝑗𝑗
′�𝑇𝑇𝑗𝑗�

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝛾𝛾

= 0 

Re-arranging terms, we have: 

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝛾𝛾

=

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗 ∫ 𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡𝑇𝑇𝑗𝑗

0 − 𝑚𝑚𝑗𝑗(𝑇𝑇𝑗𝑗)

�𝛾𝛾𝑚𝑚𝑗𝑗
′�𝑇𝑇𝑗𝑗� + 𝑅𝑅𝑗𝑗 �

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗 ∙ 𝑃𝑃𝑃𝑃𝑗𝑗 − 𝑐𝑐𝑗𝑗��

< 0 . 

In the denominator, the first term is positive, and the second term is zero (equation 3'). The 
numerator is negative, because strict convexity (𝑚𝑚𝑗𝑗

′(𝑡𝑡) > 0) means that the maintenance cost at 
the end of variant life, 𝑚𝑚𝑗𝑗�𝑇𝑇𝑗𝑗�, is greater than the average levelized maintenance cost, 

𝑟𝑟

1−𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
∫ 𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡𝑇𝑇𝑗𝑗
0 . Thus, a proportional increase in maintenance cost 𝛾𝛾 induces consumers 

to dispose of the variant sooner. ∎  

Below, we use the converse of that proposition: reduced maintenance costs induce longer 

product lives – for any values of the other parameters. Next, how does initial purchase cost (𝑃𝑃𝑗𝑗 +

𝜏𝜏𝑗𝑗𝑃𝑃 + 𝜀𝜀) affect the choice of variant (i.e., product lifetime)?   

PROPOSITION 3: With all other parameters fixed, any increase in the initial purchase cost for 
variant 𝑗𝑗 induces the consumer to choose a longer lifetime for that variant. 

Proof:  Using the U-shaped curve for 𝜕𝜕𝑐𝑐𝑗𝑗/𝜕𝜕𝑇𝑇𝑗𝑗 in equation (3), we allow each 𝑇𝑇𝑗𝑗 to be an implicit 
function of (𝑃𝑃𝑗𝑗 + 𝜏𝜏𝑗𝑗𝑃𝑃 + 𝜀𝜀). Any change in the purchase cost can be represented by a change in 𝜀𝜀. 
We insert 𝑇𝑇𝑗𝑗 = 𝑇𝑇𝑗𝑗(𝜀𝜀) and take the derivative of (3) with respect to 𝜀𝜀 at the chosen point. The 
result can be simplified using (3') and the definitions for 𝑃𝑃𝑃𝑃𝑗𝑗 and 𝑅𝑅𝑗𝑗. Then the derivative of (3) is: 

−
𝑟𝑟

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
𝑅𝑅𝑗𝑗𝑃𝑃𝑃𝑃𝑗𝑗

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝜀𝜀

+
𝑟𝑟

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗
+ 𝑅𝑅𝑗𝑗𝑐𝑐𝑗𝑗

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝜀𝜀

− 𝛾𝛾𝑚𝑚𝑗𝑗
′�𝑇𝑇𝑗𝑗�

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝜀𝜀

= 0 

Re-arranging terms, we have: 

𝜕𝜕𝑇𝑇𝑗𝑗
𝜕𝜕𝜀𝜀

=

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

�𝛾𝛾𝑚𝑚𝑗𝑗
′�𝑇𝑇𝑗𝑗� + 𝑅𝑅𝑗𝑗 �

𝑟𝑟
1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗 ∙ 𝑃𝑃𝑃𝑃𝑗𝑗 − 𝑐𝑐𝑗𝑗��

> 0 

The numerator is positive. The denominator is positive because 𝑚𝑚𝑗𝑗
′�𝑇𝑇𝑗𝑗� is positive and the term 

in brackets is zero (from 3'). For any values of the other parameters, an increase in the purchase 
price induces the consumer to spend more on maintenance to keep the product working longer. ∎  

We use this proposition to make two important points. First, intuitively, the consumer 

responds to any increase in purchase cost by choosing to delay the extra cost of replacement. 
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Second, the proposition also shows that the choice of lifetime 𝑇𝑇𝑗𝑗 is a monotonic increasing 

function of 𝜀𝜀 (or more importantly, the tax 𝜏𝜏𝑗𝑗𝑃𝑃). The next section shows how a social planner 

could use all social costs to choose the FBO or SBO lifetime, 𝑇𝑇𝑗𝑗∗. The fact that consumer choice 

of 𝑇𝑇𝑗𝑗 increases monotonically with 𝜏𝜏𝑗𝑗𝑃𝑃 means that setting purchase tax 𝜏𝜏𝑗𝑗𝑃𝑃 uniquely determines 

the consumer’s choice of lifetime. Thus, we can solve for an optimal tax such that the chosen 𝑇𝑇𝑗𝑗 

is the optimal 𝑇𝑇𝑗𝑗∗ for each variant. Then we show that the choice of variant also is optimal. 

3. The Social Planner’s Choice of Durability 

Of our three categories of market failure, the first category includes production and 

disposal externalities. The social cost of production 𝑃𝑃𝑗𝑗∗ could exceed the sales price 𝑃𝑃𝑗𝑗 if 

producers are not forced to cover all social costs during each phase from mineral extraction to 

final sale. And social costs of disposal 𝐷𝐷𝑗𝑗∗ could exceed private disposal cost 𝐷𝐷𝑗𝑗  if disposal 

companies cover only their own marginal costs (or if the per unit disposal charge is zero).15 We 

show how all these externalities can be corrected by 𝜏𝜏𝑗𝑗𝑃𝑃on purchase and 𝜏𝜏𝑗𝑗𝐷𝐷 upon disposal.16 

The social planner’s choice of optimal variant and optimal lifetime must involve a two-

step process strictly analogous to the consumer’s choice problem. First, the planner finds each 

variant’s optimal lifetime 𝑇𝑇𝑗𝑗∗ (for 𝑗𝑗 = 1, … ,𝑁𝑁), and then the planner chooses the variant that 

minimizes all social costs of acquiring the necessary service flow.  

Thus, the planner would use the social discount rate 𝜌𝜌 to calculate the present value of all 

social costs for each variant, 𝑃𝑃𝑃𝑃𝑗𝑗∗, and then set that 𝑃𝑃𝑃𝑃𝑗𝑗∗ equal to the present value of the 

equivalent levelized social cost flow 𝑐𝑐𝑗𝑗∗:   

𝑃𝑃𝑃𝑃𝑗𝑗∗(𝑇𝑇𝑗𝑗∗) ≡ 𝑃𝑃𝑗𝑗∗ + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)
𝑇𝑇𝑗𝑗
∗

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡 + 𝐷𝐷𝑗𝑗∗𝑒𝑒

−𝜌𝜌𝑇𝑇𝑗𝑗
∗

= � 𝑐𝑐𝑗𝑗∗
𝑇𝑇𝑗𝑗
∗

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡 

 (4) 

Next, solve for 𝑐𝑐𝑗𝑗∗ as: 

 
15 Social costs 𝐷𝐷𝑗𝑗∗ increase with toxicity, especially with improper dumping. Assuming a known disposal method 
allows the tax to be collected at purchase, but we see below whether 𝑃𝑃𝑗𝑗∗ and 𝐷𝐷𝑗𝑗∗ are separate terms in the optimal tax.  
16 We omit both social cost 𝑚𝑚𝑗𝑗

∗(𝑡𝑡) and tax 𝜏𝜏𝑗𝑗𝑚𝑚(𝑡𝑡) to correct negative externalities from maintenance. Time-specific 
taxes 𝜏𝜏𝑗𝑗𝑚𝑚(𝑡𝑡) are not very feasible and do not add much to this analysis. One could introduce 𝑚𝑚𝑗𝑗

∗(𝑡𝑡) to capture the 
external cost of energy chosen to operate the product, but we omit that discussion here because energy costs in our 
model are fixed. The large energy efficiency literature already studies the endogenous choice of energy use. We also 
omit the possibility that product usage affects product life.  
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𝑐𝑐𝑗𝑗∗(𝑇𝑇𝑗𝑗∗) =
𝜌𝜌

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
∗ 𝑃𝑃𝑃𝑃𝑗𝑗∗(𝑇𝑇𝑗𝑗∗)  (5) 

Using (5), the planner chooses lifetime 𝑇𝑇𝑗𝑗∗ that minimizes 𝑐𝑐𝑗𝑗∗ for each variant and then chooses 

the variant with the minimum levelized social cost.17 

Given consumer behaviors, we next find variant-specific tax rates that induce consumers 

to match the planner’s choices.18 For consumers to make the same choice of variant and lifetime 

as the planner, a sufficient condition is that private costs 𝑐𝑐𝑗𝑗 in (2) exactly match social costs 𝑐𝑐𝑗𝑗∗ in 

(5) for each variant.19 If so, then 𝑐𝑐𝑗𝑗 = 𝑐𝑐𝑗𝑗∗ (for all 𝑗𝑗), and the consumer’s choice of lifetime 𝑇𝑇𝑗𝑗 and 

variant with minimum 𝑐𝑐𝑗𝑗 will match the planner’s choices. We set 𝑐𝑐𝑗𝑗 = 𝑐𝑐𝑗𝑗∗ and use the definitions 

of 𝑃𝑃𝑃𝑃𝑗𝑗 and 𝑃𝑃𝑃𝑃𝑗𝑗∗ to solve for the optimal purchase tax (in the case where 𝜀𝜀 = 0):20 

𝜏𝜏𝑗𝑗𝑃𝑃 =
𝜌𝜌
𝑟𝑟
∙

1− 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
∗ �𝑃𝑃𝑗𝑗∗ + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝜌𝜌𝑟𝑟

𝑇𝑇𝑗𝑗
∗

0
𝑑𝑑𝑡𝑡 + 𝐷𝐷𝑗𝑗∗𝑒𝑒

−𝜌𝜌𝑇𝑇𝑗𝑗
∗
�

− �𝑃𝑃𝑗𝑗 + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡
𝑇𝑇𝑗𝑗

0
+ �𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷�𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗� 

(6) 

This optimal tax may be FBO or SBO, depending on whether a market failure remains 

uncorrected. If abatement technology can alter pollution per unit of output, then only a tax on 

pollution can be FBO (any output tax can only be SBO). Here, we assume pollution is fixed per 

unit of output, so this output tax can be FBO in the absence of any other market failure.  

