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1 Introduction

Real-options theory following McDonald and Siegel (1986) and Dixit and Pindyck
(1994) assumes that firms operate in a Modigliani-Miller (MM) environment. This
is for a good reason. The firm’s investment decision can then be formulated as an
American option-exercise and valuation problem that can be solved by using the
classical option pricing tools of Black and Scholes (1973) and Merton (1973).

But, in reality firms operate under imperfect capital markets and face signifi-
cant external financing costs that arise from informational asymmetry, moral hazard,
transaction costs, and other frictions. In order to avoid incurring these costs too fre-
quently firms optimally retain earnings and attempt to mostly internally finance their
investments and cover their operating costs. Indeed, according to Chen, Karabarbou-
nis, and Neiman (2017), “nowadays nearly two-thirds of global investment is funded
by corporate saving.” Also the surveys of chief financial officers (CFOs) by Graham
and Harvey (2001, 2002) have revealed the great importance CFOs attach to main-
taining financial flexibility by holding internal funds.

In practice, the value of real flexibility derived from the optimal timing of real
options is intertwined with the value of financial flexibility derived from the optimal
management of retained earnings and the optimal external financing timing and
issuance decisions. Both the effective discount rate used to determine the value of a
growth opportunity and the cost of investment depend on the firm’s marginal value of
cash, which varies with both the size of the firm’s cash holdings and the firm’s earnings
fundamentals. The reason is that the firm takes account not only of its current stock of
internal funds but also the information about its future cash flow prospects contained
in persistent earnings shocks. Through the firm’s evolving marginal value of cash, the
real option problem becomes a fundamentally two-dimensional problem, which entails
a significant generalization of the classical one-dimensional problems of McDonald and
Siegel (1986) and Dixit and Pindyck (1994).

We embark on such a generalization in this paper and derive how optimal investment-
timing and abandonment-timing decisions are made, as well as how assets in place
and growth options are valued, when firms face external financing costs. By intro-
ducing external financing costs, we are, in effect, integrating two strands of literature,
the classical real options literature following McDonald and Siegel (1985, 1986) and
Dixit and Pindyck (1994) with the corporate finance literature following Miller and



Orr (1966). Our continuous-time model allows us to not only derive optimal invest-
ment, abandonment, and equity issue size and timing policies but also to carry out a
systematic valuation analysis.

We model the firm’s life-cycle and its evolving collection of assets in place and
growth opportunities in the spirit of Myers (1977). Although we do not explicitly
model adverse selection, one interpretation of costly external financing in our model
is equity dilution cost (due to mis-pricing a la arguments in Myers and Majluf (1984).

In our model, the firm’s investment, financing, payout and abandonment policies
depend on both earnings fundamentals and the firm’s financial slack. Therefore, our
model can explain why following a recession low investment persists even though
earnings fundamentals have recovered. The reason is that following a recession firms
are generally in repair mode, seeking to rebuild their financial slack. Similarly, in our
model firms have a preference for investments with front-loaded earnings. We show
that, as a result, a start-up firm may choose to invest in a project sooner than pre-
dicted by the classical real-option theory in an effort to build future internal funding
capacity. We also show that the firm’s payout policy is fundamentally different de-
pending on whether it is in the growth phase or in the mature phase. In the mature
phase a more profitable firm pays out more, while in the growth phase it pays out
less.

Our model also predicts that the value of growth and abandonment options effec-
tively vanishes for firms with low internal financing ability. Firms with scarce internal
funds are forced into inefficiently liquidating their valuable operating assets. We also
find that the hurdle for investment in the growth phase is a non-monotonic function
of the firm’s internal funds. When the firm’s savings are sufficient to entirely cover
the investment cost, the firm’s investment hurdle decreases with its internal funds.
But when its internal funds cannot entirely cover the cost of investment, the hur-
dle is increasing with the firm’s internal funds. The reason is that when the firm
is approaching the point where it may be able to entirely fund its investment with
retained earnings it has a stronger and stronger incentive to delay investment until it
has sufficient funds to be able to avoid tapping costly external funds. An important
implication of this result is that investment is not necessarily more likely when the
firm has more cash. Investment could well be delayed further, as the firm’s priority
becomes avoiding costly external financing.

We also show that financially constrained firms prefer growth opportunities with



front-loaded cash-flows. In the MM-based real options framework there is an equiv-
alence between an option that pays cash flows over time and an option that pays
immediately upon exercising a lump sum with the same present value. This is not
true in our model for a financially constrained firm. Not only is the value of real
options with more front-loaded cash-flows higher but also the firm may be induced to
over-invest. More generally, a financially constrained firm cares not only about the
present value of an investment project but also the project’s payback period.

Another subtle prediction is that the amount of external equity financing is also
non-monotonic in the profitability of the firm’s operating assets. The intuition is as
follows. For a firm whose investment option is sufficiently out of the money, financial
flexibility has little value. On the other hand, a firm that is so profitable that its
investment option is deep in the money can easily generate cash from operations.
Therefore, funds obtained through an equity issue are most valuable for a firm whose
profitability is in the medium range. In sum, for firms facing external financing costs
the value of real options is not just tied to the timing of the real option but also to
financial flexibility. Hugonnier, Malamud, and Morellec (2015) consider a model of
costly and uncertain external financing in which the amount of external financing
may also be non-monotonic in profitability. Décamps, Gryglewicz, Morellec, and
Villeneuve (2017) obtain a similar prediction in a model with both permanent and
transitory shocks.

A real options theory that includes external financing costs is obviously on a sub-
stantially stronger empirical footing than the classical theory that assumes perfect
capital markets. This is evident with respect to the empirical evidence in Kim and
Weisbach (2008) on global seasoned equity offerings (SEOs) and DeAngelo, DeAn-
gelo and Stulz (2010) on SEOs of U.S. industrial corporations. The former paper
finds that a large fraction of the SEO proceeds is saved inside the firm and savings
are larger for growth firms. The latter finds that SEOs are first and foremost last-
resort financing decisions for firms running out of cash, or in need of funds towards
anticipated investment outlays. Although they find evidence in support of the mar-
ket timing hypothesis of Loughran and Ritter (1995, 1997) and Baker and Wurgler
(2002) on the one hand, and the life-cycle hypothesis on the other,! these hypothe-

By the life-cycle hypothesis, they mean that equity issuers are primarily young firms with high
market-to-book (M/B) ratios and low operating cash flows, and mature firms with low M/B ratios
pay dividends and fund investments out of internal funds.



ses do not explain most of the SEOs that are observed. The main conclusion that
DeAngelo, DeAngelo and Stulz (2010) draw is that “paraphrasing Sherlock Holmes,
‘many dogs don’t bark’ at times when according to theory they should be barking;...
[and] the life-cycle explanation is problematic because too many ‘old dogs’ do in fact
bark...41.4% of issuances and 52.5% of SEO proceeds come from current and former
dividend payers, firms that are clearly beyond the growth phase of their life-cycles.”
Our theory of SEOs is consistent with findings in both papers. In particular, it can
explain why so many “old and young dogs” bark, as it accounts for both offerings for
survival and offerings for growth.?

A striking new prediction of our theory (from our simulation analysis) is that
the equity stake given up to outside investors via an SEO is substantially smaller on
average for firms that use the SEO proceeds to invest than for those that do not in-
vest. Such a prediction cannot be obtained in models without persistent productivity
shocks.

From a macro perspective, our model sheds light on a major challenge for the real-
options based models that seek to explain the persistently low post-crisis investment
despite the substantial increase in corporate cash holdings and the quick recovery
of earnings and macroeconomic fundamentals. Several studies, in particular, Baker,
Bloom and Davis (2016), and Bloom, Floetotto, Jaimovich, Saporta-Eksten, and
Terry (2016), have pointed out that, although investment timing optionality as in
Bloom (2009) is highly relevant for understanding investment dynamics, the standard
real options models predict only a short-lived pause in investment caused by higher
uncertainty following the crisis.

By construction, the standard real options model also cannot explain the increase
in corporate savings. Our model with external financing costs, however, produces
both more persistent investment dynamics and cash build-ups following a crisis, con-
sistent with the findings in Alfaro, Bloom, and Lin (2016) and Chen (2017). Our
model is also consistent with Campello, Graham, and Harvey (2010) and Campello,
Giambona, Graham, and Harvey (2011) who find that the more financially con-
strained firms planned deeper cuts in investment, spending, burned more cash, drew

more credit from banks, and also engaged in more asset sales and forced liquidations

2Carlson, Fisher, and Giammarino (2006, 2010) offer a related dynamic theory of SEOs and
investment. They assume that investment is always financed through an SEO, and therefore they
cannot explain the empirical findings of DeAngelo, DeAngelo and Stulz (2010).



in the crisis.®> In sum, our real options model with financial constraints that ties real
optionality with financial flexibility predicts significantly more plausible investment

and cash dynamics.

