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ABSTRACT

With the high-frequency data of firm quotes in the transaction platform of foreign exchanges,
arbitrage profit opportunities—in the forms of a negative bid-ask spread of a currency pair and
triangular transactions involving three currency pairs—can be detected to emerge and disappear
in the matter of seconds. The frequency and duration of such arbitrage opportunities have
declined over time, most likely due to the emergence of algorithmic trading. When a human
trader detects such an arbitrage opportunity and places orders for multiple transactions—two in
negative spreads and three in triangular arbitrage—there is no guarantee all of those orders are
fulfilled in a fraction of one second. Thus, the arbitrageur has to consider execution risk, when he/
she/it detects the emergence of such an opportunity. The novelty of this paper is to show that
those arbitrage opportunities were exploitable and executable, before the mid-2000s, even
considering the transactions costs and execution risk. After many algorithmic computers were
allowed to be connected directly to the EBS transaction platform in the mid-2000s, the frequency
of free lunch cases has declined and probabilities of successful executions of all legs for arbitrage
declined. We calculate the change in the expected profit of an attempt to execute necessary
transactions to reap benefits from arbitrage opportunity.
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1. Introduction

In most empirical work as well as theoretical work in the foreign exchange markets just assumes “no
free lunch,” or no riskless, profitable arbitrage opportunities at any point of time. If profitable
arbitrage opportunities are observed in data, it is often criticized that data are either indicative quotes
(no guarantee of trade commitment) or stale or time-lagged/aggregated quotes. In the 1990s and
2000s, a popular data source was the Olsen data, that are based on indicative quotes observed in the
Reuter FXFX. Any work on showing the existence of the arbitrage opportunities using indicative
quotes was subject to a criticism in that indicative quotes did not mean they are accepted for trading
when an arbitrageur tried to exploit the opportunities. The “indicative quotes” problem was solved
by using “firm quotes” that are collected from an actual trading platform. The commercially
available EBS data sets collect actual quotes and deal prices since 1998 with time stamp of 1 second
or finer in the EBS trading platform. All the quotes in the data set are “firm.”

Ito, et al. (2012) showed that the profitable arbitrage opportunities, in the form of negative
bid-ask spread and triangular arbitrage opportunities, do exist in the market. The size of the profits is
larger than presumed marginal execution costs. The paper also showed that the frequency and
duration of the profitable arbitrage opportunities have diminished over time, in particular after more
bank computers with algorithmic trading programs were allowed to connect directly with the EBS
computer in 2005. The speed of disappearance of arbitrage opportunities accelerated after 2005. By
2010, when an arbitrage opportunity arose, 80-90 percent of them disappeared within one second. It
used to be the case, that is, the bank machined were allowed to be connected to the EBS matching
engine, that humans with eagle eyes and quick fingers could reap the profit from the temporal
inefficiencies in the market, but after mid-2000s, only super-fast computers can detect and exploit
the arbitrage opportunities. The paper suggests that computers having faster CPUs and being housed
next (co-located) to the EBS order-matching computer can collect profits.

It is a challenge to prove that arbitrage opportunities have been exploitable and actually
exploited by quick human fingers or algorithm in the machine. One critical question is whether an
arbitrage opportunity disappears due to execution of profitable trades or quote revision without
trades. Put differently, the question is whether free lunch was eaten by arbitrageurs or was
disappeared before being eaten. Ito, et al. (2012) gave an indirect answer. The paper showed that a
moment after an arbitrage opportunity appears on screen, deal activities that would make profits
from the opportunities increase. This is consistent with a view that exploitable opportunities are
indeed exploited by deal activities. However, the evidence is only suggestive. An arbitrageur may
have not succeeded in completing two legs, in the case of negative spreads, or three legs, in the case
of triangular arbitrage, of transactions that are needed to reap profits.

This paper moves an investigation one step further by explicitly calculating the execution
risk. An execution risk here means that the order by a market taker, “the arbitrageur,” trying to hit a
bid (or an offer) is not fulfilled either because someone else’s order reaches the matching engine a



fraction of a second earlier than the arbitrageur’s order; or the firm quote is cancelled a fraction
earlier the arbitrageur’s order reaches the matching engine.

Suppose that the arbitrage opportunity, say the negative spread in the USD/JPY market, is
detected at period t (measured in the unit of one second). Namely, the best bid is higher the best
offer. An arbitrageur places two orders trying to hit the firm bid and to hit the firm offer
simultaneously. If both are executed, the arbitrageur reaps profits, by definition of negative spread.
However, if one of the orders successfully hits a bid but fails to hit an offer, then the arbitrageur is
left with an unwanted short position of the dollar. The arbitrageur has to press hitting the failed trade
even at an unfavorable price. This may generate the loss. If both orders are not fulfilled, zero profit is
a result. Hence it is critical to calculate the success and failure of the arbitrageur’s orders to be
fulfilled. This represents an execution risk.

How can a researcher make inference whether a market taker’s order is fulfilled or failed? In
the commercially-available EBS data, the bank identity is not disclosed. Hence, we cannot directly
prove whether a bank actually hit the quote.

A crucial and very realistic assumption in this paper is that if a quote does not change or
change in the favorable direction for the arbitrageur—higher bid or lowering ask—from period t to
period (t+1), then the trade of the arbitrageur is safely assumed to have been executed. If the price
moves unfavorably from t to t+1, there are two possibilities, either the arbitrageur successfully hits
the firm quote and the best quote targeted for execution disappears as a result; or the arbitrageur
failed to hit the quote, due to a competitor reached earlier or the market maker withdrew earlier. For
the case, the price moved unfavorably, we will introduce a success probability that is used to
calculate the expected profit. Simulations are conducted to calculate the expected profits as a
function of the success probability.

In case of triangular arbitrage, there are three legs of transactions involved. If all three were
realized, profits are reaped; if none of the three legs is realized, zero profit/loss is a result. We need
to assume some behaviors in case of incomplete triangular trades: if only one leg (order) is fulfilled,
it is assumed to be unwound the position one second later; and if only two legs are fulfilled, the
remaining unfulfilled leg is assumed to be executed successfully one second later. Whether the
exchange rate moves or not, and when it moves, moving in a favorable or unfavorable direction,
makes profits to vary. Sometimes, the execution at one second later, either unwinding or completing
the triangular, will result in losses.