This one equation cannot uniquely determine both tax rates (𝜏𝜏𝑗𝑗𝑃𝑃 and 𝜏𝜏𝑗𝑗𝐷𝐷), but this optimal 

tax rule can easily be confirmed. Start with any value for 𝜏𝜏𝑗𝑗𝐷𝐷 (e.g., the simple case where 𝜏𝜏𝑗𝑗𝐷𝐷 =

𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗). Substitute that 𝜏𝜏𝑗𝑗𝐷𝐷 into (6), and then substitute that expression for 𝜏𝜏𝑗𝑗𝑃𝑃 into equation (2). 

Then all private costs within the formula for 𝑐𝑐𝑗𝑗 in (2) match the social costs within the formula 

for 𝑐𝑐𝑗𝑗∗ in (5). Thus, the consumer minimizes all the same costs as the social planner and must 

 
17 The consumer takes purchase price 𝑃𝑃𝑗𝑗 and other private costs as fixed, but a welfare-maximizing planner would 
take account of the possible supply-side determination of costs. To simplify, our partial equilibrium model employs 
a flat supply curve (which would occur even in a general equilibrium model with perfect competition, constant 
returns to scale, and a single primary factor of production that also serves as numeraire). 
18 Since implementation would require many variant-specific parameters, these taxes are not feasible policy. Instead, 
the goal is to understand conceptually if optimal policy would address durability, which itself is not polluting.  
19 The choice of variant 𝑗𝑗 is a discrete choice, so the minimum costs 𝑐𝑐𝑗𝑗 and 𝑐𝑐𝑗𝑗∗ need not match – as long as consumers 
make the socially optimal choice. Other tax rates may lead consumers to the socially optimal choice. Thus, our 
solution shows a set of 𝜏𝜏𝑗𝑗 that is sufficient but not necessary.    
20  We show below that this policy is FBO with no other market distortions, and it is SBO with market failures we 
model (e.g., 𝜌𝜌 < 𝑟𝑟), but it is not SBO in a world with tax distortions or other market failures not considered here. 
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make the same choice of lifetime (𝑇𝑇𝑗𝑗 = 𝑇𝑇𝑗𝑗∗ for each variant). Also, then the consumer chooses the 

same variant as the social planner. In other words, informed consumers minimizing their own 𝑐𝑐𝑗𝑗 

also minimize social cost 𝑐𝑐𝑗𝑗∗. Thus, we can replace all 𝑇𝑇𝑗𝑗∗ with 𝑇𝑇𝑗𝑗 in (6), to obtain:  

𝜏𝜏𝑗𝑗𝑃𝑃 =
𝜌𝜌
𝑟𝑟
∙

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
�𝑃𝑃𝑗𝑗∗ + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝜌𝜌𝑟𝑟

𝑇𝑇𝑗𝑗

0
𝑑𝑑𝑡𝑡 + 𝐷𝐷𝑗𝑗∗𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗�

− �𝑃𝑃𝑗𝑗 + � 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡)𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡
𝑇𝑇𝑗𝑗

0
+ �𝐷𝐷𝑗𝑗 + 𝜏𝜏𝑗𝑗𝐷𝐷�𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗� 

(6') 

In any case, implementing tax rates in equation (6) would require a different tax on each 

variant 𝑗𝑗, and too much specific and detailed information about 𝜌𝜌,  𝑟𝑟, and every variable with a 

subscript. Instead, the point is to show generally how optimal policy depends on product 

lifetimes – to identify reasons why consumer choice of durability can be nonoptimal. Therefore, 

we next use private and social first order conditions to investigate welfare effects starting from a 

second-best world where tax rates are not the FBO tax rates in (6). 

4. Results from the First Model: Maintenance Costs Affect Consumer Choice of Lifetime   

We first look at a special case of the full equation (6), to prove some simple analytical results. 

PROPOSITION 4: If the social discount rate 𝜌𝜌 matches the private rate 𝑟𝑟 in the model above, 
then the first-best social optimum can be achieved by a combinations of tax rates such as:  
(A) 𝜏𝜏𝑗𝑗𝑃𝑃 = 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗  and 𝜏𝜏𝑗𝑗𝐷𝐷 = 𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗; or (B)  𝜏𝜏𝑗𝑗𝑃𝑃 = (𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗) + (𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗)𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗and 𝜏𝜏𝑗𝑗𝐷𝐷 = 0. 

Proof: Substitute tax rates from (A) or from (B) into equation (2). In either case, informed 
consumers minimizing their own 𝑐𝑐𝑗𝑗 would also minimize social cost 𝑐𝑐𝑗𝑗∗. ∎  

 In part (A) of this proposition, the product tax is the MED per unit of production, and the 

disposal tax is MED per unit of disposal. These standard Pigovian tax rates do not depend on the 

chosen variant lifetime 𝑇𝑇𝑗𝑗, but consumers nonetheless choose FBO durability 𝑇𝑇𝑗𝑗∗. In other words, 

this solution leaves no “durability gap” where policy needs to address suboptimal durability. 

Similarly, tax 𝜏𝜏𝑗𝑗𝑃𝑃 in part (B) achieves the same optimum, even with no disposal tax. 

Instead, 𝜏𝜏𝑗𝑗𝑃𝑃 includes both the MED per unit of production and an “advance disposal fee” (ADF) 

equal to the present value of the external damage per until of disposal, (𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗)𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗. This 

solution (B) is FBO in our simple model only because we assumed that each variant’s 

characteristics are known and fixed (a known method of disposal with a known social cost at a 

known date). The consumer’s only choice is which variant to buy (i.e. which make and model of 

the product). Therefore, only one policy instrument is needed to get the consumer to choose the 
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variant with the minimum levelized social costs. 

 In general, of course, consumers have multiple methods of disposal that may include 

recycling, landfill, or illegal dumping. In that case, consumer behavior can be re-directed toward 

the optimal method of disposal only at the time of disposal, and only by applying a different 

disposal tax to each method of disposal. We omit that problem here to focus on the choice of 

variant lifetime (durability), but economics literature shows an ADF is useful as a deposit, 

collected at the time of purchase, so that an optimal refund at the time of disposal can ensure that 

consumers are facing a net tax on each disposal method equal to its external cost. 21 

When can policy improve welfare by inducing or requiring longer product lives? We next 

study the case where policy is not optimal, that is, where a change in policy can improve welfare. 

Proposition 3 for the general case showed that the consumer’s choice of variant lifetime 

increases monotonically with the tax rate 𝜏𝜏𝑗𝑗𝑃𝑃.  Since the consumer’s only choice for each variant 

is its lifetime 𝑇𝑇𝑗𝑗, then any conditions in the full model where the existing tax is less than the 

optimal tax in (6) must be a case with 𝑇𝑇𝑗𝑗 < 𝑇𝑇𝑗𝑗∗. Thus, in such a case, an increase in 𝜏𝜏𝑗𝑗𝑃𝑃 would raise 

the chosen lifetime toward the optimal lifetime for that variant. If all variant tax rates were raised 

by the same uniform amount, then the chosen lifetime for every variant would rise, including the 

chosen lifetime of the chosen variant. It would presumably raise welfare, but a closed-form 

expression for welfare is not possible in the general case where 𝜌𝜌 can differ from 𝑟𝑟. We conduct 

simulations with 𝜌𝜌 < 𝑟𝑟 below, but here we can derive a simple closed-form expression for effects 

on economic welfare in the case where 𝜌𝜌 = 𝑟𝑟. 

First, define 𝐸𝐸𝑇𝑇𝑗𝑗 ≡ 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗 as the external cost per unit of variant 𝑗𝑗 (at production, so it 

does not depend on choice of retirement date). In general, a levelized welfare cost is the extent to 

which levelized social cost exceeds private cost. Any levelized cost does depend on lifetime, 

however, so we define 𝑊𝑊𝑇𝑇𝑗𝑗(𝑇𝑇𝑗𝑗) ≡ 𝑐𝑐𝑗𝑗∗�𝑇𝑇𝑗𝑗� − 𝑐𝑐𝑗𝑗(𝑇𝑇𝑗𝑗), where both 𝑐𝑐𝑗𝑗∗ and 𝑐𝑐𝑗𝑗 can be evaluated at any 

lifetime 𝑇𝑇𝑗𝑗 (that is, 𝑐𝑐𝑗𝑗∗ in equation (5) can be evaluated at 𝑇𝑇𝑗𝑗 ≠ 𝑇𝑇𝑗𝑗∗). Then we have: 

PROPOSITION 5:  Assume  𝜌𝜌 = 𝑟𝑟  and  𝜏𝜏𝑗𝑗𝐷𝐷= 𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗 as in Proposition 4A, but  𝜏𝜏𝑗𝑗𝑃𝑃< 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗 for 
all 𝑗𝑗. Then the chosen lifetime 𝑇𝑇𝑗𝑗 is less than 𝑇𝑇𝑗𝑗∗, and any small increase in that chosen lifetime 𝑇𝑇𝑗𝑗  
for each variant would raise social welfare, because it reduces every welfare cost 𝑊𝑊𝑇𝑇𝑗𝑗(𝑇𝑇𝑗𝑗). 