Related literature. Following McDonald and Siegel (1986) the basic formulation
of the classical real-options problem has been extended in many different directions.
Dixit (1989) uses the real option approach to examine entry and exit from a productive
activity. Titman (1985) and Williams (1991) analyze real estate development in a
real options framework. Abel and Eberly (1994) analyze a unified framework of
investment under uncertainty that integrates the ¢ theory of investment with the real
options approach.

Mauer and Triantis (1994) considers a real options problem for a levered firm,
which otherwise does not face any external financing costs. Hackbarth and Mauer
(2012) and Sundaresan, Wang, and Yang (2015) study the joint investment and fi-
nancing decisions by building on the capital structure model of Leland (1994) and
integrating it into the real options framework with institutional features. Grenadier
(1996), Lambrecht and Perraudin (2003) and others extend the real options deci-
sion problem to a game-theoretic environment. Grenadier and Wang (2005) incorpo-
rate informational asymmetries and agency problems into a real options framework.
Morellec (2004) and Lambrecht and Myers (2007, 2008) consider managerial agency
problems in the context of a real options framework. Kyle, Ou-Yang, and Xiong
(2006) introduce prospect theory and Grenadier and Wang (2007) introduce hyper-
bolic discounting into the classical real options framework.

In strategic dynamic contexts, Grenadier and Malenko (2011) study games in
which the decision to exercise an option is a signal of private information to outsiders.
Grenadier, Malenko, and Malenko (2016) consider a problem where an uninformed
principal makes a timing decision interacting with an informed but biased agent.
Orlov, Skrzypacz, and Zryumov (2019) study a Bayesian persuasion game in the
context of real options. Miao and Wang (2007) analyze an incomplete-markets real-

options problem.? Grenadier and Malenko (2010) develop a model of real options

3Ivashina and Scharfstein (2010) also document the aggressive credit-line drawdown by firms in
the crisis.

4Chen, Miao, and Wang (2010) and Wang, Wang, and Yang (2012) use the incomplete-markets-
based real-options model to study entrepreneurial firms’ capital structure, investment, and aban-
donment decisions. Miao and Wang (2011) analyze the impact of ambiguity and ambiguity aversion



with learning about the permanence of shocks.

None of these models discussed above allow for financial flexibility through the
accumulation of corporate savings. More recently, two related articles have intro-
duced financial flexibility into a real options problem, but they only consider one-
dimensional problems by removing earnings fundamentals as a state variable. The
first is by Décamps and Villeneuve (2007) and the second is by Hugonnier, Malamud,
and Morellec (2015). Both articles consider a financially constrained firm with an
asset in place that generates cash-flows with (transitory) i.i.d shocks and that faces
a growth option that can increase the drift of the cash-flow process. Put differently,
in the MM version of these models there is no value of waiting and hence there is no
real flexibility: the firm would exercise its growth option as soon as it is available.

Thus, our main contribution is to consider a two-dimensional problem that lends
itself to a general analysis of the value of real and financial flexibility. Our paper
is not the first to consider a two-dimensional real-options problem, but it is the
first to offer a complete and rigorous analysis of this problem. The first article to
consider a two-dimensional real options problem for a financially constrained firm
is by Boyle and Guthrie (2003). They assume that the firm cannot invest at all
unless it meets an exogenous borrowing constraint. Once the investment is made
the firm is immediately liquidated at the market value of the asset. The main point
of their analysis is to highlight an over-investment incentive, which is driven by the
risk of (locally) unbounded large losses from the operating assets in place, and the
firm’s concern that it might be short of cash before it can invest. This concern is
contrived as it arises from the ad hoc assumption that the firm is not allowed to
voluntarily downsize its operating asset.> That is, they do not account for the firm’s
abandonment option, which is an important part of our analysis. Unlike their setup,
our model fully captures both real and financial flexibility by separating financing and
investment option decisions. The firm’s financing needs reflect the joint considerations
for investment, continued operations, and survival. Moreover, the firm continues to
face operating risk after investment and therefore also faces an abandonment option.

Anderson and Carverhill (2012) study a liquidity management problem for a firm

on (real options) investment decisions.

5A related ad hoc assumption which drives the overinvestment result in their paper is that the
growth option payoff value is assumed to follow a geometric Brownian motion, while cumulative
operating cash-flows from the operating asset are assumed to follow an arithmetic Brownian motion
causing unbounded large operating losses.



operating over an exogenously fixed time horizon and that is subject to mean-reverting
productivity shocks. Besides these different model specifications the other funda-
mental difference with our analysis is that their model has a one-time investment
opportunity at an exogenously fixed time implying no investment-timing flexibility.

Three independent studies analyze a similar problem to ours: First, Copeland and
Lyasoff (2013) consider a somewhat narrower framework to ours and do not allow for
either abandonment or sequential growth options. Second, Boot and Vladimirov
(2014) consider a financially constrained entrepreneurial firm with an asset in place
that generates random cash flows following a geometric Brownian motion and a new
investment opportunity. Third, Babenko and Tserlukevich (2013) consider the op-
timal hedging policy for a financially constrained firm with a decreasing returns to
scale technology and growth opportunities.

Our paper is also related to Décamps, Mariotti, Rochet, and Villeneuve (2011),
who consider a financially constrained firm’s optimal dynamic payout and SEO poli-
cies, and Bolton, Chen, and Wang (2011, 2013), who develop a g-theory of investment
for financially constrained firms facing i.i.d. shocks. One important difference with
the generalized g-theory of investment (with convex adjustment costs) is that the fi-
nancially constrained firm issues equity only for survival and never for investment as
it uses its internal savings to smooth investment, and hence cannot explain the above
mentioned empirical evidence on SEOs. Bolton, Wang, and Yang (2019) use the
recursive optimal contracting method to develop a dynamic liquidity and risk man-
agement model also with real investment options for a firm run by an entrepreneur

with inalienable human capital.

2 Model

Operating Revenues and Profits. We consider a young firm that has assets
in place and an investment opportunity. At any point in time ¢ > 0 the firm can
exercise this investment opportunity by paying a fixed investment cost I > 0 as
in McDonald and Siegel (1986). Upon exercising this investment option the young
(growth) firm becomes a mature firm. The investment opportunity is more or less
attractive depending on the earnings fundamentals Y for its product, which follows

the geometric Brownian motion (GBM) process
dY; = pYidt + 0Y;dB, (1)
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where B; is the standard Brownian motion defined on the filtered probability space
(Q, F,{Fi}icr, ,P) which satisfies the usual conditions.

The firm generates revenues at the rate of m,Y, where m,, denotes the firm’s
production capacity, with n € {1,2}. When n = 1 the firm is in the growth phase,
and when n = 2 the firm has expanded into its mature phase, so that m; < ms. We
denote the firm’s deterministic operating cost (per unit time) by Z, > 0, so that the
operating profit per unit of time is (m,Y; — Z,). Obviously, our model specification
allows both the revenue and cost to be stochastic and only requires that the operating
profit (m,Y — Z,) is an affine function in Y. In sum, upon exercising the growth
option the firm’s operating revenue increases by A,,Y;, where A,, = ms — my, and
its operating cost increases by Ay = Zy — Zp, so that (A,,Y; — Ay) is the firm’s
incremental profit from the second asset.

When profits (m,,Y; — Z,) are sufficiently negative it may be optimal for the
firm to abandon operations as the option value of continuing the firm is no longer
positive. As in the standard real-options literature (e.g., McDonald and Siegel, 1986),
by exercising the abandonment option, the firm shuts itself down and without loss of
generality obtains a liquidation value of zero. The firm, thus, has an American-style
perpetual liquidation option, where the timing of the option is endogenously chosen
in both the growth and mature phases. In sum, our model describes a simple life-cycle
of a firm with three phases: a growth phase, a mature phase, and a liquidation (or
scale-down) phase. We assume that investors are risk neutral, so that all cash flows
are discounted at the risk-free rate r. Equivalently, we may interpret the process (1)

as representing the risk-neutral measure.

External Financing Costs. In reality firms often face significant external financ-
ing costs due to asymmetric information and managerial incentive issues. A large
empirical literature has sought to measure these costs, in particular the costs arising
from the negative stock price reaction in response to the announcement of a new

equity issue.b

6An early study by Asquith and Mullins (1986) found that the average stock price reaction to
the announcement of a common stock issue was —3% and the loss in equity value as a percentage of
the size of the new equity issue was as high as —31%. Similar results have been obtained in several
subsequent studies (see Eckbo, Masulis and Norli, 2007 for a survey). Calomiris and Himmelberg
(1997) estimate the direct transactions costs firms face when they issue equity and find that mean
transactions costs (underwriting, management, legal, auditing and registration fees) are as high as
9% of an issue for seasoned public offerings and 15.1% for initial public offerings.



To capture these costs, we use a standard specification for external financing
costs.” If the firm needs to raise external funds F' net of fees, it incurs an external
financing cost:

O(F) = ¢gLrso + ¢ F, (2)

where ¢, > 0 is the fixed cost parameter and ¢, > 0 is the marginal cost of external
financing, and Zg~q is an indicator function which takes the value of one when F' > 0
and zero otherwise.® When the fixed cost ¢, is high the firm may prefer liquidation
over equity issuance.