The main findings can be summarized as follows: Both negative bid-ask spreads and
triangular arbitrage profit opportunities were frequently observed and when they emerge, they tended
to last for a few seconds before 2005. Conditional on the emergence of an arbitrage opportunity, the
execution risk is evaluated with the inference described above. Before 2005, the expected profits,
taking into account execution risk, tended to be positive, while they become positive only when the
success probability is higher for the leg where the price moved unfavorably from t to t+1.



Even when execution risks are defined and considered the expected profits, net of
transaction costs, remained positive. However, after 2005, the number of observed cases of negative
bid-ask spreads and triangular arbitrage profit opportunities became much smaller, and when they
occurred, they quickly disappeared. The expected profits from arbitrage operations (attempt) became
negative, when the execution risk and the transaction costs was considered.

The percentage of successful execution (fulfillment) of arbitrage orders declined sharply
after 2005, while the percentage of no completion at all has increased since 2005. The percentages of
partial fulfilment (only a part of a set of market-taking orders are fulfilled) has remained relatively
similar before and after 2005.

The year 2005 was the first year of a large number of bank transaction computers was
allowed to make a direct connection to the EBS matching supercomputer. It is highly likely that the
change in transaction micro-structure can explain the disappearance of “free lunch.”

The literature on negative spread and triangular arbitrage, using high-frequency data is not
long. Aiba, Hatano, Takayasu, Marumo, and Shimizu (2002), examined the data for two months in
1999 detecting triangular arbitrage profit opportunities, on average for 6.4% of total time, among the
yen, the dollar, and the euro. Aiba, Hatano, Takayasu, Marumo, and Shimizu (2003) and Aiba and
Hatano (2004) also explored some theoretical implications of triangular arbitrage. Aiba and Hatano
(2006) constructed an agent-based model for simulation. Parameters were matched to replicate the
observed distribution of arbitrage profits from Aiba, et al. (2002).

The exchange rate data from an actual trading platform became available in the mid-1990s.
The availability of “firm quotes,” as opposed to “indicative quotes,” improved the quality of research
using the high-frequency exchange rate data. Goodhart, Ito and Payne (1996), Goodhart and O’Hara
(1997), and Goodhart and Payne (1996) used such data, although the samples are very limited. Using
the EBS data, which became available in the 2000s, Ito and Hashimoto (2006) showed the intradaily
patterns. Berger et al. (2008) and Ito and Hashimoto (2008) showed that the order flows have
predictable power using the reliable data. The exchange rate reactions to macroeconomic statistical
announcements were analyzed in Chaboud, et al. (2008) and Hashimoto and Ito (2010). Akram and
Sarno (2008) investigated arbitrage opportunities in covered interest parity relationship. Marshall,
Treepongkaruna, and Young (2008) investigated triangular arbitrage opportunities involving, various
advanced countries’ currencies for the EBS data from January 1, 2005 to December 31, 2005. Their
findings suggest triangular arbitrage opportunities arise rather frequently throughout the day.
Chaboud, et al. (2010) analyzed the high-frequency volatility in the foreign exchange market.

For analysis of the execution risk, the literature is thin. Chaboud, et al. (2014) pointed out
the execution risk but did not analyze it empirically. Fenn, et al. (2009) considered execution risk by
defining a winning probability, and using it to calculate profit/loss of attempting taking advantage of
triangular arbitrage opportunities. Their data for analysis of emergence and durability of triangular
arbitrage opportunities are based on a one-week long period in the fall in each of three years, 2003-
05. The simulation of execution risk is conducted only for the one week (10/02/2005-10/27/2005)
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data. Engle and Ferstenberg (2007) and Engle, Ferstenberg, and Russell (2012) considered execution
costs and risk from the viewpoint of portfolio management of an equity dealer who receive the
customer orders and execute in the market. The data set consists of 233,913 orders executed by
Morgan Stanley in 2004.

Kozhan and Tham (2012) analyzed the execution risk explicitly by modeling competition
among arbitrageurs. The more competitors being active in the market, less the probability of
execution. Their data come from Reuters D-3000 and EBS from January 2003 to December 04.

Foucault, Kozhan; and Tham (2017) distinguishes toxic and nontoxic arbitrage
opportunities. The former is due to asynchronous adjustments in quotes following information
arrival, while the latter is due to temporary price pressures. They built a model to predict that when
the toxic arbitrage ratio is higher, arbitrage opportunities are shorter, even though the bid-ask spread
is higher; and that a technical change allows arbitrageurs react faster, the duration of arbitrage
opportunities becomes shorter. They put the theoretical predictions to test using the triangular
arbitrage opportunities using the Reuters D-3000 Data set from January 2003-December 2004, with
10 millisecond frequency.

We use the USD/JPY, EUR/JPY and EUR/USD in the EBS data set that spans from 1999 to
2010, containing 1 second slice of actual deal price, deal volume and firm quotes. The following
days are excluded from our samples.

1) Weekend. From GMT 9pm. Friday to GMT 8:59pm. Sunday.

@) End of the year to the New Years, from December 24 to January 5.

3 Low volume of transaction. Days that had less than half of the average transaction
volume of the year, where the average was calculated after exclusion of (1) and (2) are done.

In the case of triangular arbitrage, we also exclude days when regular settlement (the so-
called t+2) is not possible due to national holidays. Specifically, we exclude transaction days when
non-US national holidays (not including weekend) occur within two days from the transaction day;
and transaction days when US national holiday falls in the second day from the transaction day.

Our paper covers much longer data compared to any of the paper cited above, and it
becomes possible to link the changes in occurrence and duration of arbitrage opportunities to market
microstructure. The paper also analyzes negative spread of bilateral exchange rate. We will show in
this paper that the market microstructure fundamentally changed after the bank computers were
allowed to connect directly to EBS matching computer, starting from 2003 and the number of
connected institutions grew substantially from 2005-2010.

The rest of this paper is organized as follows. Section 2 explains the case of negative bid-
ask spread. Section 3 the case of triangular profit opportunities. In each section, the evolution of the
frequency of observing such profit opportunities from 1999 to 2010 will be described; the execution
risk is defined; the profit conditional of all/partial/no fulfiliment is defined and calculated; and the
expected profits, taking into account execution risk and transaction costs, will be calculated. Section
4 concludes.