 
21 For early examples of an optimal deposit-refund system (DRS), see Fullerton and Kinnaman (1995), Palmer and 
Walls (1997), Fullerton and Wu (1998), Calcott and Walls (2000) or Eichner and Pethig (2001). More recently, 
Lemoine (2021) uses a dynamic model to derive an optimal DRS for a stock pollutant.  
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Proof: In these conditions, the existing suboptimal tax 𝜏𝜏𝑗𝑗𝑃𝑃 is less than the FBO tax (which 
Proposition 4 shows is 𝜏𝜏𝑗𝑗𝑃𝑃 = 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗). Since Proposition 3 shows that the chosen lifetime rises 
monotonically with 𝜏𝜏𝑗𝑗𝑃𝑃, the chosen 𝑇𝑇𝑗𝑗 is less than FBO 𝑇𝑇𝑗𝑗∗. Using equation (2) for 𝑐𝑐𝑗𝑗, insert 𝜌𝜌 = 𝑟𝑟 
and 𝜏𝜏𝑗𝑗𝐷𝐷 = 𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗 . Then use equation (5) for 𝑐𝑐𝑗𝑗∗ but evaluated at 𝑇𝑇𝑗𝑗 instead of 𝑇𝑇𝑗𝑗∗. The result is:  

𝑊𝑊𝑇𝑇𝑗𝑗(𝑇𝑇𝑗𝑗) ≡ 𝑐𝑐𝑗𝑗∗(𝑇𝑇𝑗𝑗) − 𝑐𝑐𝑗𝑗(𝑇𝑇𝑗𝑗) =
𝜌𝜌

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
[𝐸𝐸𝑇𝑇𝑗𝑗 − 𝜏𝜏𝑗𝑗𝑃𝑃] (7) 

This welfare cost is zero if 𝜏𝜏𝑗𝑗𝑃𝑃 = 𝐸𝐸𝑇𝑇𝑗𝑗 (because then 𝑇𝑇𝑗𝑗 = 𝑇𝑇𝑗𝑗∗).  If 𝜏𝜏𝑗𝑗𝑃𝑃 < 𝐸𝐸𝑇𝑇𝑗𝑗, then 𝑊𝑊𝑇𝑇𝑗𝑗(𝑇𝑇𝑗𝑗) > 0. 
Next, differentiate (7) to get:  

𝜕𝜕𝑊𝑊𝑇𝑇𝑗𝑗/𝜕𝜕𝑇𝑇𝑗𝑗 =
𝜌𝜌2𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗

(1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗)2
[𝜏𝜏𝑗𝑗𝑃𝑃 − 𝐸𝐸𝑇𝑇𝑗𝑗] 

(8) 

The first ratio is unambiguously positive. If 𝜏𝜏𝑗𝑗𝑃𝑃 < 𝐸𝐸𝑇𝑇𝑗𝑗 for all 𝑗𝑗, then the derivatives in (8) are all 
negative, so an increase in lifetime 𝑇𝑇𝑗𝑗 of the chosen variant reduces 𝑊𝑊𝑇𝑇𝑗𝑗 (raises social welfare).∎  

For each variant, lifetime 𝑇𝑇𝑗𝑗 is the only choice variable. Thus, in this model with 𝜌𝜌 = 𝑟𝑟 

and 𝜏𝜏𝑗𝑗 < 𝐸𝐸𝑇𝑇𝑗𝑗, the welfare-raising increase in product lives can be induced or forced.  

PROPOSITION 6: Under the same conditions (𝜌𝜌 = 𝑟𝑟,  𝜏𝜏𝑗𝑗𝐷𝐷= 𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗 and 𝜏𝜏𝑗𝑗𝑃𝑃< 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗), then 
social welfare is raised by (A) a small uniform increase in every variant’s purchase tax, (B) a 
small subsidy that proportionately reduces all maintenance costs, or (C) a marginally binding 
mandate on firms to design longer lasting products. 

Proof: (A) Proposition 3 shows that an increase in tax increases the chosen lifetime, and 
proposition 5 shows that the longer lifetime raises welfare. (B) A proportional subsidy is a 
reduction in 𝛾𝛾 and 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡). Proposition 2 shows that an increase in 𝛾𝛾 reduces the chosen lifetime, 
so a subsidy that reduces 𝛾𝛾 must increase the chosen product lifetime and raise welfare. (C) In 
this simple model where 𝑇𝑇𝑗𝑗 is the consumer’s only choice for each variant, a forced increase in 
lifetimes of all variants has the same positive effect on welfare. ∎  

This proposition holds in the rarified environment of this model, but not more generally. 

For example, the subsidy to maintenance costs must be proportional. If it were a constant amount 

subtracted from 𝑚𝑚𝑗𝑗(𝑡𝑡) at any 𝑡𝑡, then the derivative 𝜕𝜕𝑐𝑐𝑗𝑗/𝜕𝜕𝑇𝑇𝑗𝑗 would still be zero at the original 𝑇𝑇𝑗𝑗. 

Also, even the proportional subsidy might not raise welfare in a world with distorting taxes, as 

might be needed to pay for the subsidy, or with other market failures omitted here. Also, we 

assumed full information and perfect certainty. To identify just the perfect mandate for each 

variant (𝑇𝑇𝑗𝑗∗ for each choice 𝑗𝑗 = 1, …𝑁𝑁), information problems would likely be prohibitive. Still, 

the conceptual result is important: policy to encourage or require durability can raise welfare. 

So far, Proposition 4 shows that 𝜌𝜌 = 𝑟𝑟 in our model means that first-best-optimal (FBO) 

Pigovian taxes correct all externalities with no role for policy to favor long-lived products (no 
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durability gap). But even with 𝜌𝜌 = 𝑟𝑟, Propositions 5 and 6 find a durability gap in the second-

best world where policy is not optimal (all 𝜏𝜏𝑗𝑗𝑃𝑃< 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗). In other words, the interdisciplinary CE 

literature is not necessarily wrong to call for durability regulations, but a justification in this case 

would require showing that existing externality policy is permanently suboptimal. If so, then 

welfare can be raised by raising product taxes, a subsidy for repairs, or a durability mandate. 

Next, we investigate the durability gap in the presence of two market failures: production 

externalities and 𝜌𝜌 < 𝑟𝑟. If this latter market failure cannot be corrected by policy that directly 

affects consumer discounting, then we find the SBO purchase tax for correcting production 

externalities. This SBO tax does not achieve the first-best optimal correction of all market 

failures; it cannot correct the externality between generations. But given that consumers put too 

little weight on the future, it maximizes welfare in the choice of variant. Does this tax depend on 

durability? In this first model, durability is defined by the maintenance cost schedule 𝛾𝛾𝑚𝑚𝑗𝑗(𝑡𝑡), 

which drives the consumer’s choice of 𝑇𝑇𝑗𝑗. So, we take derivative of (6') with respect to 𝛾𝛾: 

𝜕𝜕𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾 = 𝜌𝜌(1−𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗)

𝑟𝑟(1−𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗)
∙ ∫ 𝑚𝑚𝑗𝑗(𝑡𝑡)𝑇𝑇𝑗𝑗
0 𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡 − ∫ 𝑚𝑚𝑗𝑗(𝑡𝑡)𝑇𝑇𝑗𝑗

0 𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡  (9) 

The following lemma will be used in several subsequent proofs. 

LEMMA 1:   𝑟𝑟𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

< 𝜌𝜌𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

  if and only if 𝑟𝑟 > 𝜌𝜌.   

Proof: See Appendix A. 

PROPOSITION 7: Where the social discount rate is less than the private rate (𝜌𝜌 < 𝑟𝑟), then the 
SBO tax 𝜏𝜏𝑗𝑗𝑃𝑃 rises with actual maintenance costs (𝜕𝜕𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾 > 0). This durability gap means that 
the SBO tax is reduced for variants with more durability (lower 𝛾𝛾). Moreover, that incentive for 
durability is larger at lower values of the social discount rate (that is, 𝜕𝜕2𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾𝜕𝜕𝜌𝜌 < 0). 

Proof: See Appendix B.  

The tax reduction for durability is enlarged at lower social discount rates. Why? In our 

model, the consumer’s choice of durability is repeated indefinitely, so longer-lasting products 

reduce the frequency that external costs are imposed – both from disposal and from production 

of a replacement. When 𝜌𝜌 = 𝑟𝑟, private decisions with 𝜏𝜏𝑗𝑗𝑃𝑃 are first-best optimal, but 𝜌𝜌 < 𝑟𝑟  means 

consumers overly discount those future costs and choose suboptimal durability. 

To summarize the big picture for this section, we showed that having no market failures 

other than externalities means that the FBO taxes are at Pigovian rates (𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗 and 𝐷𝐷𝑗𝑗∗ − 𝐷𝐷𝑗𝑗), 
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which do not depend on durability. In a second-best world where 𝜏𝜏𝑗𝑗𝑃𝑃 < 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗 , or where 𝜌𝜌 < 𝑟𝑟, 

then the SBO policy in this model does depend on durability.   

5. Effects of Consumer Errors in the Second Model with Fixed Product Lifetimes  

A more durable product might be one that requires less repair or one that simply lasts 

longer. We now turn to the latter model where maintenance and repair costs are zero, each 

variant’s lifetime is fixed, and then it goes to disposal. Examples include a lightbulb or toaster 

oven.  In this model, consumers can choose from a continuum of possible variants with different 

lifetimes, so lifetime 𝑇𝑇 is a continuous variable.22 Thus, this model has no index 𝑗𝑗 for each of 𝑁𝑁 

variants. Durability is measured by lifetime, a continuous variable, so the consumer’s cost 

minimization problem has only one step: the choice of lifetime 𝑇𝑇 is the choice of variant. 

We still assume that each price reflects the cost of production. If 𝑃𝑃 were the same for all 

product lifetimes, then the longest lifetime would always minimize the levelized private cost 

𝑐𝑐(𝑇𝑇). Whereas the prior model used rising maintenance costs to ensure a U-shaped levelized cost 

curve, this model must assume that a product’s price 𝑃𝑃(𝑇𝑇) rises with its durability [𝑃𝑃′(𝑇𝑇) > 0]. 

After all, if firms minimize the cost of producing at durability 𝑇𝑇, then increasing that durability 

all else equal would likely require additional cost (more metals or stronger materials). Estimation 

for lightbulbs below confirms that 𝑃𝑃′(𝑇𝑇) > 0. 

We retain simplifying assumptions like perfect certainty, but this model can consider all 

three categories of market failure (externalities, consumer mistakes, and divergence between 

social and private discount rates).23 Specifically, we assume that identical consumers face a tax 

upon purchase of each product variant with lifetime 𝑇𝑇 while thinking that the lifetime is 𝛿𝛿𝑇𝑇. We 

write the purchase tax as 𝜏𝜏𝑃𝑃(𝑇𝑇), and we find how 𝜏𝜏𝑃𝑃 depends on 𝑇𝑇 (to identify a durability gap). 