While we could allow for different equity issuance costs in the growth and mature
phases to capture different types of financing frictions (agency costs and informa-
tional asymmetry), we keep the external financing costs the same in both phases for
simplicity. An important simplification, however, is that we do not explicitly model
informational asymmetries between the firm and outside investors. As a result our
model cannot capture how investment and abandonment policies differ across differ-
ent types of issuers and how asymmetric information about option values maps into

external financing costs.

Corporate Liquidity Management. To avoid incurring external financing costs
too often the firm will seek to accumulate funds internally, so that a key aspect of
the firm’s financial management is liquidity, or cash, management, to which we next
turn.

The growth phase. At the beginning of the growth phase (¢ = 0) the firm is
endowed with a stock of cash Wy > 0. Over time the firm’s cash accumulates as

follows

th = (TWt + leQ — Zl)dt + dCt — dUt s (3)

subject to the constraint that its cash holding is non-negative:
Wy >0. (4)

The first term in (3) is the sum of the firm’s interest income rWW and operating

profits mY; — Z;. The second term in (3), C;, denotes the firm’s non-decreasing

"Explicitly modeling informational asymmetry would result in a substantially more involved
analysis. Lucas and McDonald (1990) provides a tractable analysis by making the simplifying
assumption that the informational asymmetry is short lived, i.e. it lasts one period.

8In other words, to raise the net amount F' the firm must raise the gross amount F + ®(F) from
investors.

10



cumulative external equity financing, and the third term U; denotes its non-decreasing
cumulative payout, in that dC; > 0 and dU; > 0. Should the firm choose to abandon
its operations, it then pays out any remaining cash W; to its shareholders. We begin by
considering this simpler situation, and later extend the analysis to situations where
the firm incurs a cash-carrying cost and therefore must also determine its payout
policy.

When the firm’s liquidity W is insufficient to cover the investment cost, W < I,
the firm will obviously have to raise external funds to finance the investment cost I
or alternatively the firm can wait and continue to accumulate internal funds. This
is one way in which external financing costs will modify the firm’s exercise decision
of its growth option. Also, when the firm chooses to raise external funds to finance
its investment it may decide to raise more funds than needed to cover the investment
cost because it also needs funds (working capital) to finance potential operating losses
after it has exercised its growth option.

The mature phase. In the mature phase cash accumulates as follows:
th = (TWt + mQ}/t — ZQ)dt + dCt — dUt s Wt > 0. (5)

In other words, the dynamics of liquidity are almost the same as in the growth phase,

the only difference being that production capacity is now ms and operating costs are
Zy.

The Optimization Problem. For expositional purposes, we denote by {A;}ier,
the control process which takes the liquidity process into the positive closed region
{Wi > 0}ser, -

Let 77 denote the abandonment (liquidation) time in the growth phase (n = 1)
and in the mature phase (n = 2). Also let 7; denote the stochastic investment time
in the growth phase. Next, we turn to the stochastic equity issuance timing and
amount. Let 77%(t) denote the first external financing time after time ¢ in phase n,
where n = 1 for the growth phase and n = 2 for the mature phase, and let F;,, > 0
denote the corresponding external financing amount at time 7%(t).

As the firm’s discount rate is equal to the risk-free rate, there is no cost for the
firm to carry cash in the firm, which means that it is weakly efficient for shareholders
to save the firm’s profits inside the firm. It is possible that the firm’s savings at time

t, Wy, is so high that the firm becomes permanently financially unconstrained at all

11



its future time s > t. That is, it is optimal for the firm to choose the first-best policies
at all s > t with probability one. We use 7{; to denote the (first) time ¢ when the
firm becomes permanently financially unconstrained in the growth phase. Similarly,
we use 74 to denote the (first) time when the firm becomes permanently financially
unconstrained in the mature phase.

The control process is then given by A, = (73,72, 7%(t), F}) in the mature phase
and by A; = (74,74, 71, 7R(t), F1) in the growth phase.” The extra control in the
growth phase is due to the investment option.

Before defining the value function and providing its solution, we state the following

assumptions.

Assumption 1 There exists a nonempty compact metric space K such that A, € KC
forallt € Ry.

A control process is said to be admissible if: 1) it is adapted to the filtration
{Fi}ter,; 2) it satisfies Assumption 1; and, 3) W, following the process, defined by
equation (3) for the growth phase and the process defined by equation (5) for the
mature phase, has a unique strong solution. The set of admissible control processes
is denoted by A.

Next, we state a sufficient condition that ensures that the value function is well
defined.

Assumption 2 The risk-free interest rate is positive, v > 0, and the growth rate of

the earnings fundamentals is strictly smaller than the risk-free interest rate, r > p.

Finally, to ensure that the investment option is valuable in the growth phase, we

impose the following assumption.

Assumption 3 The firm’s production capacity in the mature phase is strictly greater

than that in growth phase: ms > my.

In sum, the firm’s optimization problem involves several dynamic policies: i) an
investment timing decision; ii) an abandonment timing decisions; and iii) dynamic
SEQO decisions. Importantly, the firm uses liquidity management to integrate these

interdependent decisions.

9For notational simplicity, sometimes we skip time subscripts of the control process. For example,
A refers to A, and 7% (t) refers to 7.

12



3 The First-Best Solution

Under perfect capital markets (when the Modigliani-Miller theorem holds), the
firm only faces investment and abandonment timing decisions. We solve for the firm’s
value in both mature and growth phases together with its optimal abandonment and
investment policies.

First, we calculate the firm’s value (i.e. from its asset in place) in the mature
phase. We use Q*(Y') to denote its value in the mature phase. The only decision in
the mature phase for the fist-best (FB) setting is the abandonment timing decision.

The firm’s value is given by

o
Q" (Y;) = max E, / e (myY, — Zy)ds| (6)
¢

TL

This equation incorporates the value of abandonment as the integral is truncated at
the liquidation time 77.

Next, we calculate the firm’s value in the growth phase where it has one asset in
place and a growth option. We use H*(Y') to denote its value in the growth phase.
The decisions in the growth phase for the FB setting then involve both abandonment

and investment timing decisions. Therefore, the firm’s value is then given by

min{r} ,7;}
/ e " (myY, — Zy)ds 4+ e T (QH(Y,,) — 1)
t

k3

H*(Y;) = max E,

Ti:TL

(7)

As the optimal timing decisions are characterized by optimal threshold policies

in our model, we next introduce various threshold policies. We use Y, to denote

s > t},

use Y, to denote the optimal abandonment threshold in the growth phase: 77 =

inf{s|Y, < Y7 ,s > t}, and use Y;* to denote the optimal investment threshold:
7; = inf{s|Y; > Y*, s > t}.

The following theorem states the first-best solution under perfect capital markets.

the optimal abandonment hurdle in the mature phase: 77 = inf{s|Y, < Y,

Theorem 1 Under Assumptions 1-2, the value of the operating asset Q*(Y') in the

mature phase is given by:

Q) = (m2y - é) _ (mzya’b _ é) (1}12)7 for Y=Y, ()

r—p r— r
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where the abandonment hurdle Y., is given by (A.1) and the constant vy is given by
(A.2) in Appendiz A.
Under Assumptions 1-3, the firm’s value in the growth phase, H*(Y), is given by:

mY  Zy (e - (v )ﬁY’*) (Q*(Y:)— [_(mﬂé*_é»

B = e T TP - Py T

(Y;*)Byv _ (Y;*)VYB (leafl B é

- ; Y <Y <yr (9
Ve () = (VP ) for Yax )

r—p r
where the constant v and B are given by (A.2) and (A.5) respectively, and the invest-
ment threshold Y;* and abandonment threshold Y., jointly solve the equations (A.3)

and (A.4) in Appendiz A.
Moreover, H*(Y) = Q*(Y) — I for Y > Y, and H*(Y) =0 for Y <Y;,.

For the mature phase, the value of the firm’s assets in place is equal to Q*(Y"). The
first term in (8) for Q*(Y') is the present discounted value of operating profits if the
firm were to remain in operation forever (which would be suboptimal for sufficiently
low Y). The second term in (8) for Q*(Y) is the abandonment option value. The
firm operates its asset if and only if Y > Y*,. When Y < Y, the asset is abandoned
and Q*(Y) = 0. As is well known, Q*(Y) is convex in Y due to the abandonment
option.

For the growth case, the enterprise value is equal to H*(Y'). The first term in
(9) for H*(Y') is the present discounted value of operating profits if the firm were
to remain in operation forever generating profits at the rate of mY — Z; without
exercising either abandonment or growth option. The second term in (9) for H*(Y)
is the investment option value (taking into account that the growth option is exercised
before the abandonment is exercised in the growth phase.) The third term givens the
value of the abandonment in the growth phase (taking into account that the firm is
optimally abandoned before it exercises its growth option.)

The optimal threshold for the abandonment option in the mature phase, Y,
has the standard well-known formula given by (A.1). The optimal threshold for
the abandonment option in the growth phase and that for the growth option are
determined jointly by (A.3) and (A.4).