2. Negative Spread

2.1.Definition of negative spread

The negative spread (NS) means that a bid quote (posted by market maker Bank B) is higher than an

ask quote (posted by market maker Bank A) at time t, so that a third-party market-taker financial

institution (Bank C) can simultaneously hit both the bid quote and the ask quote and make profits.
Let us denote the best ask quote and best bid quote for currency pair C;; =

{USD/JPY,EUR/JPY,EUR/USD} attimet by qatC” and qbf“, respectively and the case of

negative spread is defined as

- y y (1)
Spreadtc” = qatc” - qbtc” < 0.
Alternatively, the above condition can be rewritten as the following condition:
Ci:
b, Y
> 1. )
qa;

2.2.Execution Risk of Negative Bid-Ask Spread
Conditional on the emergence of negative spread, satisfying equation (2), a market taker (Bank C)

sends two orders trying to hit both best bid, qbtc”, and the best ask, qaf“, simultaneously. If the two

orders are fulfilled, the market taker, acting as an arbitrageur, makes profit. However, there is an
execution risk, that is, either one of the two orders or both may not be fulfilled, as matching at the
EBS computer is done on the first-come, first-served basis to the unit of millisecond. A competitor’s
order may get to the EBS matching server earlier than the arbitrageur’s, or the market maker
withdraws the quote earlier than the arbitrageur’s order reached the EBS.

We infer the execution success or failure from the bid or ask quote price movement from t
to t+1. If the bid quote is unchanged or moved higher from t to t+1, then the arbitrageur’s selling
order is assumed to be fulfilled, as the price is moving even higher. Similarly, if the ask quote is
unchanged or moved lower from t to t+1, then the arbitrageur’s buying order is assumed to be
fulfilled, as the price is moving even lower.

When the ask or bid price moves from t to t+1 in the direction unfavorable to the
arbitrageur, then it is not certain whether the arbitrageur’s order was fulfilled. We infer and assume
execution success or failure as follows. The price may have moved because the arbitrageur’s order
hit and knocked off the best bid (or ask). Or the arbitrageur’s order was not fulfilled due to
competitor’s have got there first to knock off the best bid (or ask), or the market maker of the best
bid (or ask) have withdrawn before the arbitrageur’s order got to the EBS matching engine. Hence
we assign a “winning probability” for the arbitrageur’s order hitting the intended bid (or ask) before
the price moved. With a winning probability, w, the arbitrageur’s order is fulfilled at price of time t.
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With probability of (1-w), the arbitrageur’s order is not fulfilled at time t, but is assumed to be
fulfilled at price of time t+1.
Thus, we can consider the following four cases, which is explained in the flow char of
Figure 1.
<Insert Figure 1 about here>

Cij
t+1

Cij

Case 11: qb,” < qb,” N qa;” > qa," .

The arbitrage opportunity continues to exist in period t+1, since the bid becomes equal or higher and
the ask becomes equal or lower. Hence, it is assumed that two orders to hit both bid and ask are
fulfilled. The success probability of execution is one.

Cij
t+1

Cij

Case 10: qbtcij <gqb N qatcij <qa,/.

The bid becomes equal or higher, thus a market taker’s order to hit is assumed to be fulfilled on the
bid side. However, the ask becomes higher, which may be due to a successful hit by the arbitrageur
or an execution failure of the arbitrageur’s order. We assign the success probability, denoted by w, of
the latter leg. If succeed, the arbitrageur’s orders are executed at price of time t on both legs. If fail,
the arbitrageur’s order on the ask side is fulfilled at one second later, time t+1, at that prevailing
price.

Cij
t+1

Cij

Case 01: qb," > qb,’ n qa’ > qa,”..

The ask becomes equal or lower, suggesting that the arbitrageur’s order is fulfilled. But, the bid
becomes lower, suggesting that the arbitrageur’s order being fulfilled, only with probability w. When
fail, the order is fulfilled at time t+1, with the prevailing price at that time.

Cij
t+1

Cij

Case 00: qbtcij > gb N qatcij <qa,/-

The bid becomes lower and the ask becomes higher, that is the adverse direction for the arbitrageur,
in time t+1. It is uncertain that any of the arbitrageur’s two orders are fulfilled. There are four
subcases in this case: First, two legs are successfully carried out to reap NS profits in time t. Second,
the order to hit the ask was successful at time t, but not on the bid side, so that hitting the bid in time
t+1. Third, the order to hit the bid was successful at time t, but not on the ask side, so that hitting the
ask was done in time t+1. Fourth, both of the arbitrageur’s orders were not fulfilled.

In preparation for calculating the expected return taking into account execution risk
conditional on the existence of the negative spread at time t, we first calculate the number and ratio
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of each case and an average return of each case for each year. First, we define the total number of
seconds for each case in each sample year.
Tyear = {all of seconds in Year}
For example, T,,,, includes the name of seconds with negative spread, such as
{... 2010.01.21.0:00:00, 2010.01.21.00:00:01, 2010.01.21.00:00:02, ...}.

Next, the set of seconds with negative spread is defined by T, ", 7 namely,

Toon” = {t|ab" + qa;” > 1}. )

Year
The set of seconds that satisfies case 11 is defined as follows:

Cij

Cij G Cii
T11 Year — {thb ! = qbt+1 n qat ’ = qat+1 ' (4)
Similarly, for Case 10, Case 01, Case 00, the set of seconds are defined as

T,

Cij
T 00,Year’

Cij
T 01,Year’

10 Year’ The set of seconds for Case 11 conditional on negative spread (NS) is

defined as follows:

NS ,Cij NS, Cij Cij
= 5
T11 Year TYear n T11 Year’ ( )

The probability of Case 11, given NS is calculated as follows:

NS,Cij NS CL] NS,Cij

= 6
pll,Year 11 Year/ Year ! ( )
where

NS,Cij NS,Cij NSCij _ ,..NSCij

Year #TYear »"™M1year T #Tll,Year' (7)

And ‘#” denotes the number of elements in the set.

Table 1 shows the total number of seconds and the ratio of Cases 11, 10, 01, 00 for the each of the
currency pair C;; = {USD/JPY, EUR/USD, EUR/JPY} for each sample year.
<Insert Table 1 about here>

Expected return of sending orders to hit NS quotes

When the arbitrageur detects the profit opportunities of negative spread, he/she/it would like to send
orders in an attempt to reap the profit. However, the arbitrageur is mindful of an execution risk, that

is, (part of) the orders may not be fulfilled. Therefore, orders are sent only when the expected profit

is positive. In order to calculate the expected profit, profits of each of the four cases in the flow chart
of Figure 1 has to be calculated first and then the weighted average has to be calculated.