For simplicity, we assume disposal costs do not depend on 𝑇𝑇. To proceed, consumers minimize 

levelized private cost by choosing the product variant with minimum 𝑐𝑐(𝑇𝑇) in: 

(𝑃𝑃(𝑇𝑇)  + 𝜏𝜏𝑃𝑃(𝑇𝑇)) + (𝐷𝐷 + 𝜏𝜏𝐷𝐷)𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇 = � 𝑐𝑐(𝑇𝑇)
𝑟𝑟𝑇𝑇

0
𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡 =

1 − 𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇

𝑟𝑟
𝑐𝑐(𝑇𝑇) 

(10) 

The socially optimal choice of durability is the one that minimizes social cost 𝑐𝑐∗(𝑇𝑇) in:  

 
22 Competitive firms in our model are willing to produce whatever consumers want, and CRTS means that these 
firms can enter or exit with no fixed costs. Thus, we only need to assume that firms can make this product with any 
durability. Identical consumers can choose any lifetime 𝑇𝑇, but their one choice is the only one produced.    
23 With behavioral effects, however, results may depend on whether the tax is paid by the buyer or the seller. 
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𝑃𝑃∗(𝑇𝑇) + 𝐷𝐷∗𝑒𝑒−𝜌𝜌𝑇𝑇 = � 𝑐𝑐∗(𝑇𝑇)
𝑇𝑇

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡 =

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇

𝜌𝜌
𝑐𝑐∗(𝑇𝑇) 

(11) 

We solve for 𝑐𝑐(𝑇𝑇)  and 𝑐𝑐∗(𝑇𝑇), and we set them equal to each other. Then we solve for tax rates 

on consumers that ensure 𝑐𝑐(𝑇𝑇) = 𝑐𝑐∗(𝑇𝑇) for each variant’s durability (𝑇𝑇):   

𝜏𝜏𝑃𝑃(𝑇𝑇) = 𝜌𝜌
𝑟𝑟
∙ 1−𝑒𝑒

−𝑟𝑟𝑟𝑟𝑇𝑇

1−𝑒𝑒−𝜌𝜌𝑇𝑇
[𝑃𝑃∗(𝑇𝑇) + 𝐷𝐷∗𝑒𝑒−𝜌𝜌𝑇𝑇] − [𝑃𝑃(𝑇𝑇) + (𝐷𝐷 + 𝜏𝜏𝐷𝐷)𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇]  ≡   ℛ ∙ 𝑃𝑃𝑃𝑃∗(𝑇𝑇) − 𝑃𝑃𝑃𝑃(𝑇𝑇)      (12) 

where the initial ratio is ℛ ≡ 𝜌𝜌
𝑟𝑟
∙ 1−𝑒𝑒

−𝑟𝑟𝑟𝑟𝑇𝑇

1−𝑒𝑒−𝜌𝜌𝑇𝑇
. This tax might be FBO (with no other market failure), or 

it is SBO with an uncorrected market failure (such as 𝜌𝜌 ≠ 𝑟𝑟 or 𝛿𝛿 ≠ 1). Given such a market 

failure, however, the tax in (12) gets consumers to make the SBO choice of product. Facing this 

tax, consumers who minimize 𝑐𝑐(𝑇𝑇) also minimize 𝑐𝑐∗(𝑇𝑇). The multiple terms in (12) enable taxes 

to minimize social costs of this purchase given all three types of market failures.  

 The optimal tax 𝜏𝜏𝑃𝑃 in equation (12) is still a function of 𝜏𝜏𝐷𝐷, as it was before (just as any 

formula for the optimal 𝜏𝜏𝐷𝐷 would necessarily depend on 𝜏𝜏𝑃𝑃). One equation does not determine 

both optimal tax rates. So, we can use a particular value of 𝜏𝜏𝐷𝐷 when we solve for 𝜏𝜏𝑃𝑃 using (12). 

To see how 𝜏𝜏𝑃𝑃 depends on the lifetime of the product, 𝑇𝑇, we rewrite equation (12) as 

𝜏𝜏𝑃𝑃(𝑇𝑇) = ℛ𝑃𝑃∗(𝑇𝑇) − 𝑃𝑃(𝑇𝑇) + ℛ𝐷𝐷∗𝑒𝑒−𝜌𝜌𝑇𝑇 − (𝐷𝐷 + 𝜏𝜏𝐷𝐷)𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇, and differentiate:  

𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 =
𝜌𝜌

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇
�𝛿𝛿𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇�𝑃𝑃∗(𝑇𝑇) + �ℛ𝑃𝑃∗′(𝑇𝑇) − 𝑃𝑃′(𝑇𝑇)�

+
𝜌𝜌𝑒𝑒−𝜌𝜌𝑇𝑇

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇
�𝛿𝛿𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇�𝐷𝐷∗ − ℛ𝜌𝜌𝑒𝑒−𝜌𝜌𝑇𝑇𝐷𝐷∗ + 𝑟𝑟𝛿𝛿𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇(𝐷𝐷 + 𝜏𝜏𝐷𝐷) 

(13) 

 

In general, the sign of this derivative is ambiguous. To interpret equation (13), we consider each 

of the three categories of market failure one at a time and discuss corrective policies.  

Interestingly, if perceived lifetimes are correct (𝛿𝛿 = 1), then this model is a special case 

of the first model above (where maintenance costs 𝑚𝑚𝑗𝑗(𝑡𝑡) are zero until time 𝑇𝑇 when the product 

stops working). Therefore, propositions 4, 5, and 6 also hold in this second model when 𝛿𝛿 = 1. 

Those propositions assume 𝜌𝜌 = 𝑟𝑟, to find the FBO tax on externalities, and to find welfare effects 

of raising a suboptimal tax rate.  

In this second model where 𝜌𝜌 < 𝑟𝑟, however, we have: 

PROPOSITION 8: Each variant in this model has no maintenance but a fixed lifetime (𝑇𝑇 > 0). 
Assume 𝛿𝛿 = 1,  𝜌𝜌 < 𝑟𝑟, and 𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇

𝑒𝑒−𝑟𝑟𝑇𝑇
ℛ𝐷𝐷∗ − 𝐷𝐷 (where ℛ ≡ 𝜌𝜌�1−𝑒𝑒−𝑟𝑟𝑇𝑇 �

𝑟𝑟(1−𝑒𝑒−𝜌𝜌𝑇𝑇 ) < 1). Then: 
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(A) This SBO disposal tax is greater than the FBO Pigovian rate (𝜏𝜏𝐷𝐷 > 𝐷𝐷∗ − 𝐷𝐷), but the SBO 
product tax is 𝜏𝜏𝑃𝑃 = ℛ𝑃𝑃 

∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ), which is less than the Pigouvian rate, 𝜏𝜏𝑃𝑃 < 𝑃𝑃 
∗(𝑇𝑇 ) – 𝑃𝑃 (𝑇𝑇 ).  

(B) The condition for 𝜏𝜏𝑃𝑃(𝑇𝑇) to fall for variants with more durability is complicated. A sufficient 
condition is 𝑃𝑃′(𝑇𝑇 ) > ℛ𝑃𝑃∗′(𝑇𝑇 ), where 𝑃𝑃 

∗′(𝑇𝑇 ) can be greater than 𝑃𝑃 
′(𝑇𝑇 ), but not by too much. 

(C) The condition for 𝜏𝜏𝑃𝑃(𝑇𝑇) to rise with durability 𝑇𝑇 is also complicated, but it requires that 
𝑃𝑃 
∗′(𝑇𝑇 ) ≫ 𝑃𝑃 ′(𝑇𝑇 ). The exact condition is shown in the proof.  

Proof: See Appendix C. 

We first explain why part (A) says the SBO rate 𝜏𝜏𝐷𝐷 is higher than 𝐷𝐷∗ − 𝐷𝐷. Consumers 

buy this product knowing that disposal tax will be paid in 𝑇𝑇 years, but the fact that their discount 

rate is too high (𝑟𝑟 > 𝜌𝜌) means they think the present value of a tax such as 𝐷𝐷∗ − 𝐷𝐷 is less than 

the social present value of the social cost. They do pay private cost 𝐷𝐷, so the optimal cost (𝜏𝜏𝐷𝐷 +

𝐷𝐷) in part (A) has the same present value as 𝐷𝐷∗. In contrast, the product tax is paid at the time of 

purchase. In the limit as 𝑇𝑇 approaches zero, then the difference in discount rates does not matter, 

so ℛ approaches 1, and 𝜏𝜏𝑃𝑃 approaches the Pigovian rate 𝑃𝑃∗ − 𝑃𝑃. If the lifetime 𝑇𝑇 is above zero, 

however, then ℛ < 1, and the 𝜏𝜏𝑃𝑃 is always less than MED [i.e., 𝜏𝜏𝑃𝑃 < 𝑃𝑃∗(𝑇𝑇) − 𝑃𝑃(T)].  

The rest of Proposition 8 is about the durability gap, defined as the case where 𝜏𝜏𝑃𝑃 falls 

for variants with more durability (𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 < 0). Key to this determination is whether pollution 

externalities are larger from production of variants designed and produced to live longer. In part 

(B) where the MED is constant or falling with durability [ℛ𝑃𝑃∗′(𝑇𝑇 ) < 𝑃𝑃′(𝑇𝑇 )], then 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 < 0, 

and so second-best optimal policy indeed encourages durability.  

While part (A) says that 𝜏𝜏𝑃𝑃 lies below MED at positive lifetimes, part (C) appears to 

contradict that result by saying that 𝜏𝜏𝑃𝑃 can rise with durability 𝑇𝑇. But in part (C), more durability 

𝑇𝑇 raises the size of the MED itself, because 𝑃𝑃 
∗′(𝑇𝑇 ) ≫ 𝑃𝑃 ′(𝑇𝑇 ). Thus, the SBO product tax can rise 

with 𝑇𝑇 even though it is always less than MED. This case of part (C) where the SBO tax rises 

with durability does not imply a durability gap.  

Which is it? In one case, durability may require design and construction with stronger 

materials that require new extraction or toxic production processes. Then the SBO tax rises with 

𝑇𝑇 . In other cases, if pollution does not rise with durability, then part (B) says the optimal tax is 

lower on products that last longer. Production technology depends on the product, and nobody 

has empirically investigated whether pollution per unit of production depends on durability.24 

 
24 As described in Bernard (2019, p. 1184): “Design choices influence material choices, production technologies, 
 



-22- 
 
Thus, a simple benchmark assumption might be in the middle, where all lifetimes 𝑇𝑇 have the 

same MED. If so, then Proposition 8B says that the tax falls with 𝑇𝑇 (a durability gap). 