The proof for Theorem 1 is standard and omitted. Dayanik and Karatzas (2003)

provide a general characterization of one-dimensional optimal-stopping problems.
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Finally, we note that under MM, in the mature phase, the value of a firm, denoted
by P*(W,Y), is simply equal to the sum of its cash holdings W and the value of its
asset in place, Q*(Y), i.e.,

PW,)Y)=Q*(Y)+ W. (10)
Similarly, in the growth phase the firm’s value, denoted by G*(W,Y'), is given by
GW,)Y)=H"(Y)+W. (11)

The functions, G*(W,Y") and P*(W,Y"), are the upper bounds for the firm’s value in

the growth and mature phase, respectively.

4 Solution: General Case with External Financing
Costs

When the firm faces external financing costs it will optimally hoard liquidity W in
order to reduce the frequency with which it returns to capital markets to raise external
funds. The interaction between earnings fundamentals and corporate liquidity gives

rise to highly nonlinear dynamics for firm value, investment, and financing.

4.1 The Mature Phase

We begin by defining the liquidity threshold A, in the mature phase such that the

firm is permanently financially unconstrained for any liquidity beyond that threshold.
Definition 1 Let Ay denote the liquidity threshold for W such that:

r—p

Np=—-—"7"-7 12

PRIy (12)

and 7'2U denote the first time W; hits Ao in mature phase: 712] = inf{s|Wy > Ay, s > t}.

Furthermore, let 7o = min{7%, 72, 7% }.

Given an admissible control A, the value function in the mature phase is given
by:

P<Wt7 Y;‘/a A) = Et eir(‘mit) [P(W‘m* + F27 YTQ*) - F2 - (I)<F2)]I %‘

To=T

e "W, T,

To=T

2 + e*r(rz—t)P*(Wm,YTQ)ITZ:T%]] .(13)

15



Equation (13) takes into account the three mutually exclusive scenarios. First, the
firm issues costly external equity at 7%, captured by the first term when 75 = 7%.
Second, the firm liquidates, captured by the second term when 79 = 72. Third, the
firm becomes permanently financially unconstrained, captured by the last term when
T9 = 7%. As the firm is permanently financially unconstrained at 7%, the firm attains
the first-best mature value P*(W,,Y;) at t = 7%.

Assumption 2 guarantees that the value function P(W,,Y;; A) is well defined for
any admissible control. The value function in the mature phase, denoted P(W;,Y;),
is then given by

P(W.,Y;) = iug P(W,, Y, A). (14)
€

An admissible control is said to be optimal if P(W;,Y;) = P(W,, Y; A).
As a first step in the characterization of P(W,Y), we state the following lemmas

that summarize the main properties of P(W,Y).

Lemma 1 The value function P(W)Y') must be greater than or equal to the firm’s

liquidation value at any time, that is:
PW,Y)>W. (15)

Lemma 1 follows from the fact that the firm can always liquidate itself and collect
W. The (net) value of the perpetual American liquidation option, measured by
P(W,Y) — W is weakly positive.

Lemma 2 The firm always has an option to issue equity, so that P(W,Y") satisfies
PW,Y) > PY(W,Y) (16)
where PY(W,Y') would be the firm’s value if the firm were to immediately issue equity:

PEW,Y) =sup PW + F,Y) — Fy — &(F) . (17)

Fy>0
Similar to our argument for Lemma 1, Lemma 2 follows from the fact that the
firm can always issue equity at a cost. By revealed preferences, the fact that the firm
chooses not to issue equity must imply that the timing is not optimal and hence the

inequality given in (16) has to hold.
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Lemma 3 The firm’s value P(W,Y') attains the first-best value when W > Ay:
PW,Y)=P*(W,Y) =W +Q*(Y), for W>A,. (18)

Lemma 3 establishes that the firm is permanently financially unconstrained when
its liquidity W exceeds Ay, which is given by (12).

The reasoning for this result is as follows. As long as the firm’s savings rate,
(rW + meY — Z,), is non-negative, when evaluated at the firm’s first-best aban-
donment threshold Y.y, i.e., (rW +myY — Zy) > 0, the firm is never involuntarily
liquidated, can always achieve the first-best policies, and hence is permanently finan-

cially unconstrained. The preceding inequality is equivalent to
w 2 A2 ) (19)

where Ay is obtained by substituting the explicit formula for the first-best abandon-

ment hurdle Y, given in (A.1), into (rW +myY — Z5) > 0:

Zo —maYay T —qn
ro A (l-9)

In sum, the firm is financially unconstrained only when it faces no financial con-

AQ = / e_r(s_t)(Zg — mQY;Q)dS = Zg . (20)
t

straint with probability one at the current and all future times. This is the case when
W > As, where Ay denotes the lowest level of liquidity needed for a mature firm to
be permanently financially unconstrained.!®

The firm’s value P(W,Y) is then equal to the first-best value:

PW,Y)=PW,Y)=W +Q*(Y) for W > A, (21)

where the first-best value Q*(Y) is given by (8). For a firm to be financially un-
constrained, it cannot issue external equity with strictly positive probability at any
moment because external funding is costly and distorts corporate decisions. That is,
the condition for a firm to be financially unconstrained in a dynamic setting is much

tighter than in a static setting.

00ur notion of minimum liquidity holding W for a financially unconstrained firm is analogous
to the notion of natural borrowing limit in the macroeconomics savings literature following Aiyagari
(1994). This borrowing limit is defined as the maximum amount of risk-free debt a consumer can
accumulate without ever defaulting. A consumer can borrow at the risk-free rate up to that natural
borrowing limit, but any additional amount of borrowing will give rise to default risk. For a firm,
A5 is the minimum W that it needs in order to implement its first-best abandonment policy. Any
liquidity holding lower than As may induce under-investment via inefficient liquidation with positive
probability.

17



Lemma 4 In the limit as Y — oo, the firm’s value P(W,Y) attains the first-best

value, that is
PW)Y)=PWY)=W+Q*(Y), for Y — 0. (22)

The reason is that, as its operating revenue Y — oo, the firm is permanently
financially unconstrained. Therefore, the firm can support all its first-best policy
with probability one and hence attains the maximal value under the first-best.

Next, we make the following assumption.
Assumption 4 The function, P(W,Y'), is smooth in the inaction region.

The function, P(W,Y’), then satisfies LoP = 0, where Ly is the infinitesimal
generator given by

o?Y?

LoP = (rW +msY — Zo) Py + pY Py + Pyy —1P. (23)

The condition Lo P = 0 follows from the standard principle of dynamic optimality.
The first term on the right side of (23), which is given by the product of the firm’s
marginal value of cash Py (W,Y) and its saving rate (rW + moY — Z5), captures
the value of the firm’s savings. The second term, puY Py, represents the marginal
effect of an expected revenue change pY on firm value, and the third term in Pyy
encapsulates the effects of the volatility of changes in earnings fundamentals Y on
firm value. Intuitively, in the region where the firm operates normally the sum of the
first three terms, which amount to the total expected change in firm value P(W,Y'),
must equal rP(W,Y") the normalized value of the firm.

When the firm issues equity or liquidates itself, in other words when either (15)
or (16) binds, P(W,Y') satisfies

LoP <0, (24)

We summarize the model solution for the mature phase in the following theorem.

Theorem 2 Under Assumptions 1, 2, and 4, the value function in the mature phase,
P(W,Y), can be solved via the variational-inequality formulation for (W,Y) € X,
where Yo = {(W,Y)|0 < W < Ay, 0 <Y < oo} denotes the solution region:

max{Ly P, max{P"(W,Y), W} - P(W,Y)} =0, (25)
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where PE(W,Y) is defined by (17). Additionally, the following boundary condition
holds

PW)Y)=PW)Y)=W+Q(Y), for W=Ay or Y — 0. (26)

The intuition for (25) is as follows. If the firm is in the inaction region, £, P = 0,
which characterizes the solution, has to hold. Otherwise, the firm must take one of
the following two actions: (1) issuing equity to replenish liquidity or (2) liquidating
itself and returning all cash to its shareholders, as one of the two inequalities, (16
or (15), must be satisfied with equality at the boundary, which implies P(W,Y) =
max{PY(W,Y), W} at the boundary. Taking the boundary behaviors together with
the inaction option, we conclude that (25) has to hold.

Next, we establish several fundamental properties of the value function P(W,Y).

Proposition 1 Under Assumptions 1-2 and 4, the following properties for (W)Y €
Yo hold:
i) the solution for P(W,Y') exists and is bounded as W < P(W,Y) < P*(W,Y');
it) the solution for P(W,Y') is strictly increasing in W and strictly increasing in
Y before liquidation. Additionally, Q(W,Y) = P(W,Y) — W s increasing in W ;
iii) the solution for P(W,Y") is unique.

Finally, we establish the following properties for the liquidation and external fi-

nancing decisions.