The return in each case is calculated as follows. The return for Case 00 is zero by definition.
The return for Case 11 is positive (or more than 1 in the defined ratio) by definition. The return of
case 11 is calculated as follows:

NS,C;j 1 Cij Cij
Ty v = e gb,’ +qa”).
11,Year NS,Cij t t (8)
11,Year , . NSCij

tETll,Year

The returns for Cases 01 and 10 are similarly defined. Case00 does not involve the transaction so that

NS,Cij _

Tooyear = 1 Table 2 shows the average (over the year) return for each of the execution cases {11,

01, and 10}, for each of sample years. Case 11 means both of the two legs of orders to exploit NS are
executed so that the profit was positive (r > 1). Returns in Cases 01 and 10 are negative (r < 1).
<Insert Table 2 about here>

The arbitrageur when he/she/it detects the existence of NS calculates the average return of sending
orders for execution, taking into account which case (11, 01, 10, or 00) it may end up and expected
returns (average of the year) for each case.! Equation (9) shows the average return of sending orders

NS,Cij

for execution upon an observation of NS, using the probabilities of Cases of execution, Pijyear

NS,CL']'
(Table 1) and returns of each Case T Year

(Table 2).

Each executed trade is charged with the EBS transaction fee, which is denoted by c, and in
case of 01 or 10, the winning order ratio, w, is introduced. With probability of w, the arbitrageur’s
order is executed at the price at t, before price moves unfavorably to the arbitrageur. The winning
ratio means a ratio to beat competitor in the race to the EBS matching computer, or quick enough to
hit it before the original market maker withdraws the best price at time t. Each component of the
expected profits is the profits conditional on each Case, multiplied by the probability of the case
(average seconds in the case among the total NS time) and the winning probability (simulation
parameter) and the not-winning probability in Cases of 01, 10 and 00.

NS,USD/JPY __ NS,USD/JPY _ x NS,USD/JPY
Year - 11,Year ¢ 11,Year

NS,USD/JPY NS,USD/JPY NS,USD/JPY NS,USD/JPY
+( 11,Year —-C ) X 01,Year X W+(T01,Year —-C ) X Po1,year x(1- w) (9)

NS,USD/JPY NS,USD/JPY NS,USD/JPY NS,USD/JPY _
+( 11,Year ¢ ) X 10,Year Xw+ 10,Year c )X plO,Year X (1 W)

1 Here and in the rest of this paper, the arbitrageur is assumed to be risk neutral, so that the average return for each
case in each year is sufficient to consider for the order decision.
9



NS, USD/JPY NS,USD/JPY 2 NS,USD/JPY NS,USD/JPY _
+( 11,Year ¢ ) X 00,Year X w1+ TlO,Year c )X pOO,Year X W(1 W)

NS,USD/JPY NS,USD/JPY NS,USD/JPY 2
+( 01,Year —-C ) X Poo,year Xw(l—-w)t 1x Poo,year X (1—-w)

The log (base 10) return is defined as follows:

NS, USD/JPY __ NS,USD/JPY
Hyear / - 1Oglo(rYear / ) (10)

Figure 2 shows the matrix of expected returns, in equation (10), as a function of the winning ratio

(horizontal row) for each year (vertical column). The execution fee is assumed to be $6 per contract

($1 million).? Fig. 2 is a heat map where the darker cell implies more profitable and the lighter cell

implies a loss. If the winning probability is higher, the average return is higher. The average profits

became smaller and sometimes turns a loss as the year passes by, given the winning probability.
<Insert Figure 2 about here>

The direct connection of bank computers to the EBS matching engine started on the limited scale in
2003 and the number of connection gradually increased to 2010. The algorithmic program can easily
detect the emergence of negative spread (NS) and react to it much faster than humans. Until 2002,
even in the case of the winning probability of O, the profit was expected until 2002. When the NS is
detected the market maker with quick fingers should (and probably did) send order for execution,
and made profits. More recently, after 2005, the arbitrageur faces the expected loss, thus should not
send execution orders even detecting NS at period t. However, if your algorithm is much faster than
others, namely the winning probability is higher, there could be still expected profits.

Figures 3 and 4 show the expected returns, net of transaction costs and taking into account of
execution risk, for the currency pairs of EUR/USD and EUR/JPY, respectively. Similar to Figures 1
and 2, the expected return is a function of winning probabilities in cases of 01 and 10. The horizontal
axis is the year. The gain/loss table of the EUR/USD shows a result similar to the USD/JPY. Namely,
the prior to 2003, regardless of the winning probability, the expected profit of sending two orders
was positive, conditional on the detection of a triangular arbitrage opportunity. The winning
probability became to matter after 2003 more and more. By 2006, winning probability exceeding 70
percent was required to make the expected profit positive.

<Insert Figures 3 and 4 here>

2 The fee is based on our interview to EBS. This is close to what EBS charges to large volume

customers.
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The EUR/JPY shows much lower expected return in executing an arbitrage opportunity. Even before
bank machines became directly connected to the EBS computer, higher winning ratios, typically
higher than 40% were required to command a positive profit in attempting execution. The EUR/JPY
market was not very liquid in the first half of the 1990s. The bid-ask spread was wider than other two
currency pairs. When one of the two legs of transaction fail to be executed, the exchange rate of
actual execution one second later was much worse in terms of arbitrage opportunity.

3. Triangular Arbitrage

3.1.Definition: Triangular Arbitrage

The triangular arbitrage opportunities can be understood as profits from a set of three simultaneous
transactions: (Eastward) Selling the yen (JPY) to buy the US dollar (USD); selling the USD to buy
the euro (EUR); and finally selling EUR to buy JPY; or (Westward) Selling JPY to buy EUR; selling
EUR to buy USD; and selling USD to buy JPY. The words, Eastward and Westward are used to
make it easier to understood, but the transactions are time-wise simultaneous executed and
geographically in any market. Since a set of transactions has to be executed simultaneously, the
original currency for an explanation purpose is irrelevant in calculation of profits.