Both Propositions 7 and 8 study 𝜌𝜌 < 𝑟𝑟 as a market failure where consumers overly 

discount future costs and so may choose suboptimal durability. Both show exactly when the SBO 

purchase tax falls with durability, but results differ slightly. When consumers choose durability 

defined by maintenance cost schedule 𝑚𝑚𝑗𝑗(𝑡𝑡) in the first model, their variant-specific tax 𝜏𝜏𝑗𝑗𝑃𝑃 

already covers production externalities (which do not change if consumers extend the product 

life). This case provides the unambiguous result in Proposition 7 that the tax rate falls with 

durability if 𝜌𝜌 < 𝑟𝑟. When consumers chose durability defined by product life 𝑇𝑇 in the second 

model, however, the tax rate can rise with 𝑇𝑇 if negative production externalities rise with 𝑇𝑇.  

Next, we turn to the question of how mistaken lifetimes (𝛿𝛿 ≠ 1) affect SBO tax rates. We 

first show how 𝛿𝛿 affects the SBO tax 𝜏𝜏𝑃𝑃, but our main question is whether and how mistakes 𝛿𝛿 

alter the way durability affects that SBO tax rate (𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇). We focus on the case where 

consumers underestimate product lives (𝛿𝛿 < 1), consistent with some labeling evidence.25   

PROPOSITION 9: Regardless of whether 𝜌𝜌 < 𝑟𝑟, the derivative of 𝜏𝜏 
𝑃𝑃 with respect to δ is strictly 

positive, so a lower perceived lifetime 𝛿𝛿𝑇𝑇 (given actual lifetime 𝑇𝑇) means a lower SBO product 
tax 𝜏𝜏 

𝑃𝑃 (and higher 𝛿𝛿 means higher 𝜏𝜏 
𝑃𝑃). Next, for definitive results about the effect of 𝛿𝛿 on 

𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 in this model with fixed lifetimes, assume 𝜌𝜌 = 𝑟𝑟 and  𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ𝐷𝐷∗ − 𝐷𝐷 (where ℛ ≡

1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
).  Then the SBO product tax is 𝜏𝜏 

𝑃𝑃 = ℛ𝑃𝑃 
∗(𝑇𝑇 )− 𝑃𝑃 (𝑇𝑇 ), and we have: 

(A) If 𝛿𝛿 > 1, then ℛ > 1. The SBO 𝜏𝜏𝐷𝐷 exceeds the FBO rate (𝐷𝐷∗ − 𝐷𝐷), and the SBO 𝜏𝜏 
𝑃𝑃 also 

exceeds the FBO rate (𝑃𝑃 
∗ − 𝑃𝑃). The exact condition for 𝜏𝜏𝑃𝑃(𝑇𝑇) to fall for variants with longer 

lives is complicated. A sufficient condition is ℛ𝑃𝑃∗′(𝑇𝑇 ) ≤ 𝑃𝑃′(𝑇𝑇 ). But ℛ > 1, so 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 < 0 
would require 𝑃𝑃 

∗′(𝑇𝑇 ) to be substantially less than 𝑃𝑃 
′(𝑇𝑇 ). The general condition for 𝜏𝜏𝑃𝑃(𝑇𝑇) to rise 

with durability 𝑇𝑇 is also complicated, but it has no simple sufficient condition. The exact 
condition shown in the proof is that ℛ𝑃𝑃∗′(𝑇𝑇 ) is “enough” bigger than 𝑃𝑃′(𝑇𝑇 ).  

 (B) If 𝛿𝛿 < 1 , then ℛ < 1. The SBO 𝜏𝜏𝐷𝐷 is less than FBO rate (𝐷𝐷∗ − 𝐷𝐷), and SBO 𝜏𝜏 
𝑃𝑃 is less than 

the FBO rate, 𝑃𝑃 
∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ). The complicated condition for 𝜏𝜏𝑃𝑃(𝑇𝑇) to fall with durability is 

shown in the proof, but it requires that ℛ𝑃𝑃∗′(𝑇𝑇 ) is “enough” less than 𝑃𝑃 
′(𝑇𝑇 ). Since ℛ < 1, this 

 
energy performance during use, recyclability, durability, and so on.” Her contrasting examples are: “New composite 
materials in aircraft design reduce aircraft weight [but] these materials are almost completely nonrecyclable. … 
Conversely, the withdrawal of asbestos in the automotive industry has simultaneously reduced the emissions of 
hazardous particles during use and eased the repair and remanufacturing processes for longer life duration.”  

25 The European Economic and Social Committee (2016, , p.12) states that “lifespan labeling has an influence on 
purchasing decisions in favor of products with longer lifespans” by an average of 13.8%. Labeling has a significant 
effect on chosen durability in eight of nine products tested, including e.g. suitcase (+23.7%), printer (+20.1%), 
trousers (+15.9%), or smartphone (+11.4%). Those examples explain our calculations with 𝛿𝛿 reduced by 20%.   
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condition is more likely (but not sufficient) in the simple case where 𝑃𝑃∗′(𝑇𝑇 ) = 𝑃𝑃 

′(𝑇𝑇 ). The 
condition for the SBO tax to rise with durability is also complicated, but a sufficient condition is 
ℛ𝑃𝑃∗′(𝑇𝑇 ) ≥ 𝑃𝑃′(𝑇𝑇 ). Because ℛ < 1, this condition requires 𝑃𝑃 

∗′(𝑇𝑇 ) > 𝑃𝑃 
′(𝑇𝑇 ). 

Proof: See Appendix D. 

Proposition 9 first shows 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝛿𝛿 > 0. A higher perceived product lifetime 𝛿𝛿𝑇𝑇 means a 

higher SBO product tax 𝜏𝜏 
𝑃𝑃, but a lower perceived lifetime 𝛿𝛿𝑇𝑇  implies a lower SBO tax. It might 

become a subsidy. Why? A consumer who underestimates the product lifetime (𝛿𝛿𝑇𝑇 < 𝑇𝑇) must 

think that the initial payment of 𝑃𝑃(𝑇𝑇) will yield services over a shorter life. Thus, a lower 𝛿𝛿 

raises the perceived levelized cost 𝑐𝑐(𝑇𝑇). The consumer thinks this product’s services cost more 

than their true cost. This mistake can be corrected by a policy that reduces perceived annual cost, 

using a subsidy. Policymakers can address production and disposal externalities with taxes, but 

they also can reduce the distortion caused by this consumer error by reducing 𝜏𝜏 
𝑃𝑃. If the mistake 

is large enough, the externality tax is more than offset, making 𝜏𝜏 
𝑃𝑃 negative.26  

On our main topic, the durability gap, Proposition 9A shows that overestimation of 

product lives (𝛿𝛿 > 1) implies that both 𝜏𝜏𝐷𝐷 and 𝜏𝜏𝑃𝑃 exceed MED. Also, finding a durability gap 

would be difficult, because 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 < 0 would require that the production externality fall with 

durability, more than a just little: 𝑃𝑃 
∗′(𝑇𝑇 ) ≪ 𝑃𝑃 

′(𝑇𝑇 ).  

In Proposition 9B, the underestimation of product lives (𝛿𝛿 < 1) means that both taxes are 

less than their respective MED. It also says that finding a durability gap is a bit easier. The proof 

includes no simple sufficient condition, but it shows that production externalities might be flat or 

even rise with durability and still yield a “durability gap” where 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 < 0. Conversely, it 

shows that production externalities would have to rise rapidly with durability [𝑃𝑃∗′(𝑇𝑇 ) ≫ 𝑃𝑃 
′(𝑇𝑇 )] 

to find a case where the SBO tax rate rises for products with longer lifetimes. 

Specific results in Proposition 9 show that these mistakes can change the slope 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇 

in either direction, but these specific results are not ready for policy implementation. First, this 

simple model omits too many other relevant variables. Second, despite our simplifications, the 

optimal tax in (12) has complicated components. Third, more evidence is needed to on whether 

consumers underestimate or overestimate product lives. Fourth, we have no proofs about how the 

SBO tax relates to durability with all three market failures simultaneously. The purpose here is 

not to determine and enact optimal tax rates, but to demonstrate conceptual results for intuition 

 
26 If the error 𝛿𝛿 < 1 is the only market failure, then the SBO tax rate is unambiguously negative.  



-24- 
 
about how these market failures affect optimal policy regarding durability.   

So what did we learn? It’s certainly intuitive that 𝜏𝜏𝑃𝑃 can rise with durability if producing 

a good with more durability entails more damaging externalities. Also intuitive is how 𝜌𝜌 < 𝑟𝑟 in 

Proposition 8 makes consumers underinvest (reducing the optimal tax on goods with longer 

lifetimes). But Propositions 9A and 9B assume 𝜌𝜌 = 𝑟𝑟. So then how does the mistake 𝛿𝛿 alone 

affect the slope 𝜕𝜕𝜏𝜏𝑃𝑃/𝜕𝜕𝑇𝑇?  The intuition here is that the mistake 𝛿𝛿 enters ℛ ≡ 1−𝑒𝑒−𝑟𝑟𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
 essentially 

by changing the private discount rate to 𝑟𝑟𝛿𝛿. Consumers who underestimate the product life (𝛿𝛿 <

1) effectively discount at a lower rate. They buy a product that lasts longer than they want, so 

they effectively give more weight to the future than intended. If 𝜌𝜌 = 𝑟𝑟, they weight the future by 

more than socially optimal. The policy corrects that mistake by discouraging durability.    

6. Simple Numerical Illustrations  

Using this second model, we can show graphically how the SBO product tax changes 

with durability in a particular example for alternative parameter values regarding each market 

failure. For this “one-hoss-shay” technology, we consider a continuum of variants with different 

lifetimes (0 < 𝑇𝑇 < ∞). They cannot be repaired, but together they offer a continuous choice of 

lifetime 𝑇𝑇. Lightbulbs are a set of products that provide the same stream of services and have 

differing lifetimes. We use data on 4,362 lightbulbs to estimate the relationship between price 

and bulb life, 𝑃𝑃(𝑇𝑇), and we choose values for other parameters in equations above. We insert 

parameter values into equation (12) and show how the SBO tax rate depends on durability. 