Proposition 2 Under Assumptions 1-2, i) the optimal liquidation boundary, denoted
by Yo (W), is decreasing in W; i) the firm will delay costly equity issuance until it

has entirely exhausted its cash.

The proofs for the results in this subsection are provided in Appendix B.
We next turn to the analysis for the growth phase. Anticipating its potential
financial constraints in the mature phase, a rational forward-looking firm takes these

future constraints into account for its decisions in the growth phase.

4.2 The Growth Phase

In the growth phase the firm faces an optimal investment timing problem along

with abandonment timing and external equity financing decisions.
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Definition 2 Let Ay denote the liquidity threshold given by
A = BT Y (27)
r
where Y,y is the first-best abandonment hurdle in the growth phase. Let T{; denote the
first time liquidity reaches A in the growth phase, i.e., i, = inf{s|W, > A}, where A
s given by

A =max{A;, Ay +1}. (28)
Finally, let 7y = min{7;, 7%, 74,75}

Note that 7}; is the first time when the firm has accumulated sufficient liquidity to
be permanently unconstrained and hence it attains the first-best firm value G*(W, Y;)
with probability one under all circumstances. Because the firm is forward looking, the
amount of liquidity it is required for the firm to never compromise its investment and
liquidation decisions is to have at least the level of liquidity exceeding max{A;, Ao+1}.

Given an admissible control A, the value function in the growth phase is given by

GWi, Y A) = B [e "D [PW, _+ F —1,Y,,_) — F, — ®(F)| L., -,
e "M [GW,, -+ LY, ) — Fy — ®(F)] T,

T1=Tp

Ty G, Yo T 2

T1=T T1=T

Equation (29) takes into account the four mutually exclusive scenarios in the mature
phase. First, the firm invests when 79 = 7;,. Second, the firm issues equity and
exercises the growth option when 7, = 71.. Third, the firm liquidates when 7 = 71.
Finally, the firm becomes permanently financially unconstrained when 7, = 7(,. As
the firm is permanently financially unconstrained at 7(;, the firm attains the first-
best value G*(W,,Y;) at t = 7{; in the growth phase, which means that the firm can
support its growth-option exercising and liquidation decisions at its first-best levels
in the future.

Assumptions 2-3 guarantee that the value function is well defined for any admis-
sible control. Similarly, the value function in the growth phase, denoted G(W,Y;), is
defined by

G(W,Y,) =sup G(W, Y A). (30)
AcA

An admissible control is said to be optimal if G(W},Y;) = G(W,, Yy A).
As for the mature phase, we spell out a number of lemmas that summarize the

main properties of G(W,Y).

20



Lemma 5 The value function in the growth phase G(W,Y) must be greater than or

equal to the firm’s liquidation value at any time, that is:
GW,Y)>W. (31)

The reasoning for Lemma 5 for the growth phase is the same as that for Lemma
1 for the mature phase: The firm can always liquidate itself and collect W and the
(net) value of the perpetual American liquidation option, measured by G(W,Y) — W

is always weakly positive.

Lemma 6 The firm always has an option to issue equity in the growth phase, so that
G(W,Y') must satisfy
GW,Y)>G"(WY), (32)

where GF(W,Y') would be the firm’s value if the firm were to immediately issue equity:

GEFW,Y)=sup GW + F1,Y) — F} — ®(F,). (33)

F1>0

Similarly, the reasoning for Lemma 6 for the growth phase is the same as that for
Lemma 2 for the mature phase: The timing flexibility in issuing equity is valuable in

the growth phase and G(W,Y) > GF'(W,Y).

Lemma 7 The firm always has an option to invest in the growth phase, G(W,Y)

must satisfy
GW.Y) > G'(W,Y), (34)

where GL(W,Y') would be the firm’s value if the firm were to immediately issue equity

to partially finance its growth option exercising:

GI(W,Y) =sup P(W + Fy — 1Y) — F} — ®(F}). (35)

F1>0

Similarly, Lemma 7 implies the firm’s flexibility in choosing the timing of its

investment option is always valuable in the growth phase.

Lemma 8 The firm’s value in the growth phase G(W,Y') attains the first-best value
when W > max{Ay, Ay + I}:

GW,Y)=G*(W,Y)=W + H*(Y), for W >max{Ay,As+1I}. (36)
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Lemma 8 establishes that for the firm to be permanently financially unconstrained
in the growth phase it must be able to pursue all its real decisions including investment
timing and liquidation (which could occur in either phase) with probability one. This
occurs when W > max{A;, Ay + I}. The intuition is as follows. First, to avoid
inefficient liquidation in the growth phase, the firm requires at least A; in its savings
account. To avoid inefficient investment and suboptimal liquidation in the mature
phase, the firm at least has to have Ay + I, out of which the amount of Ay ensures
that the firm is willing to choose its liquidation policy at the first-best level and the
amount of I ensures that the firm has plenty liquidity to exercise its growth option
at the first-best level.

Lemma 9 AsY — oo, the firm’s value G(W,Y') attains the first-best value, that is
GW,Y)=GW,)Y)=W+H(Y), for Y = . (37)

The reasoning for this result is the same as that for Lemma 4. As its operating
revenue Y — oo, the firm is permanently financially unconstrained. Therefore, the
firm can support its first-best investment and liquidation policies with probability
one and hence its value attains the first-best level.

Next, we make the following assumption.
Assumption 5 The function, G(W,Y'), is smooth in the inaction region.

The function, G(W,Y’), then satisfies £;G = 0, where £; is the infinitesimal

generator in the growth phase:

O'2Y2ny
LG = (TW+m1Y—Zl)Gw+[LYGy+ T —rG. (38)
When the firm issues equity or liquidates itself, i.e., when either (31), (32), or (34)
binds, G(W,Y") satisfies

£,G<0. (39)

The following theorem summarizes the model solution for the growth phase.

Theorem 3 Under Assumptions 1-5, the value function in the growth phase, G(W.,Y),
can be solved via the variational-inequality formulation for (W,Y) € ¥y, where X1 =
{W,Y)|0 <W <max{A;,As +1},0 <Y < 0o} denotes the solution region:

0 =max { £;G, max{G"W,Y), G'W,Y), W} —GW,Y)}, (40)
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where GE(W,Y) and GI(W,Y) are defined by (33) and (35), respectively. Addition-
ally, the following boundary condition holds:

GW)Y)=G W, Y)=W+H*(Y), for W >max{A;,Aa+1} or Y — .
(41)

The intuition for (40) is as follows. If the firm is in the inaction region, £;G = 0,
which characterizes the solution, has to hold. Otherwise, the firm must take one of
the following three actions: (1) issuing equity to replenish liquidity, (2) issuing equity
to partially finance the cost of exercising the growth option, or (3) liquidating itself
and returning all cash to its shareholders, as one of the three inequalities (32), (34),
or (31) must be satisfied with equality at the boundary, which implies G(W,Y) =
max { GF(W,Y), GI(W,Y), W} at the boundary. Taking the boundary behaviors
together with the inaction option, we conclude that (40) has to hold.

Depending on its liquidity holding W, the firm finds itself in the following three

different regions: .

1. Financially Unconstrained Region: W > max{A;, Ay +1}. If W > A; the
firm’s liquidity can cover operating costs in the growth phase with probability one,
and if W > Ay + I the firm’s liquidity can cover the investment cost and operat-
ing costs in the mature phase with probability one. Naturally, for the firm to be
permanently unconstrained in the growth phase it must be able to pursue both first-
best investment and liquidation strategies with probability one, so that the firm is

financially unconstrained and attains the first-best value when W > max{A;, Ay +1}.

2. Medium Cash-holding Region: I < W < max{A;, Ao+1}. Consider next the
situation where the firm has moderate financial slack. That is, when it has sufficient
internal funds W to cover the investment cost I if it chooses to invest immediately, but
not quite enough cash to ensure that it will never involuntarily liquidate its operating
asset. The firm may not choose to exercise the growth option even when Y reaches
the first-best threshold Y;*, and even if it has sufficient internal funds W to cover
the investment cost I. The reason is that exercising the investment option would
drain the firm of its cash to such an extent that the firm may be pushed to raise
external funds prematurely to cover operating losses in the mature phase. The firm

is therefore still financially constrained, even if it can entirely pay for the investment
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I using internal funds, as liquidity concerns distort its investment and abandonment
decisions.

At the endogenously chosen investment threshold, denoted by Y (W), firm value
G(W,Y) is continuous, so that Y (W) is an implicit function defined by the following

value-matching condition:

GO, T(W)) = POW — LY(W)). (42)
In the medium cash-holding region the investment cost I is entirely financed out of

internal funds, so that post-investment liquidity W decreases by I, as seen on the
right side of (42).