In either Eastward or Westward transactions, if the amount of Yen after three transactions is
more than that of yen before the three transactions, it is defined that there is a profit opportunity of
triangular arbitrage. Let us follow the precise definition, provided in Ito et al. (2012). The three
currency pairs are said to have a positive (normal) bid-ask spread, when:

For USDIPY: qa; > > qb/SP"*Y, with mid-point of gm, >*/"*Y
EUR/USD

For EUR/USD: qanR/USD > qbeR/USD, with mid-point of gm,

For EUR/JPY:qa; > /"*Y > qbf"™"™¥, with mid-point of gm ~/*Y

Even when all the three positive bid-ask spread conditions are satisfied, a possibility of arbitrage
profits may exist by combining simultaneous transactions of three currency pairs. Suppose a series of
transaction that takes the yen to the US dollar, to Euro, and back to the yen. First the buying the US
dollar takes at the ask side (quoted price of USD seller); then buying the euro with the US dollar
takes place at the ask side (quoted price of Euro seller); and finally exchanging the euro back to the
yen should be on the bid side of the EUR/JPY. Thus, profits from the triangular arbitrage, TA,
considering the bid-ask, in the three Eastward transactions of JPY—> USD—-> EUR-> JPY is defined
as

TAQPY/USDIEURNPY) = TA* = —jstmy X —gomss X abe
t t

Similarly, the amount of yen after the three Westward transactions of JPY > EUR->USD—->
JPY is denoted as follows:

11



TA(PY/EUR/USD /JPY) = TAY = qaw% x qbyUR/USP 5 qpPSPIIPY
t

3.2.Execution Risk of Triangular Arbitrage

This subsection examines profitability of triangular arbitrage, taking into account transaction costs
and execution risk. As in the case of negative spread, we infer a success in execution from change/no
change in best bid and best ask quotes in one second after an arbitrage opportunity arises. When a
quote moves in an adverse direction, we examine a success probability in execution. A triangular
arbitrage involves three legs of transactions to complete an arbitrage strategy. If only one or two
initial orders are completed, the arbitrageur has to decide to carry out the remaining trades, one
second later with adverse prices, or to unwind the partially buildup positions. The expected
profit/loss on the recovery tactics will be calculated.

Triangular arbitrages involving Yen, Dollar and Euro, has a two types: One exchanges
currencies from JPY to USD, USD to EUR, and EUR to JPY; and another from JPY to EUR; EUR to
USD, and USD to JPY. Since all orders are placed simultaneously, the sequence does not matter.
Technically the two strategies differ in whether bid or ask is used in each currency.

Figures 5 and 6 show the flow charts of execution possibilities when the three orders to
exploit an triangular arbitrage are placed. Figure 5 shows the case of JPY to USD, to EUR and to
JPY; while Figure 6 shows the case of JPY to EUR, to USD, and to JPY. Again the order of
executions is irrelevant to the layer of flow chart can be flipped. In each case, the execution
possibility is categorized in eight cases: {111,110,101,011,100,010,001,000}. When the index is 1,
the order is executed at time t; and when the index is 0, then with probability w, the order is executed
at time t, and with probability (1-w), the order is executed at time (t+1). This is explicitly explained
the case that includes 0 once, but it is implicit in the case that includes 0 twice or three times, in
order to save space.

<Insert Figures 5 and 6 about here>
First, the frequencies, probability of emergences, and average returns of each of eight cases
will be calculated. For each calendar year, the set of time (in seconds) in that Eastward triangular
arbitrage (JPY-USD-EUR-JPY) opportunities are present is defined as follows:

q USD/JPY EUR/USD q EUR/JPY
T;rég;E = {t TAf>1.00001 , tUSD/PY <1, %UR/USD <1, tEUR/]pY < 1} (11E)
qa, qa, qa,
where
USD/JPY USD/JPY EUR/USD EUR/USD EUR/JPY EUR/JPY
qb; /qa, <1,qb; /qa; <1,qb, /qa; <1

means that each currency pair is not showing negative spread. Similarly the set of time (in seconds)
in that Westward triangular arbitrage (JPY-EUR-USD -JPY) opportunities are present is defined as
follows:

q USD/JPY EUR/USD q EUR/JPY
TAY>1.00001, tUSD/PY <1, tEUR/USD <1, tEUR/]PY < 1}
qa, qa qa,

TA-W __
TYear - {t
t

(11W)
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The set of time (in seconds), i.e., cumulative seconds, for Case {111}, whether or not it represent
triangular opportunities, in Figure 5 (Eastward transactions) is defined as follows:

USD/JPY USD/JPY

E _ EUR/USD
Tlll,Year - {that 2 qat t

EUR/USD _, EUR/JPY EUR/JPY
t ’ t

=qa < gb, } (12)

qa qb

Hence, the set of time, in which trilateral arbitrage of (JPY-USD-EUR-JPY) is present and in Case
{111}, is defined as the intersection of two sets:

TA-E _ T7TA-E E
Ti11vear = Tyear N Tii1year (13)

Similarly, the set of time for each of cases {110}, {101}, {011}, {100}, {010}, {001} and {000} is
defined. In parallel, sets are defined in the triangular arbitrage of the reverse direction: JPY-EUR-
USD-JPY.

The number of seconds, n, in a year for Eastward triangular arbitrage opportunity case is
defined as:

TA-E _ TA-E

Nyear = #Iyear (14E)
And similarly for the Westward one as:
e = #Tyéar” (14W)

The number of seconds for Case 111 for East and West triangular arbitrage opportunities is,

respectively, defined as:
TA-E — #TTA—E

N111Year 111,Year (15E)
TA-W  _ TA-W
My11,year = #1111 Year (15W)

Hence, given arbitrage opportunities being present, the probability of Case {111}, for Eastward and
Westward, respectively, is calculates as:

TA-E — ,TA-E TA-E

D1i1Year = M11,Year/Myear (16E)
TA-wW  _ _TA-W TA-W

P111,Year = M111,Year/Myear (16W)

Tables 3E and 3W show the time series (annual) changes of the number of occurrence, the
probability of occurrence for each of the sample years, for Eastward and Westward, respectively.
The probability of case {111} declined over the year, and the probabilities of other cases have
increased instead. Similarly, the number and probability (ratio) for each Case{x, y, z}, where x={0,
1}; y={0, 1}; and z={0, 1}, is calculated.

<Insert Tables 3E and 3W about here>
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Next, we calculate the return for each of the Cases {x, y, z}. In case of Case 111, the return
for Eastward triangular arbitrage and Westward triangular arbitrage are calculated as follows:

1
i Near = 71— Z TA® (t) (17E)
111,Year tETiTlAl_YEéar
1
{1 Year = 71— Z TAY (t) (17W)

111,Year TA-W
tETlll,Year

Similarly, Case110,101,011,100,010,001,000 are defined and calculated. Tables 4E and 4W show
an annual average return from 1999 to 2010. Returns in Casel111 always exceeds 1, that is, profits
are realized, since conditions suggest successful execution. Other cases {110,101,011,100,010,001,
000}, indicating at least one of the three leg transactions fail to materialize and the price moves in
an adverse direction, are calculated with possible losses.