Our data for lightbulbs in the U.S. market from 2015 to 2019 are scraped off the web 

from the largest online lightbulb retailer (1000Bulb.com). They include the most common types 

of bulbs purchased by households.27 For each bulb in each U.S. state in each year, we have 

information on average sold price and on key bulb attributes (e.g., bulb type, energy use, color 

temperature, and stated lifetime). Figure 1 displays a scatterplot showing each bulb’s stated 

lifetime and price. In the figure, each bulb’s price is averaged across five years of data, across 

fifty U.S. states, and across other bulb attributes. It shows generally that an increase in durability 

increases price, and that consumers are willing to pay extra for variants that last longer.  

 
27 These bulbs are candelabra (e12), intermediate (e17), and medium (e26). The bulb shapes are arbitrary (A), blunt 
tip (B), candle (C), reflector (BR, MR, R, PAR, RD), globe (G), straight (S, ST), tubular (T), and spiral. Among the 
4,362 lightbulbs, 1649 are incandescent bulbs, 625 are CFL bulbs, and 2,088 are LED bulbs. 
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Figure 1: Scatterplot and Fitted Value of Lightbulb Price vs. Lifetime 

 

To estimate the production cost 𝑃𝑃(𝑇𝑇) from these data, we use both nonparametric and 

parametric regressions. Because omitted variables might bias the estimated effects of durability 

𝑇𝑇, we also control for other attributes available in the data (bulb type, shape, base, brightness, 

energy use, color temperature, and “Energy Star” status). We find that a linear functional form is 

sufficient to fit the data just as well as does the nonparametric regression. Thus, we estimate 

𝑃𝑃(𝑇𝑇) = 2.981 + 0.328𝑇𝑇, using linear regression (controlling for observable bulb attributes). 

Next, the social cost 𝑃𝑃∗(𝑇𝑇) includes both private costs 𝑃𝑃(𝑇𝑇) and all external costs from 

production of a lightbulb (but not from the use of it). Negative externalities may include water 

pollution from mining the materials in a lightbulb, local waste from drilling fossil fuels used for 

power during production, emissions of local air pollutants, and global greenhouse gas pollution. 

First, for climate damages from CO2, we use $50/ton as the estimate of the social cost of carbon 

(SCC) from the U.S. Interagency Working Group (2021, p.7). Then, from the life-cycle 

assessment study of Scholand and Dillon (2012), we obtain an estimate of CO2 emissions during 

the manufacturing of each bulb type.28 Weighting by the quantity of each type, we find that 

0.0029 tons of CO2 were emitted per unit of production of the average bulb.  

But burning fossil fuels also creates emissions of local air pollutants such as PM2.5, SO2, 

and NOX. Estimates of local damages from these co-pollutants are sometimes found to be less 

 
28 To omit carbon emissions from consumer use, we sum CO2 produced from the following production stages of 
each lightbulb type: raw materials, manufacturing, transport, and disposal. 
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than the SCC per ton of carbon, but they are most often estimated to exceed the SCC. Roth et al. 

(2020) find that a tax equal to their estimate of SCC has co-benefits that are almost twice the 

carbon abatement benefits.29 To be conservative, we assume damages from co-pollutants do not 

exceed our SCC = $50/ton but instead just equal the same damages (another $50/ton). Thus, we 

use $100 as the overall MED per ton of CO2 emissions. This figure is also conservative because 

it omits externalities from mining, drilling, and spills. This $100 per ton of CO2 is multiplied by 

0.0029 tons of CO2 per unit production to get MED of $0.29 per bulb. The corresponding social 

cost function is 𝑃𝑃∗(𝑇𝑇) = 𝑃𝑃(𝑇𝑇) + 0.29 = 3.281 + 0.328𝑇𝑇.  

Figure 2: How Annualized Costs Depend on Product Lifetime 

 

Figure 2 illustrates the consumer’s choice of variant for the case with 𝜌𝜌 = 𝑟𝑟 = 0.04 and 

𝛿𝛿 = 1. It shows the U-shaped annualized cost curves across possible variant lifetimes up to thirty 

years.30 Untaxed consumers choose a lifetime at the minimum of the private cost curve (labeled 𝜏𝜏 

= 0). They choose the bulb that can be produced with a life of 18.7 years, where the annualized 

 
29 Looking at various CO2 reduction activities, Balbus et al. (2014) find that the health co-benefits from reduced 
PM2.5 would yield benefits between $40 and $198 per metric ton of CO2. Dedoussi et al. (2019) find co-benefits to 
be about 120% of the SCC measure of climate damages per ton of CO2. Karlsson et al. (2020) review 239 recent 
studies of co-benefits from climate policy and describe eight specific US studies that find local air quality co-
benefits between $8 and $148 per ton of CO2, depending on the location and method of CO2 abatement. Most of 
this range exceeds the estimate of the direct benefits from carbon abatement. A caveat is that the degree to which 
𝑃𝑃∗(𝑇𝑇) exceeds 𝑃𝑃(𝑇𝑇) also depends on existing policy. The U.S. has no carbon tax, but the use of fossil fuels faces 
various regulations that might raise 𝑃𝑃(𝑇𝑇). Fossil fuels also receive implicit subsidies through tax rules and under-
priced leases of public land. We ignore these offsetting policies because their net effects are unknown. 
30 This illustration abstracts from many complications mentioned throughout this paper, including the possibility that 
durability is correlated with other attributes like product recyclability.  For example, see Eichner and Runkel (2003). 
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welfare cost from equation (7) is the difference in annualized costs: 0.715– 0.692 = $0.023 per 

year (per bulb purchased). Facing a tax of $0.29 per bulb, however, consumers choose the first-

best optimum 𝑇𝑇 of 19.45 years, where the welfare cost is zero.  

Next, we illustrate how the optimal tax depends on durability – for alternative market 

failure parameters. Using each set of those parameters, Figure 3 looks at the calculated optimal 

purchase tax and shows how it depends on variant lifetime in this example where MED = 𝑃𝑃 
∗ − 𝑃𝑃  

= $0.29 (regardless of durability). Initially, look at only the top four curves (omitting any errors, 

so 𝛿𝛿 = 1). The top-most curve with 𝜌𝜌 = 𝑟𝑟 = 0.04 shows the special case where the FBO tax is a 

flat $0.29 and does not depend on durability (Proposition 4). In fact, all curves with 𝛿𝛿 = 1 and 

𝑟𝑟 = 0.04 start at $0.29 at 𝑇𝑇 = 0, but any  𝜌𝜌 < 0.04 yields an optimal tax less than MED 

(Proposition 8A). This tax declines with durability 𝑇𝑇 (Proposition 8B). Perhaps surprisingly, 

even though 𝜌𝜌 = 0.03 is only slightly lower than 𝑟𝑟 = 0.04, the tax then starts at $0.29 at 𝑇𝑇 = 0 

and falls gradually to a net subsidy for all products with lifetimes over ten years.  

For the case with all market failures simultaneously (equation 12), Proposition 9 says that 

an underestimated lifetime (𝛿𝛿 < 1) implies that the SBO tax is less than MED, and that the 

derivative of the tax with respect to lifetime can be positive when MED from production rises 

with durability. Our simple example here assumes that the MED does not depend on 𝑇𝑇, and so 

the slope is not positive for any curve in Figure 3.  

Figure 3: How the Optimal Tax Rate on Purchase Depends on Product Lifetime 

(𝑟𝑟 = 0.04, 𝑃𝑃(𝑇𝑇) = 2.981 + 0.328𝑇𝑇, 𝑃𝑃∗(𝑇𝑇) = 3.271 + 0.328𝑇𝑇)   
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 Finally, in Figure 3, the four curves for 𝛿𝛿 = 0.8 are broadly similar to those for 𝛿𝛿 = 1. 

For all values of 𝛿𝛿, the other market failure (𝜌𝜌 < 𝑟𝑟) makes the SBO tax decline with durability. 

While this example de-emphasizes the case where the SBO tax rises with durability, the 

important point from earlier sections is that internalities or mistakes can interact with discount 

rates and affect slope in either direction. The consumer mistake here is a fixed proportional error 

in perceived life, from 𝑇𝑇 to 𝛿𝛿𝑇𝑇. If instead 𝛿𝛿 were to vary with 𝑇𝑇, then the optimal tax could vary 

correspondingly with 𝑇𝑇. We cannot analyze all models, so we make no general claims about how 

internalities or errors affect the way optimal taxes relate to durability. Among others, Heutel 

(2015) discusses various models of present-bias internalities and policies to correct them. 

With no mistakes or internalities (𝛾𝛾 = 1), and with environmental damages that do not 

rise substantially when producing goods with more durability, then our key result is that a low 

social discount rate (𝜌𝜌 < 𝑟𝑟) leads to a tax that optimally falls with durability. This case provides 

the most support for those who think optimal policy would encourage durability. 

7. Conclusion 

The background for our analysis is that the choice of durability itself does not generate an 

externality that requires direct intervention. Consumers already make socially optimal choices 

about durability if they are informed and rational optimizers facing all social costs of production 

and disposal (e.g., facing Pigovian taxes). Given this background, we make five contributions. 

First, if the tax is less than marginal external damage per unit output – as seems likely in 

many jurisdictions – then raising the tax increases chosen durability and increases welfare. 

Second, if the tax remains too low, then a durability subsidy or mandate can increase welfare. 

Third, a social rate of discount less than the private rate does cause a durability gap (if external 

costs of production do not increase too rapidly with chosen durability). If so, the optimal tax 

explicitly encourages durability. A lower social discount rate on a long-lived product can turn the 

second-best product tax into subsidy (despite negative externalities from production). Fourth, if 

consumers underestimate product lifetime, then they overstate the annual cost of its services. A 

purchase subsidy can correct that problem, offsetting the Pigovian tax, but that subsidy does not 

systematically relate to durability. Fifth, we estimate how the price of 4,362 types of lightbulbs 

depend on stated lifetime – controlling for other attributes – and we use damages from CO2 and 

local pollutants to calibrate the external cost per lightbulb. Inserting these parameters into our 

formulas allow graphical illustration of how second-best tax rates fall for longer-lived lightbulbs 
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in cases where the private discount rate exceeds the social rate. 