3. Low Cash-holding Region: 0 < W < [. The firm is even more severely
constrained in this region as internal funds are insufficient to cover the investment
cost I. The firm then has to raise external funds should it decide to invest. No
matter how large the realization of its current Y is, the firm has to access costly
external capital markets if it chooses to invest immediately, as the investment cost [
is lumpy, W < I, while Y is a flow variable. The post-financing/investment liquidity
is then given by W + F} — I. Again, at the moment of investing, the firm’s value
is continuous, so that the investment boundary Y (W) is implicitly defined by the

following value-matching condition:
GW,Y(W))=PW+F, —LY(W)) - F, — ®(F). (43)

The right-hand side of condition (43) gives the firm’s value in the mature phase after
it has incurred investment cost I and issued gross external funds F + ®(F;). The
left-hand side of (43) is the firm’s value before investing.

A firm without any cash (W = 0) can be in one of four possible situations:

a. When Y > Y(0), the firm raises external financing and exercises its growth

option.

b. When Z;/m; <Y < Y(0), the firm is able to generate enough cash from

operations to cover its operating cost, so that it needs no external financing.

c. When Y,(0) <Y < Z;/my, the firm’s internally generated cash-flow cannot

fully cover its operating cost, and it is optimal to raise external funds so as
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to continue operations. We will characterize the liquidation threshold for a

cash-less firm, Y, (0), later on.

d. When Y <Y ,(0) it is best for the firm to liquidate its operating asset.

When the firm is indifferent between abandoning or continuing, the abandonment
hurdle denoted by Y, (W) is given by:

GW.Y,(W))=Ww. (44)
Next, we establish several key properties of the value function G(W,Y).

Proposition 3 Under Assumptions 1-3 and 5, the following properties for (W,Y) €
Y1 hold:

i) The solution for G(W,Y) exists and is bounded as W < G(W,Y) < G*(W,Y).

it) The solution for G(W,Y') is strictly increasing in W and strictly increasing in
Y before liquidation. Additionally, HW,Y) = G(W,Y) — W is strictly increasing in
w.

iti) The solution for G(W,Y') is unique.

Finally, we establish the following properties for the liquidation, external financ-

ing, and investment decisions.

Proposition 4 Under Assumptions 1-3, the following properties hold:
i) the optimal liquidation boundary is decreasing in W ;
ii) the firm delays costly equity issuance until it has entirely exhausted its cash;
i1) if Py (0,Y (I)) > ¢, the investment threshold approaches infinity, i.e., Y (W) —
oo, as W — I from the left.

The proofs for the technical results in this subsection are provided in Appendix

C.

5 Main Results

We begin by motivating our choice of parameter values. We then proceed to
numerically solve the model and provide economic intuition for the firm’s optimal

liquidation, external financing, and investment policies. Our numerical solution is
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based on the variational inequality method in the preceding section. To ease our
exposition, we also use the more familiar real-options formulation that relies on value-
matching and smooth-pasting conditions to characterize liquidation and investment
decisions, but note that the equity-issuance decision for the survival purpose does not

satisfy the smooth-pasting condition.!!

5.1 Parameter Values

Investors are risk neutral as is standard in the real options and dynamic corporate
finance literatures. However, for calibration purposes, we recognize that investors
are risk averse. Using the standard asset pricing methodology, we can interpret our
preceding analysis on the risk-adjusted basis by treating all our analysis as being
done under the risk-neutral measure. Next, we explicitly incorporate the firm’s risk
premium and beta.!?

Let uf denote the drift of the process Y under the physical measure, p the corre-
lation coefficient between the shocks to the firm’s fundamentals Y and the economy-
wide systematic shock, and 7 the price of risk for the aggregate stock market. The
drift of Y under the risk-neutral measure is then given by u = u* — pno. The model
described thus far can then be understood as one in which the firm’s risk premium is
fully incorporated through the change from the physical measure to the risk-neutral
measure.

Following Leland (1994) and others papers in the literature, we set the annual
risk-free interest rate at » = 0.05 and the annual revenue growth volatility at o = 0.1.
Hence, if we take an expected growth rate of " = 0.014 under the physical measure,
a correlation coefficient of p = 0.8, and a market price of risk of 7 = 0.3, we obtain
an expected growth rate of y = pf — pno = 0.014 — 0.8 x 0.3 x 0.1 = —0.01 under
the risk-neutral measure.

For the growth phase, we normalize the annual operating cost and the revenue
multiple to Z; = 1 and m; = 1, respectively. Furthermore, to simplify the interpre-
tation of our results we assume that the firm’s growth option delivers an identical

additional operating asset, so that earnings are doubled from mY — Z; =Y — 1 to

1Tn our model, these two approaches yield the same solution. Appendix D provides a sketch of
the solution algorithm.

12Gee Duffie (2001) for details on the equivalent martingale measure (risk-neutral) measure and
how to connect the physical measure and the risk-neutral measure via Girsanov’s Theorem.
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meY — Zy = 2(Y — 1) when the firm exercises its growth option. We also normalize
the investment cost to [ = 1.

For the external financing costs, we choose a low and a high level for the fixed
cost ¢, for illustrative purposes: ¢; = 0.01 and ¢, = 0.5. For brevity, we focus on

the case with ¢,. Finally, we take the marginal financing cost to be ¢; = 0.01.

First-Best. The first-best liquidation hurdle in the growth phase is Y,*; = 0.767.
This implies that an unconstrained firm will continue as a going concern even when
it incurs a loss as high as Z; — lea*,1 = 0.333, or 33.3% of the operating cost Z; = 1.
The first-best liquidation hurdle in the mature phase is slightly higher, Y5, = 0.8.
This means that the firm is less willing to absorb losses in the mature phase, as it is
ready to abandon operations as soon as it incurs a loss larger than Z; —myY,", = 0.4,
or 20% of operating costs Zy = 2.

The firm exercises its growth option when Y reaches the investment hurdle Y;* =
1.3. At that level, the project value (including the value of the abandonment option)
is Q*(Y;*) = 8.39, and the NPV is H*(Y;*) = Q*(Y;*) — I = 7.39. The minimum W

needed for a firm to be permanently financially unconstrained in the mature phase is

r—p

Ay = 7, =8 45

TEi-y T )

which is four times the operating cost Zy = 2. In the growth phase this lower

bound is A; = 4.66, so that the firm is permanently financially unconstrained if
%74 Z HlaX{Al, 1 -+ AQ} = 0.

5.2 Inefficient Liquidation or External Financing for Sur-
vival?

Financial constraints both distort investment and impose external financing costs
on the firm. As a result, a firm is prone to abandon operations sooner than the

first-best timing.

5.2.1 Liquidation Policy

Liquidation in the growth phase involves the additional opportunity cost of losing
any future growth options. Therefore, the firm is less willing to liquidate operations

in the growth phase than in the mature phase, ceteris paribus.
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Figure 1: Abandonment hurdle, W,(Y) and W,(Y), and equity issuance for
survival, F1(Y) and F,(Y). Panels A and B plot the abandonment hurdles in the
growth and mature phases, respectively. Panels C and D plot the equity issuance in
the growth and mature phases, respectively.

The Growth Phase. Panel A of Figure 1 plots the optimal liquidation hurdle
W,(Y) in the growth phase. The first-best abandonment threshold Y, = 0.767 is
indicated by the dotted line labeled MM. When the firm faces an external financing
cost of ¢, = 0.5, it abandons operations sooner than the first-best, i.e., whenever
Y < 0.89. Note also that the firm may abandon operations even before it runs
out of cash. That is, W,(Y) > 0 for ¥ < 0.89. For example, when Y = 0.8, the
abandonment threshold for cash holdings is W,(0.8) = 0.12. Finally, the lower the
earnings, the higher the firm’s W when it abandons operations.

Moreover, as Panel A shows, W,(Y) is a strictly decreasing function, indicating
that the firm is increasingly eager to abandon as Y approaches Y,";. In other words,

the higher are the firm’s cash holdings W the less inefficient is the firm’s liquidation
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decision. The impact of external financing costs on the firm’s liquidation policy
essentially disappears when the firm’s liquidity holding W reaches 1.2. Note finally
that when the firm faces almost no fixed external financing cost, ¢, = 0.01, its

abandonment policy closely approximates the first-best policy.

The Mature Phase. Panel B of Figure 1 plots the liquidation hurdle W,(Y") for
the mature phase. The shape of W,(Y') is similar to the liquidation frontier in the
growth phase. The main difference with the liquidation policy in the growth phase is
that the firm is strictly more conservative in its continuation decisions in the mature
phase. Compared with the first-best liquidation hurdle, Y, = 0.8, a firm facing
external financing costs ¢, = 0.5, liquidates sooner, i.e., when Y reaches the level of
0.898. The reason is that the firm has no growth option in the mature phase and
therefore has a lower continuation value than in the growth phase, other things equal

(by construction we have constant returns to scale, my/Z; = my/Zy = 1).

5.2.2 Equity Issuance: Fi(Y) and F3(Y)

In an environment with time-invariant external financing costs, as in our model,
the firm is always better off delaying costly equity issuance as long as it can, as it is
then able to save the time value of money on these financing costs. With a strictly
positive liquidity buffer W the firm can always cover any flow operating losses, so
that it never issues equity before it entirely exhausts its cash.