<Insert Tables 4E and 4W about here>

3.3. Profitability

Using probabilities of cases {111,110,101,011,100,010,001,000} in Table 3, p;3, year, and average
returns of cases of {111, 110, 101, 011, 100, 010, 001}in Table 4, 7}, year, We can calculate the
executable average returns, given the triangular arbitrage opportunities being detected, for each year,
as shown in equation (18) below. Here, c and w denote the commission fee (paid to EBS) and the
probability of successful execution (winning) when the price moves in an adverse direction one
second later.

TA _ TA TA
Tyear = (rlll,Year Y ) X P111,Year

+(rffyear = € ) X Pitoyear XW + (10 year — ¢ ) X Pitt,vear X (1 —W)

+(rffyear = € ) X Pistyear XW + (181 vear — € ) X Piorvear X (1 —W)

+(rf year = € ) X Potiyear XW + (To{1,vear = € ) X Dot vear X (1 —W)
+(rffyear = € ) X Pigoyear XW + (1110 year — € ) X PLob,vear X (1 —W)

+(rfvear = € ) X Pigo,year X W? + (10 year — € ) X Pigb,vear X W(1 = w)
+(7101 Year = € ) X Pigovear X W(L = W) +(rgo,year =€) X Pigovear X (1= w)? (18)
+(rff year = ¢ ) X Potoyear X W” + (1t vear = € ) X Doto,year X W(L —w)
+(ro i year = € ) X Dotovear X W(1 = w) +(r5{tvear = € ) X Dotoyear X (1 —w)?
+(rf vear = € ) X PooLyear X W? + (MG vear = € ) X Pogyear X W(L —w)
+(To i year = € ) X Dopivear X W(1 = w) +(75d1 year = € ) X Dot year X (1 —w)?
+(r i vear = €) X Dodovear X W’ ({5 vear — € ) X Pago,vear X W (1 = w)

TA TA 2 TA TA 2
+(r101,Year —C ) X Pooo,Year Xw (1 - W)+(r011,Year —C ) X Pooo,Year Xw (1 - W)
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TA TA 2 TA TA 2
+(r100,Year —C ) X Pooo,Year X W(l - W) +(r010,Year Y ) X Pooo,Year X W(l - W)

TA TA 2 TA 3
+(r001,Year - C) X Pooo,Year X W(l - W) +1 X Pooo,Year X (1 - W)

The log returns (with base of 10) of equation (18) are defined as follows:

.“$éar = 10g10 (r{(regr)' (19)

Figures 7E and 7W shows the average log-returns depending on the w parameter moving from 0 to 1
by unit of 0.1 for each year from 1999 to 2010, depending on the eastward arbitrage (JPY — USD —
EUR - JPY) and the westward arbitrage (JPY — EUR — USD - JPY), respectively. The commission
fee isassumed tobe ¢ = 9 x 107°. Hence Figures 7E and 7W show average returns of triangular
arbitrage with execution risk and transaction cost (u74,.).

The winning probability has to be much higher to make triangular arbitrage opportunities
profitable with execution risk, compared to cases of negative spreads. This is sensible because taking
advantage of a triangular arbitrage opportunity requires three transactions that are exposed to
execution risk, while two transactions to negative spread. It is also obvious that even higher winning
probabilities are required to generate profits when algorithm trading became prevalent after 2003.

4. Concluding Remarks
This paper examined one-second slice of high-frequency data from 1999 to 2010. With the high-
frequency data of firm quotes in the transaction platform of foreign exchanges, arbitrage profit
opportunities—in the forms of a negative bid-ask spread of a currency pair and triangular
transactions involving three currency pairs—can be detected to emerge and disappear in the matter of
seconds. The frequency and duration of such arbitrage opportunities have declined over time, and
almost disappeared by the mid-2000s. The declining frequency of appearance and shortening
duration of arbitrage opportunities can be attributable to the proliferation of algorithm trading and
other innovations in the market. Critics of the existence of such “free lunch” opportunities would
argue that opportunities are not exploitable once the transactions costs and execution risk are taken
into account. In this paper, we will show that profits remain positive even after transactions costa and
executions were possible most of the time. When a human trader detects such an arbitrage
opportunity and places orders for multiple transactions—two in negative spreads and three in
triangular arbitrage—there is no guarantee all of those orders are fulfilled in a fraction of one second.
Thus, the arbitrageur has to consider execution risk, when he/she/it detects the emergence of such an
opportunity.

Execution risk as well as transaction costs was explicitly considered in calculation of profits,
by examining a change in the best ask and bid from one second to next for each emergence of the

15



arbitrage opportunity. We calculated the expected profits depending on some parameters, tie-brake
rule for competing orders, on execution risk.

The novelty of this paper is to show that those arbitrage opportunities were exploitable and
executable, before 2004, even considering the transactions costs and execution risk. After many
algorithmic computers were allowed to be connected directly to the transaction platform in 2005, the
frequency of free lunch cases has declined and probabilities of successful executions of all legs for
arbitrage declined. We calculate the change in the expected profit of an attempt to execute necessary
transactions to reap benefits from arbitrage opportunity.
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Tables