Yet much work remains. This paper introduces a “durability gap” and begins analysis of 

it, which helps with understanding the issues, but extensions could make the model more 

applicable. One extension could consider uncertainty about product lifetimes, with or without 

risk aversion of consumers. Another extension is to consider technological progress that reduces 

the expected price to be paid for product replacement. Other extensions might consider market 

power or other market imperfections, general equilibrium effects, or consumer heterogeneity. 

The “Circular Economy” is a popular topic in the interdisciplinary literature, but 

economic analysis is lacking. Further analysis can extend not only to the durability issues just 

listed, but also to other circular economy issues about how to delay and reduce creation of waste, 

how durability relates to recyclability, and how to encourage the conversion of waste into 

valuable inputs that can re-enter production.  
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Appendices 

Appendix A: Prove Lemma 1, that   𝒓𝒓𝒓𝒓
−𝒓𝒓𝑻𝑻𝒋𝒋 

𝟏𝟏−𝒓𝒓
−𝒓𝒓𝑻𝑻𝒋𝒋 

< 𝝆𝝆𝒓𝒓
−𝝆𝝆𝑻𝑻𝒋𝒋 

𝟏𝟏−𝒓𝒓
−𝝆𝝆𝑻𝑻𝒋𝒋 

  if and only if 𝒓𝒓 > 𝝆𝝆.   

  First, notice that both sides of this inequality have the form 𝑦𝑦 =  𝑥𝑥𝑒𝑒
−𝑥𝑥𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝑥𝑥𝑇𝑇𝑗𝑗 

 (where 𝑥𝑥 could 
be either 𝑟𝑟 or 𝜌𝜌). Differentiate this expression with respect to 𝑥𝑥 :   

𝜕𝜕𝑦𝑦/𝜕𝜕𝑥𝑥 =
𝑒𝑒−𝑥𝑥𝑇𝑇𝑗𝑗 (1 − 𝑥𝑥𝑇𝑇𝑗𝑗 − 𝑒𝑒−𝑥𝑥𝑇𝑇𝑗𝑗 )

(1 − 𝑒𝑒𝑥𝑥𝑇𝑇𝑗𝑗 )2
 

The first term in the numerator (𝑒𝑒−𝑥𝑥𝑇𝑇𝑗𝑗 ) is always positive, but the bracketed term is zero if 𝑥𝑥𝑇𝑇𝑗𝑗  
is 

zero. For all 𝑥𝑥𝑇𝑇𝑗𝑗 > 0, the derivative of that bracketed term with respect to 𝑥𝑥𝑇𝑇𝑗𝑗 is (𝑒𝑒−𝑥𝑥𝑇𝑇𝑗𝑗–1), 
which is negative. So, as 𝑥𝑥𝑇𝑇𝑗𝑗 rises from zero, the numerator starts at zero and then falls. Thus, for 
𝑥𝑥𝑇𝑇𝑗𝑗 > 0, the numerator of 𝜕𝜕𝑦𝑦/𝜕𝜕𝑥𝑥 is negative. The denominator is positive, so 𝜕𝜕𝑦𝑦/𝜕𝜕𝑥𝑥 < 0. 

To look at the two sides of the key inequality above, we note that 𝜌𝜌 < 𝑟𝑟. If the value of  𝑥𝑥 

were to rise from 𝜌𝜌 toward 𝑟𝑟, then the ratio 𝑦𝑦 falls below 𝜌𝜌𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

.  Thus,  𝑟𝑟𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

< 𝜌𝜌𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

.∎  

Appendix B: Prove Proposition 7 

A sufficient condition for 𝜕𝜕𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾 > 0 in equation (9) is:   

� 𝑚𝑚𝑗𝑗(𝑡𝑡)
𝑇𝑇𝑗𝑗

0
𝑒𝑒−𝑟𝑟𝑟𝑟𝑑𝑑𝑡𝑡 � 𝑚𝑚𝑗𝑗(𝑡𝑡)

𝑇𝑇𝑗𝑗

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡 <

𝜌𝜌(1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗)
𝑟𝑟(1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗)

�  

To show that the right-hand-side (RHS) of this inequality exceeds the left-hand-side (LHS), first 
note that 𝜌𝜌 < 𝑟𝑟 means 0 < 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗 < 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗 < 1. Because 𝑚𝑚𝑗𝑗(𝑡𝑡) is rising with 𝑡𝑡 [so 𝑚𝑚𝑗𝑗′(𝑡𝑡) > 0], 

the LHS is always less than 𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗

𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
 at any 𝑇𝑇𝑗𝑗. Also, Appendix A shows that  𝒓𝒓𝒓𝒓

−𝒓𝒓𝑇𝑇𝑗𝑗 

𝟏𝟏−𝒓𝒓
−𝒓𝒓𝑇𝑇𝑗𝑗 

< 𝝆𝝆𝒓𝒓
−𝝆𝝆𝑇𝑇𝑗𝑗 

𝟏𝟏−𝒓𝒓
−𝝆𝝆𝑇𝑇𝑗𝑗 

 

(where 𝜌𝜌 < 𝑟𝑟, and 𝛿𝛿 = 1). Thus,  𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗

𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗
  is less than the RHS (proving 𝜕𝜕𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾 > 0). Then, we 

further differentiate 𝜕𝜕𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾 in (9) with respect to 𝜌𝜌 to get:  

𝜕𝜕2𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾𝜕𝜕𝜌𝜌 = �−
𝜌𝜌𝑇𝑇𝑗𝑗𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗

�1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗�2
⋅ � 𝑚𝑚𝑗𝑗(𝑡𝑡)

𝑇𝑇𝑗𝑗

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡�+ �−

𝜌𝜌�1 − 𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗�
𝑟𝑟�1 − 𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗�

⋅ � 𝑡𝑡𝑚𝑚𝑗𝑗(𝑡𝑡)
𝑇𝑇𝑗𝑗

0
𝑒𝑒−𝜌𝜌𝑟𝑟𝑑𝑑𝑡𝑡� 
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With 𝜌𝜌 < 𝑟𝑟, then 𝜌𝜌𝑇𝑇𝑗𝑗𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗

�1−𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗�
2 > 0 and  

𝜌𝜌�1−𝑒𝑒−𝑟𝑟𝑇𝑇𝑗𝑗�

𝑟𝑟�1−𝑒𝑒−𝜌𝜌𝑇𝑇𝑗𝑗�
> 0. Thus, both the first and the second terms in 

brackets are negative, and  𝜕𝜕2𝜏𝜏𝑗𝑗𝑃𝑃/𝜕𝜕𝛾𝛾𝜕𝜕𝜌𝜌 < 0. ∎ 

Appendix C: Prove Proposition 8  

With 𝛿𝛿 = 1, we first show that ℛ < 1. In the limit, as 𝑇𝑇  approaches zero, the ratio ℛ ≡
𝜌𝜌�1−𝑒𝑒−𝑟𝑟𝑇𝑇 �
𝑟𝑟(1−𝑒𝑒−𝜌𝜌𝑇𝑇 )  approaches 1. For 𝑇𝑇 > 0, differentiate ℛ as:   

𝜕𝜕ℛ/𝜕𝜕𝑇𝑇 =
𝜌𝜌

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇 
�𝑒𝑒−𝑟𝑟𝑇𝑇 −

𝜌𝜌
𝑟𝑟
∙

1 − 𝑒𝑒−𝑟𝑟𝑇𝑇 

1 − 𝑒𝑒−𝜌𝜌𝑇𝑇 
𝑒𝑒−𝜌𝜌𝑇𝑇 � ≡

𝜌𝜌
1 − 𝑒𝑒−𝜌𝜌𝑇𝑇 

(𝑒𝑒−𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 ) 

The first ratio is positive. If 𝜌𝜌 < 𝑟𝑟, the term in brackets is negative, following the logic of 
Appendix A (with simple rearranging). Thus, 𝜌𝜌 < 𝑟𝑟 implies 𝜕𝜕ℛ/𝜕𝜕𝑇𝑇 < 0, and 𝑇𝑇  rising from zero 
means that ℛ falls below 1.  

For part (A), because 𝑒𝑒
−𝜌𝜌𝑇𝑇

𝑒𝑒−𝑟𝑟𝑇𝑇
ℛ > 1 from Appendix A, the SBO tax 𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇

𝑒𝑒−𝑟𝑟𝑇𝑇
ℛ𝐷𝐷∗ − 𝐷𝐷 

exceeds the FBO Pigovian rate 𝐷𝐷∗ − 𝐷𝐷. Next, substitute that expression for 𝜏𝜏𝐷𝐷 into the long 
expression for 𝜏𝜏 

𝑃𝑃 in equation (12), which then reduces to 𝜏𝜏𝑃𝑃(𝑇𝑇) = ℛ𝑃𝑃∗(𝑇𝑇) − 𝑃𝑃(𝑇𝑇). Then, 
because ℛ < 1, the tax 𝜏𝜏 

𝑃𝑃= ℛ𝑃𝑃 
∗(𝑇𝑇) − 𝑃𝑃(𝑇𝑇) is less than the Pigouvian rate 𝑃𝑃 

∗(𝑇𝑇 ) – 𝑃𝑃 (𝑇𝑇 ). 

For part (B), the derivative of 𝜏𝜏 
𝑃𝑃 = ℛ𝑃𝑃 

∗(𝑇𝑇) − 𝑃𝑃(𝑇𝑇) with respect to 𝑇𝑇  is: 

𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 =

𝜌𝜌
1 − 𝑒𝑒−𝜌𝜌𝑇𝑇 

(𝑒𝑒−𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 )𝑃𝑃 
∗(𝑇𝑇 ) + �ℛ𝑃𝑃 

∗′(𝑇𝑇 ) − 𝑃𝑃 ′(𝑇𝑇 )� 

We know that 𝑟𝑟𝑒𝑒
−𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝑟𝑟𝑇𝑇 
< 𝜌𝜌𝑒𝑒−𝜌𝜌𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
 (from Appendix A), which implies 𝑒𝑒−𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 < 0. So the 

long first term is negative. The second term can be either sign, so 𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 < 0 if and only if the 

second term, ℛ𝑃𝑃 
∗′(𝑇𝑇 ) − 𝑃𝑃 ′(𝑇𝑇 ), is negative or not very positive (i.e., does not exceed the 

absolute value of the negative first term). A simpler sufficient condition is ℛ𝑃𝑃 
∗′(𝑇𝑇 ) ≤ 𝑃𝑃 ′(𝑇𝑇 ), so 

that the second term is not positive. Because ℛ < 1, then 𝑃𝑃 
∗′(𝑇𝑇 ) can be greater than 𝑃𝑃 

′(𝑇𝑇 ), but 
not by too much. Then the negative first term means 𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 < 0.  