In sum, the firm will only decide to raise costly external equity if it runs out of
cash, or if it wants to invest and has insufficient internal funds to cover the fixed
investment cost I. In the growth phase the firm chooses to issue equity at W = 0,
therefore,

G(0,Y)=GF(0,Y), (46)
in the region where Y,(0) <Y < Z;/m; . Otherwise, when Y < Y (0), the firm is
liquidated and hence G(0,Y") = 0.

By revealed preferences, the dividing boundary Y,(0) is higher than the first-
best abandonment hurdle Y. Should the firm seek to raise new funds, its optimal

external financing amount F} is given by the FOC:!3

Gw(FLY)=14+®(F)=1+¢,, Y,(0)<Y <Z/mi. (47)

13We verify the second-order condition (SOC) to ensure that the FOC solution yields the maximal
value.
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That is, the marginal value of cash Gy, (F}, Y) must equal the marginal cost of external
financing 1 + ®'(F}). Note that the firm’s marginal value of cash Gy (W,Y") depends
on its earnings fundamentals Y, and Gy (W,Y) is greater than 1 at the moment of
financing.

Similarly, in the mature phase, the firm only considers issuing equity at W = 0.

Conditional on issuing equity, the firm’s value is
P(0,Y) = PF(0,Y). (48)

in the region where Y,(0) <Y < Zy/mgy. Otherwise, when Y < Y,(0), the firm is
liquidated and hence P(0,Y’) = 0. Should the firm issue equity, the optimal external

financing amount F; satisfies the following FOC:
Py (Fo,Y)=149'(F) =1+ ¢,. (49)

Panels C and D of Figure 1 plot the amount raised in the growth and mature
phases, F1(Y) and F5(Y), when the firm has exhausted all internal funds and prefers
to continue rather than abandon operations. When external financing is costly (¢, =
0.5) the firm prefers to continue if ¥ > 0.89 in the growth phase and Y > 0.898 in
the mature phase. When funding is cheap (¢, = 0.01) the firm prefers to continue as
long as Y > 0.78 in the growth phase and Y > 0.81 in the mature phase.

The two plots for F,(Y') can be understood as follows: the lower is Y, the more
funds are needed to cover operating losses Z,,—m,,Y’; at the same time, when Y is lower
the value of continuation is also lower. The tension between these two considerations
generally translates into a non-monotonic function F,,(Y). For low values of Y, F,(Y")
is increasing in Y, and for higher values of Y, F,,(Y) is decreasing in Y. This can
clearly be seen for the (dotted) plots of F,,(Y) when ¢, = 0.01.* Finally, note that
when m,,Y > Z, the firm is able to accumulate cash from retained earnings and does
not need any external funds.

In sum, the firm’s expectation about its future profitability influences its current
financing policy. This is an important difference with Bolton, Chen, and Wang (2011),
where the firm’s expected profitability is constant over time.

In addition, the firm raises more if the fixed costs of external funding ¢, are higher.

This can be seen for example, at Y = 0.9: when the fixed issuance cost ¢, increases

17t is not apparent for the plot of F,,(Y) when ¢, = 0.5, as the fixed cost is then so large that
the firm prefers to abandon rather than continue with unprofitable operations and limited funds.
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from 0.01 to 0.5, the firm’s external financing, F}(0.89), then increases from 0.534 to
0.99. A firm that faces a larger fixed issuance cost wants to raise more funds to avoid
going back to the capital markets. This prediction differs from those based on static
models such as Froot, Scharfstein, and Stein (1993) and Kaplan and Zingales (1997),
where the higher the fixed financing cost is the more financially constrained the firm
is, and consequently the lower is the amount of equity financing it demands (the firm
has no future financing considerations by assumption).

Next, we turn to the firm’s investment decisions.

5.3 The Growth Option: Internal versus External Financing

Static models, Froot, Scharfstein, and Stein (1993) and Kaplan and Zingales
(1997), also predict that firms with more internal funds invest more, as their overall
funding costs are lower. Again, this prediction does not extend to a dynamic model
in which firms can optimally time their investment. The main result of this section is
that firms can become increasingly conservative in exercising their growth option as
they accumulate internal funds. The reason is that by delaying investment they may
be able to avoid having to turn to costly external funds altogether. The closer firms
are to entirely funding their investment outlays I with internal funds W, the higher
the marginal expected return to delaying investment until they have entirely closed
the funding gap I — W.

The Investment Timing Decision. Panels A and B of Figure 2 plot the invest-
ment hurdle Y (W) for two values of the fixed external financing cost, ¢, = 0.01
and ¢, = 0.5 in the regions 0 < W < I =1 and W > 1 respectively. Recall that
a firm is financially unconstrained in the growth phase if its liquidity W is greater
than I + Ay = 9. We plot Y/(W) for W only up to W = 2.4 in Panel B because
the investment threshold effectively converges to the first-best hurdle Y;* = 1.30 as
W — 2.4. Consider first the region where the firm’s internal funds W are sufficient
to cover its investment cost I = 1 (Panel B). In this region the firm finances its
investment outlays entirely out of internal funds. As the plot of Y (W) shows, the
higher is W the less distorted is the firm’s investment timing decision. With a higher
W, the firm’s mature value is higher, as it is less likely to run out of cash. As a result,
the firm is eager to invest sooner.

Consider next the low cash-holding region W € [0, ). Panel A of Figure 2 plots
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Figure 2: Investment hurdle Y (W) and the post-investment liquidity level
W+ Fi(Y(W))—1. Panels A and B plot the investment hurdle Y (W) in the growth

phase. Panels C and D plot the post-investment liquidity W + Fy (Y (W)) — I at the
transition into the mature phase.

the investment hurdle Y (W) as a function of W in the region [0,1). When ¢, = 0.5,
Y (W) is strictly increasing and convex in W, going from 1.409 at W = 0 to +oo as
W tends I = 1. When ¢, = 0.01, Y(W) is weakly increasing and convex in W.

This remarkable result is exactly the opposite from the prediction of a static model.
Far from behaving like a less constrained firm as W — [, it behaves like a much more
constrained firm. What is the logic behind this behavior? In essence, as W — I the
firm increasingly wants to avoid the fixed external financing cost by waiting until it has
accumulated sufficient internal funds rather than taps costly external funds to finance
its investment as the firm is very close to accumulate enough funds to cover investment
costs. Therefore, it therefore takes a larger and larger expected earnings fundamentals

Y to motivate the firm to invest immediately via costly external financing.
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Another way of understanding this result is that the firm’s investment-timing
decision trades off the value of the option to delay against the present cost of financing
the investment. When the firm is financially constrained both the valuations of the
timing option and the cost of investment vary with the marginal value of cash. In
other words, for a firm the valuation of the timing option and the investment cost
are fundamentally interconnected through the marginal value of cash, unlike in the

standard textbook real options analysis.

The financing decision upon investment. Panels C and D of Figure 2 plot the
firm’s post-investment liquidity at time 7, W, = W, +F,(W,,)—1, where Fy(W,,)
denotes the net amount of external funds raised when the firm decides to invest at

time 7;. The following conditions hold under optimal external financing: either
Py(W+F(W)=LY(W))=1+¢,, and E(W) > 1 -W, (50)

or

Py(W+EFE(W)=1LY(W))<1+4¢y, and (W) =1—-W. (51)

Condition (50) states that the marginal value of cash at investment equals the marginal
cost of financing. In this case, the firm issues at least I —W. Condition (51) is when
the optimum is at the corner. In this case, the firm’s net equity issue is I — W and
together with internal funds W, the firm’s total funds is just sufficient to cover its
investment cost 7.1

When W < I, the firm is less willing to invest as W increases. In other words, the
firm’s investment hurdle Y (W) increases with W, so that post investment the firm is
better able to generate internal cash flows from operations when pre-investment lig-
uidity W is higher. Therefore, the amount of post-investment liquidity W.,; needed
decreases with the firm’s current liquidity W, as shown in Panel C. When the firm
faces low external financing costs (¢, = 0.01) the post-investment liquidity is essen-
tially zero at all levels of W, since the firm only needs to obtain liquidity to cover
the financing gap I — W. Panel D also illustrates that F;(W,,), the optimal amount

of external funds raised when the firm decides to invest, is equal to 0 when W > I,

15Tn this case, the firm’s marginal value of liquidity at investment must be weakly lower than the
marginal cost of issuance. If this were not true, the firm would have chosen to issue equity in excess
of I — W, which in turn equates the marginal value of cash with the marginal cost of equity issue.
But this is the first case that we have already discussed.
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so that W, = W,, — I. This result is simply a consequence of the dynamic pecking

order of financing principle.

5.4 Value Loss due to Costly External Financing

Our next set of results establishes how large the loss in firm value due to external
financing costs can be. This loss stems directly from the financing costs per se and
indirectly from the distortions in investment and abandonment policies. A key con-
clusion from our quantitative analysis is that low operating earnings fundamentals Y
and low cash buffers W compound in making the loss particularly large, as Figure 3
illustrates.