Table 1
USD/JPY EUR/USD EUR/JPY
Year 11 01 10 00 | Total 11 01 10 00 | Total 11 o1 | 10 00 [ Total
1999 |_#(n) 16,708] 6,596 6,582 1,772 31,658] 7,709] 3,186] 3,173 966] 15,034 2,216 77 783 113] 3,883
%(p) 52.8%  20.8% 20.8% 5.6% 100%  51.3%  21.2%]  21.1% 6.4% 1004  57.0%  19.9%) 20.2%] 2.9% 100%)
2000 |_H(n) 8207 2942] 2939 831 14919] 9,379] 4,187 4,298] 1457 19,321] 2,264 753 851 185] 4,053
%(p) 55.0%  19.7%  19.7% 5.6% 100%|  48.5%  21.7%  22.2%] 7.5% 100%|  55.9%  18.6%  21.0% 4.6% 100%
2001 |_#(n) 7,649 3062 3,187 o80| 14887 6237 3281 3244 1,240 14002 2356 831 958 241] 4386
%(p) 51.4%  20.6%  21.4%  6.6% 100%|  44.5%  23.4%  23.2% 8.9% 100%|  53.7% 18.9% 21.8%] 5.5% 100%
2002 |H#(n) 6,138 2961 2951| 1,070] 13,120 4031 2,134] 2,191 826 9,182 1,575 505 620 191] 2,891
%(p) 46.8%  22.6% 22.5% 8.2% 100%  43.9%  23.2%]  23.9% 9.0% 100%|  54.5%  17.5%  21.4%] 6.6% 100%
2003 |_#(n) 5057 2444 2537 760| 10798] 5373 3.276] 3430 1,395 13.474| 1,404 535 627 150 2,716
%(p) 46.8%  22.6%  23.5% 7.0% 100%|  39.9%|  24.3%  25.5% 10.4% 100%  51.7%  19.7%  23.1%] 5.5% 100%
2004 | #(n) 4,187] 2028] 2292 802| 9309 4177] 2962] 2928 1,395| 11462] 1,008 464] 486 177] 2,135
%(p) 45.0%  21.8%  24.6% 8.6% 100%|  36.4%|  25.8%  25.5% 12.2% 1004 47.2%] 21.7%] 22.8%] 8.3% 100%
2005 |_H#(n) 1,338]  1,262] 1,349 763| 4712 1377] 1425 1437] 1,005 5244 317 289 292 236 1,134
%(p) 28.4%  26.8%  28.6% 16.2% 100%  26.3%  27.2%]  27.4% 19.2% 100%|  28.0%] 2554 25.7%] 20.8% 100%
2006 |_#(n) 434 887 865 885| 3071 350 591 589 485| 2,015 119 197 167 228 711
%(p) 14.1%  28.9% 28.2% 28.8% 100%|  17.4%  29.3%  29.2% 24.1% 1004 16.7%]  27.7%]  235%] 32.1% 100%
2007 |_H#(n) 320 666 690 623 2,209 145 291 310 250 996 172 372 376 431] 1,351
%(p) 13.9%  29.0% 30.0% 27.1% 100%  14.6%  29.2%  31.1% 25.1% 100%]  12.7%] 2754 27.8%] 31.9% 100%
2008 |_#(n) 346 710 786/ 1,108] 2,950 304] 1,024] 1004 1,318 3,650 138 360 378 676 1552
%(p) 11.7%  24.1%]  26.6%| 37.6% 100%  8.3%  28.1%] 27.5%] 36.1% |  100%|  8.9% 23.2%] 24.4% 43.6% 100%
2009 |_#(n) 50 227 245 437 959 90 396 435 883 1,804 29 115 113 284 541
%(p) 5.2%  23.7%  25.5% 45.6% 100%  5.0%  22.0%  24.1% 48.9% 100%  5.4%]  21.3%] 2009% 52.5% 100%
2010 ) 29 51 65 84 229 41 124 140 184 489 16 38 32 107 193
%(p) 12.7% 2234 28.4% 36.7% 100%  8.4%  25.4%  28.6% 37.6% 100 8.3%]  19.7%]  16.6% 55.4% 100%)

Notes: (1) Row "#"is the number of negative spread cases (in units of seconds) that appeared in the
year by types of execution success or failures of the two legs. (2) “%” shows the percentage of the
number of the particular combination(s) of execution in ratio to total cases.

Table 2 Average returns of Cases 11, 01, 10 for each sample year

UsSD/JPY EUR/USD EUR/JPY
Year 11 01 10 11 01 10 11 01 10
1999| 1.000124) 0.999875| 0.999876 1.000117| 0.999911]| 0.999914| 1.000216| 0.999546| 0.999521
2000{ 1.000122| 0.999891| 0.999885| 1.000135| 0.999899| 0.999899| 1.000269| 0.999592| 0.999641
2001 1.000108| 0.999893| 0.999896] 1.000129 0.9999| 0.999901| 1.000166] 0.999681| 0.999657
2002 1.000107| 0.999908| 0.999906| 1.00012| 0.999913| 0.999917( 1.000137| 0.999769| 0.999739
2003 1.00011) 0.999901| 0.999894 1.000103| 0.999924) 0.999922| 1.00013| 0.999778| 0.999765
2004 1.000112| 0.999892| 0.999886| 1.000093| 0.999917| 0.999925[ 1.000136] 0.999751| 0.999809
2005 1.000102| 0.999907| 0.999898| 1.000091| 0.999924| 0.999939 1.000106] 0.999853| 0.999853
2006 1.000092| 0.999921| 0.999919| 1.000088| 0.999934| 0.999928( 1.000085| 0.999907| 0.999903
2007) 1.000096) 0.99991| 0.999916 1.000086] 0.999929, 0.99993| 1.000089| 0.999897| 0.999908
2008| 1.000124) 0.999838| 0.999841| 1.000084| 0.999898| 0.999891| 1.000106| 0.99982| 0.999758
2009 1.000123| 0.999822| 0.999833| 1.000091| 0.999903| 0.99989( 1.000116| 0.999787| 0.999828
2010{ 1.000137| 0.999764| 0.999802| 1.000136) 0.999884| 0.999879[ 1.000143]| 0.999841] 0.99975
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Table 3E The number of Occurrence and the probability for Eastward by Cases {x, y, z}

Year 111 110 101 011 100 010 001 P000 Total
1999 #(") 32,124 7,854 3,629 4,900 786| 1,162 515 116 51,086
Wp)| 62.9% | 15.4% 7.1% 9.6% 1.5% 2.3% 1.0% 0.2% 100%
2000 #(") 32977) 9885 4368 3888/ 1253 1,236 490 137 94,234
%) 60.8% [ 18.2% 8.1% 71.2% 2.3% 2.3% 0.9% 0.3% 100%
2001 #(") 33,553] 10941| 4,806 4,959 1498 1,576 694 213 98,240
%p)| 57.6% | 18.8% 8.3% 8.5% 2.6% 2.7% 1.2% 0.4% 100%
2002 #‘:") 26011) 7,892 3812 5247 1,084 1,613 721 217 46,597
Wlp)| 55.8% [ 16.9% 8.2% 11.3% 2.3% 3.5% 1.5% 0.5% 100%
2003 #(") 31,645 10,961 5,.386| 6,191 1,831 2219 1,121 368 99,722
%p)|[ 53.0% [ 18.4% 9.0% 10.4% 3.1% 3.7% 1.9% 0.6% 100%
2004 #(") 25,783| 12,725 5,259| 6,618 2685 3,704 1463 807 59,044
Wp)| 437% | 21.6% 8.9% 11.2% 4.5% 6.3% 2.5% 1.4% 100%
2005 #(") 13,964 10830 3,180 5682 2,798 6,049 1438 1929 45,870
%lp)[ 30.4% | 23.6% 6.9% 12.4% 6.1% 13.2% 3.1% 4.2% 100%
2006 #(") 9580] 9859 2347 4666 3119 6422 1473 2471 39,937
Wp)| 24.0% [ 24.7% 9.9% 11.7% 71.8% 16.1% 3.7% 6.2% 100%
2007 #‘:") 7,940] 10,941 2,053 4,853 3355 6,871 1,796) 2,395 40,204,
Wp)| 19.7% | 27.2% 9.1% 12.1% 8.3% 17.1% 4.5% 6.0% 100%
2008 #(") 5469] 7580 2333 4768 3957 6550 3,026 3,056 36,739
%) 14.9% [ 20.6% 6.4% 130% [ 10.8% | 17.8% 8.2% 8.3% 100%
2009 #(") 1,326) 2,496 830 1310 1,709 2440, 1,223 1,753 13,087
Wp)| 10.1% [ 19.1% 6.3% 100% [ 13.1% | 18.6% 9.3% 13.4% 100%
2010 #(n) 561 1,170 320 548 628 938 452 472 5,089
%(p)] 11.0% | 23.0% 6.3% 10.8% [ 12.3% | 18.4% 8.9% 9.3% 100%