 For part (C), the condition for the tax to rise with durability is  

𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 =  

𝜌𝜌
1−𝑒𝑒−𝜌𝜌𝑇𝑇 

(𝑒𝑒−𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 )𝑃𝑃 
∗(𝑇𝑇 ) + �ℛ𝑃𝑃 

∗′(𝑇𝑇 )− 𝑃𝑃 ′(𝑇𝑇 )� > 0. 

The long first term is negative. Thus, the overall sign is positive if and only if the second term is 
positive and greater than the absolute value of the negative first term. But ℛ < 1, however, so 
𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 > 0 if and only if 𝑃𝑃∗′(𝑇𝑇 ) is much bigger than 𝑃𝑃 ′(𝑇𝑇 ). ∎  

Appendix D: Prove Proposition 9 

Allowing 𝜌𝜌 ≠ 𝑟𝑟 , differentiate (12) with respect to 𝛿𝛿: 

𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝛿𝛿 =

𝜌𝜌
𝑟𝑟
∙

1
1 − 𝑒𝑒−𝜌𝜌𝑇𝑇

∙ 𝑟𝑟𝑇𝑇𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 [𝑃𝑃 
∗(𝑇𝑇 ) + 𝐷𝐷 

∗𝑒𝑒−𝜌𝜌𝑇𝑇 ] + 𝑟𝑟𝑇𝑇𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 (𝐷𝐷 + 𝜏𝜏𝐷𝐷) > 0 
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Each term in this expression is positive, so the overall derivative is unambiguously positive. 
Thus, any perceived lifetime 𝛿𝛿𝑇𝑇𝑗𝑗 substantially below the actual lifetime 𝑇𝑇𝑗𝑗 means that the optimal 
tax is lower. If consumers overestimate the product lifetime, then 𝜏𝜏𝑗𝑗𝑃𝑃 is above 𝑃𝑃𝑗𝑗∗ − 𝑃𝑃𝑗𝑗.  

Next assume 𝜌𝜌 = 𝑟𝑟. With production and disposal externalities, then (12) reduces to: 

𝜏𝜏 
𝑃𝑃(𝑇𝑇 ) = ℛ[𝑃𝑃 

∗(𝑇𝑇 ) + 𝐷𝐷 
∗𝑒𝑒−𝜌𝜌𝑇𝑇 ]− [𝑃𝑃 (𝑇𝑇 ) + (𝐷𝐷 + 𝜏𝜏𝐷𝐷)𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 ] 

Insert 𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ𝐷𝐷∗ − 𝐷𝐷 into that equation and rearrange. The result is 𝜏𝜏 

𝑃𝑃 = ℛ𝑃𝑃 
∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ). 

In the limit, as 𝑇𝑇  approaches zero, the ratio ℛ ≡ 1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
 approaches 1.  

For part (A) where 𝛿𝛿 > 1 and 𝑇𝑇 > 0 , then 𝑒𝑒
−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ > 1, following logic of Appendix A. 

(Appendix A says “if and only if 𝑟𝑟 > 𝜌𝜌”, and here 𝑟𝑟 = 𝜌𝜌, but 𝑟𝑟 here is multiplied by 𝛿𝛿 > 1, 
which makes 𝑟𝑟𝛿𝛿 > 𝜌𝜌.) Then the SBO tax 𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ𝐷𝐷∗ − 𝐷𝐷 exceeds the FBO rate (𝐷𝐷∗ − 𝐷𝐷). 

Also, 𝛿𝛿 > 1 means that ℛ ≡ 1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
> 1, so the SBO tax 𝜏𝜏 

𝑃𝑃 = ℛ𝑃𝑃 
∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ) is greater than 

the FBO product tax 𝑃𝑃 
∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ).  

Next, for 𝑇𝑇 > 0, differentiate 𝜏𝜏 
𝑃𝑃 as:   

𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇  =

𝜌𝜌
1 − 𝑒𝑒−𝜌𝜌𝑇𝑇 

�𝛿𝛿𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 �𝑃𝑃 
∗(𝑇𝑇 ) + �ℛ𝑃𝑃 

∗′(𝑇𝑇 )− 𝑃𝑃 
′(𝑇𝑇 )� 

where 𝛿𝛿 > 1. Appendix A shows  𝑟𝑟𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝑟𝑟𝑇𝑇𝑗𝑗 

< 𝜌𝜌𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

1−𝑒𝑒
−𝜌𝜌𝑇𝑇𝑗𝑗 

  if and only if 𝑟𝑟 > 𝜌𝜌. Here, we have 𝑟𝑟 = 𝜌𝜌, 

but 𝛿𝛿 > 1, so 𝛿𝛿𝑟𝑟 = 𝛿𝛿𝜌𝜌 > 𝜌𝜌. Replace 𝑟𝑟 in Appendix A with 𝛿𝛿𝜌𝜌, to get  𝜌𝜌𝑟𝑟𝑒𝑒
−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
< 𝜌𝜌𝑒𝑒−𝜌𝜌𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
. Cancel 

the 𝜌𝜌 in both numerators, which implies 𝛿𝛿𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 < 0. Thus, the long first term in 
𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇  is negative. The second term can be either sign, so the tax falls with durability 
(𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 < 0) if and only if the second term, ℛ𝑃𝑃 
∗′(𝑇𝑇 ) − 𝑃𝑃 ′(𝑇𝑇 ), is negative or not very positive 

(i.e., does not exceed the absolute value of the negative first term). A simpler sufficient condition 
is ℛ𝑃𝑃∗′(𝑇𝑇 ) ≤ 𝑃𝑃 ′(𝑇𝑇 ), so that the second term is not positive. Note that ℛ > 1 here, so this 
sufficient condition means that 𝑃𝑃∗′(𝑇𝑇 ) must be much smaller than 𝑃𝑃′(𝑇𝑇 ). If so, then the negative 
first term means 𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 < 0. 

Finally, within part (A), the condition for the tax to rise with durability is that 𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇  

(shown above) is positive. The first term is negative, so the overall sign is positive if and only if 
the second term, ℛ𝑃𝑃 

∗′(𝑇𝑇 ) − 𝑃𝑃 ′(𝑇𝑇 ), is positive and greater than the absolute value of the negative 
first term. Then, 𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 > 0. But ℛ > 1, so we have no simple sufficient condition for 
ℛ𝑃𝑃∗′(𝑇𝑇 ) to be “enough” bigger than 𝑃𝑃′(𝑇𝑇 ) to offset the negative first term of 𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 . 

For part (B), 𝛿𝛿 < 1 implies 𝑒𝑒
−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ < 1 (Appendix A). The SBO tax 𝜏𝜏𝐷𝐷 = 𝑒𝑒−𝜌𝜌𝑇𝑇 

𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
ℛ𝐷𝐷∗–𝐷𝐷 

is less than the FBO Pigovian rate (𝐷𝐷∗ − 𝐷𝐷). Next, 𝛿𝛿 < 1 means that ℛ ≡ 1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
< 1, so the 

SBO tax 𝜏𝜏 
𝑃𝑃 = ℛ𝑃𝑃 

∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ) is also less than the FBO product rate 𝑃𝑃 
∗(𝑇𝑇 ) − 𝑃𝑃 (𝑇𝑇 ).  

The condition for the tax to fall with durability is:  
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𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇  = 𝜌𝜌

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
�𝛿𝛿𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 −ℛ𝑒𝑒−𝜌𝜌𝑇𝑇 �𝑃𝑃 

∗(𝑇𝑇 ) + �ℛ𝑃𝑃 
∗′(𝑇𝑇 ) − 𝑃𝑃 

′(𝑇𝑇 )� < 0. 

In this case, 𝛿𝛿 < 1 implies 𝑟𝑟𝑒𝑒
−𝜌𝜌𝑟𝑟𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 
> 𝑒𝑒−𝜌𝜌𝑇𝑇 

1−𝑒𝑒−𝜌𝜌𝑇𝑇 
 (Appendix A), which implies 𝛿𝛿𝑒𝑒−𝜌𝜌𝑟𝑟𝑇𝑇 − ℛ𝑒𝑒−𝜌𝜌𝑇𝑇  > 0.  

So the long first term of 𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇  is positive. The sign of the second term is ambiguous. Thus, the 

sign of 𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇  is negative if and only if the second term is negative and its absolute value 

exceeds the positive first term. The fact that ℛ < 1 makes the second term ℛ𝑃𝑃 
∗′(𝑇𝑇 ) − 𝑃𝑃 

′(𝑇𝑇 ) 
negative in the simple case where 𝑃𝑃 

∗′(𝑇𝑇 ) = 𝑃𝑃 
′(𝑇𝑇 ), but that simple case is not sufficient for 

𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 < 0. We have no simple sufficient condition for 𝜕𝜕𝜏𝜏 

𝑃𝑃/𝜕𝜕𝑇𝑇 < 0.  

Finally, the tax rises with durability (𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 > 0) if and only if the second term, 

ℛ𝑃𝑃 
∗′(𝑇𝑇 ) − 𝑃𝑃 ′(𝑇𝑇 ), is positive or not very negative (so that it does not completely offset the 

positive first term). A simpler sufficient condition is a nonnegative second term, ℛ𝑃𝑃 
∗′(𝑇𝑇 ) ≥

𝑃𝑃 ′(𝑇𝑇 ), because then the positive first term implies 𝜕𝜕𝜏𝜏 
𝑃𝑃/𝜕𝜕𝑇𝑇 > 0. Because ℛ < 1, this sufficient 

condition requires 𝑃𝑃 
∗′(𝑇𝑇 ) to be greater than 𝑃𝑃 

′(𝑇𝑇 ). ∎ 

 

 

 