Table 3W The number of Occurrence and the probability for Eastward by Cases {X, y, z}

Year 111 110 101 011 100 010 001 000 Total
1999 #n)| 29290 6,947 3334 4,533 734 985 487 103 46,413
%(p)| 63.1% [ 15.0% 71.2% 9.8% 1.6% 2.1% 1.0% 0.2% 100%
2000 #(n)| 28,754 9,037| 4,161| 3623 1,168 1,112 498 145 48,498
%(p)| 59.3% [ 18.6% 8.6% 71.5% 2.4% 2.3% 1.0% 0.3% 100%
2001 #(n)] 30,030 9,707 4667 4538 1411 1,444 705 201 52,703
%(p)| 57.0% [ 18.4% 8.9% 8.6% 2.7% 2.7% 1.3% 0.4% 100%
2002 #(n)] 22959 7,188 3423 4770 962, 1,511 734 186 41,733
%(p)| 55.0% [ 17.2% 8.2% 11.4% 2.3% 3.6% 1.8% 0.4% 100%
2003 #n)| 26370 8660 4,758 5645 1,550 1,899 966 316 50,164
%(p)| 52.6% [ 17.3% 9.5% 11.3% 3.1% 3.8% 1.9% 0.6% 100%
2004 #(n)| 23,704 11,447 5016/ 6,581 2515 3443 1443 843 54,992
%(p)| 43.1% [ 20.8% 9.1% 12.0% 4.6% 6.3% 2.6% 1.5% 100%
2005 #(n)| 14,903 11,613] 3231 5934 2883 6435 1537 1877 48,413
%(p)| 30.8% [ 24.0% 6.7% 12.3% 6.0% 13.3% 3.2% 3.9% 100%
2006 #(n)] 9009 10010] 2342 4745 3141 6,782 1438 2450 39,917
%lp)| 22.6% | 25.1% 5.9% 11.9% 7.9% 17.0% 3.6% 6.1% 100%
2007 #(n)] 8040 11,238) 2,140| 5037 3636 7174 1,711 2,475 41,451
%Wp)| 19.4% [ 27.1% 5.2% 12.2% 8.8% 17.3% 4.1% 6.0% 100%
2008 #n)| 5029 7,829 2304 4679 4203 6,724 2922 3,101 36,791
%Wp)| 13.7% [ 21.3% 6.3% 127% [ 114% | 18.3% 7.9% 8.4% 100%
2009 #(n) 1,153 2,379 662 1,136) 1676) 2434 1,136 1,883 12,459
%(p)| 9.3% 19.1% 5.3% 9.1% 13.5% | 19.5% 9.1% 15.1% 100%
2010 #(n) 472 951 275 418 576 897 406 429 4424
%p)] 10.7% | 21.5% 6.2% 9.4% 13.0% | 20.3% 9.2% 9.7% 100%
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Table 4E Annual average returns of Eastward triangular arbitrage

Year 111 110 101 011 100 010 001

1999 1.000073] 0.999597| 0.999958| 0.999911 0.999494| 0.999472| 0.999792
2000 1.000072| 0.999608| 0.999928| 0.999928 0.999479| 0.999496| 0.999811
2001 1.000062| 0.999716| 0.999925| 0.999928 0.999609| 0.999601| 0.999807
2002 1.000053| 0.999807| 0.999932| 0.999927 0.999701| 0.999703| 0.999818
2003 1.000049| 0.999823| 0.999944| 0.999925[ 0.999706| 0.999706, 0.999829
2004 1.000048| 0.999811| 0.999951| 0.999921 0.999734| 0.999709| 0.999834
2005 1.000033| 0.999893| 0.999949| 0.999929 0.999814| 0.999794| 0.999848
2006 1.000025| 0.999910| 0.999945| 0.999932 0.999835| 0.999824| 0.999858
2007 1.000025| 0.999913| 0.999950| 0.999927 0.999851| 0.999837| 0.999857
2008 1.000031] 0.999831| 0.999936| 0.999894| 0.999766| 0.999751| 0.999794
2009 1.000035] 0.999794| 0.999926| 0.999877 0.999726| 0.999710| 0.999778
2010 1.000039] 0.999828| 0.999927| 0.999882[ 0.999773| 0.999746, 0.999789

Table 4W Annual average returns of Westward triangular arbitrage

Year 111 110 101 011 100 010 001

1999 |1.000072]0.999598| 0.999952| 0.999910( 0.999478| 0.999439| 0.999803
2000 |1.000069] 0.999658| 0.999926| 0.999922] 0.999555| 0.999534| 0.999790
2001 ] 1.000062] 0.999748| 0.999927| 0.999926] 0.999634| 0.999627| 0.999794
2002 | 1.000052] 0.999818| 0.999934| 0.999926] 0.999700| 0.999708| 0.999817
2003 | 1.000049] 0.999836] 0.999944| 0.999926] 0.999724| 0.999721 0.999830
2004 |1.000050] 0.999840( 0.999949]| 0.999919] 0.999750| 0.999727| 0.999828
2005 | 1.000035] 0.999906| 0.999949| 0.999927] 0.999829| 0.999803| 0.999847
2006 | 1.000025] 0.999915| 0.999946| 0.999930] 0.999838| 0.999832| 0.999860
2007 ] 1.000025] 0.999920| 0.999951 0.999927] 0.999854| 0.999842| 0.999858
2008 |1.000031] 0.999845] 0.999933| 0.999890] 0.999771| 0.999756| 0.999800
2009 | 1.000043]0.999807|0.999917|0.999873] 0.999733| 0.999712| 0.999784
2010 ] 1.000046] 0.999816] 0.999927| 0.999882] 0.999760| 0.999745| 0.999777
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