This result at the individual firm’s level for a stand-alone firm contributes to
the downward-spiral adverse-feedback mechanism in the financial intermediation and
crisis literature. For example, Brunnermeier and Sannikov (2014) show how an ad-
verse shock to the fundamentals (capital shock in their model) weakens a financially
constrained productive sector’s balance sheet, which further causes underinvestment
generating an adverse feedback loop from the fundamentals shock to the equilibrium
price of capital.

Panels A and C plot the firm’s enterprise value H(W,Y) = G(W,Y) — W in the
growth phase for two values of Y, a low value Y = 0.82 for which the firm incurs
operating losses, and a high value, Y = 1.18, for which the firm makes a profit.

Enterprise value H(W,Y) is, of course, lower the higher are external financing
costs ¢,. As the plots for H(W,Y') illustrate, the loss is particularly large when
¢y = 0.5, Y = 0.82, and the firm runs out of cash. When W approaches 0 the entire
first-best enterprise value is then essentially wiped out. In contrast, when ¢, = 0.01
the firm loses only around 10% of the first best value when W approaches 0. And
when Y = 1.18 the loss in value is small even when financing costs are high.

A simple yet robust insight from these results is that the significance of external
financing costs varies considerably with the firm’s operating revenues. One should
therefore not expect to see a stable relation between firm value and external financing
costs in the data.

Panels B and D of Figure 3 plot the firm’s enterprise value in the mature phase:
QW,Y) = P(W,Y) - W. (52)
The same qualitative results on value loss obtain in the mature phase as in the growth
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Figure 3: Enterprise values in the growth and mature phases, H(W,Y) and
Q(W,Y). Panels A and B plot H(W,Y) and Q(W,Y) for Y = 0.82. Panels C and D
plot HW,Y) and Q(W,Y') for Y = 1.18.

phase, although the size of the losses is somewhat smaller.

In sum, these results illustrate how operating earnings fundamentals Y and inter-
nal funds W are substitutes in terms of mitigating financial constraints. Moreover,
abstracting from financial flexibility considerations when determining the firm’s real
option decisions—as most of the real options literature has done—could generate highly
misleading predictions and vastly overstate the value of real options. Equally, an ex-
clusive focus on financial frictions that ignores the firm’s real flexibility—as is the case
for most of the corporate financial constraints literature-risks understating the value

of precautionary savings.
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time firm’s net equity gross equity % of equity issue original investors’
t earning Y;  issue F;  issue F} + ®(F}) Wit ownership a4 (%)

Panel A: W, =0.1

0 1 0 0 0 100%
1.16 0.913 0.98 1.49 30.1% 69.9%
2.04 1.314 0 0 0 69.9%
10.4 0.931 1.17 1.68 82.6% 12.2%
23.8 0.890 0 0 0 liquidation

Panel B: Wy = 0.2

0 1 0 0 0 100%
2.23 1.443 1.11 1.62 12.8% 87.2%
12.9 0.921 1.18 1.69 88.3% 10.2%
24.4 0.926 1.17 1.68 85.1% 1.5%
37.6 0.839 0 0 0 liquidation

Table 1: Equity ownership dynamics and (investment, equity issue, and
abandonment) timing decisions for a simulated path. The parameter values
are r = 0.05,u0 = —00l,0 =01,/ =1my = 21 =1, me = Zy =2, ¢, = 0.01
and ¢, = 0.5. For the given simulated path with Y, = 1, we consider two cases with
Wo = 0.1 and Wy = 0.2. Under the first-best case, the investment time is ¢t = 2.03
and the abandonment time is t = 39.5.

6 Simulating the Firm’s Life-Cycle

To provide further insight into the dynamics of investment, SEOs, cash manage-
ment, and abandonment decisions, we simulate one sample path of earnings funda-
mentals Y with two initial cash holding values, Wy = 0.1 and W, = 0.2, with baseline
parameter values and ¢, = 0.5. The evolution of corporate decisions are illustrated in
Figures 4 and 5, respectively. Table 1 reports the decisions and calculates the implied
equity ownership dynamics that follow from the firm’s decisions over the simulated
path used in Figures 4 and 5.

In the MM world, the optimal investment time for this sample path is ¢ = 2.03,
just when the firm’s earnings Y; reach 1.3, and the abandonment time is t = 39.5,
just as the firm’s earnings Y; hit the low level of 0.8. Thus, the firm is willing to fund
losses of up to 20% of operating costs Zo = 2 under this scenario to maximize the
value of its abandonment option.

Recall that when the firm incurs an external financing cost ®(F};) as it raises
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equity F; at time ¢, the firm’s post-issuance value is P(W;,,Y;,). Let wyy denote
the equilibrium fraction of the newly issued equity held by outside investors. By

competitive market pricing, we have:

L O(F) _,_ _PW.Y) (53
P(Wt+7}/;+) P(WH—?Y;-%-)’

as the new investors just break even under perfectly competitive capital markets.
Under the simulated sample-path we can highlight the dynamics of equity dilution
by keeping track of the equity ownership of the original investors who have stayed
with the firm since its inception. We denote by «; the ownership share of the original
equity holders at time ¢, with ag = 1 by construction. As the firm issues equity to
finance investment and/or replenish liquidity over time, the original equity investors’

ownership then evolves as follows:
O = O (1 — UJt+) . (54)

In other words, with no issuance w;y = 0 and ayy = a4, so that a does not change.
But when new equity is issued at time ¢, with a strictly positive ownership stake for
new investors of wy, > 0, the original equity investors’ equity is diluted to ay from
a; according to (54).

Figure 4 plots the scenario where the firm starts with a low cash stock of Wy = 0.1.
Panel A plots the path of earnings fundamentals Y, starting with Yy, = 1. Note first
that when the firm faces external financing costs at ¢ = 1.16 where it exhausts its
liquidity as Wi 16 = 0 and Y7 14 = 0.913, and the firm issues net equity of F;(0.913) =
0.98 to replenish its liquidity from Wi 16 = 0 to Wi = 0.98, by selling wq 164 =
30.1% of its equity, and the equity share is a1 = 69.9%.

And then it exercises its investment option at time ¢t = 2.04 when Y; reaches 1.314.
It then pays the investment cost I = 1 solely out of internal funds, thus depleting its
stock of cash W54y down to 0.057, as illustrated in Panel B. In this case, obviously
there is no equity dilution and «as04 = 69.9%.

Next, at ¢ = 10.4, when the firm’s fundamentals Yjo4 falls to 0.931 and it has
exhausted its savings, the firm issues net equity of F»(0.931) = 1.17 to replenish its
liquidity from Wig4 = 0 to Wig4y = 1.17, by selling wig4y = 82.6% of its equity. At
that point the firm’s original owners are nearly wiped out and only retain a stake of
agay = 12.2%.
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Figure 4: Investment, liquidity accumulation, external equity issue, owner-
ship dynamics, and liquidation for a simulated path. The firm’s initial cash
holding is Wy = 0.1.

Finally, at t = 23.8, when the firm runs out cash for the second time and Y,
reaches 0.890, it simply abandons its asset. At this low point the cost of new external
financing simply outweighs the benefit of keeping the firm as a going concern.

Figure 5 plots the scenario where the firm starts with a higher cash stock of

Wy = 0.2. Panel A again plots the identical simulated path of earnings fundamentals
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B. the dynamics of Wi with Wy = 0.2
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Figure 5: Investment, liquidity accumulation, external equity issue, owner-
ship dynamics, and liquidation for a simulated path. The firm’s initial cash
holding is Wy = 0.2.

Y, starting with Yy = 1. As the firm’s Y; reaches 1.443 at ¢t = 2.23, the firm finances
its investment cost I = 1 via a combination of external equity (F'(1.443) = 1.11) by
issuing a fraction of wy 93, = 12.8% firm’s equity and internal funds (0.22), leaving the
firm with a stock of post-investment cash of W53, = 0.33 (as shown in Panel B). As

a result, the original owners are diluted down to an ownership stake of ag 23, = 87.2%
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(as shown in Panel D).

At t = 12.9, when earning Y; has collapsed to 0.921 and the firm’s liquidity has
been drained, the firm returns to the capital markets and raises a net amount of
F5(0.921) = 1.18 by selling wis9. = 88.3% of the firm’s equity, thus further diluting
the firm’s original owners’ down to aja9, = 10.2% (see Panel D). Next, at ¢t = 24.4,
as the firm’s liquidity W, is again drained out, the firm yet again issues equity by
selling wiggr = 85.1% of the firm’s equity, raising a total net amount of F' = 1.17
and diluting the original owners down to a small stake of ags4; = 1.5%. Finally, at
t = 37.6 the firm almost runs out of cash again and abandons its asset given that
expected operating earnings hit the low level of Y, = 0.839; it then distributes the
remaining cash 0.08 to its shareholders.

Comparing the two scenarios, we make the following observations: First, in all
cases where the firm issues equity for purposes of replenishing its liquidity it chooses
different financing levels because each time it faces different expected operating earn-
ings when it exhausts its liquidity. Second, the firm with Wy = 0.1 turns out to
abandon its asset sooner (at ¢ = 23.8) than the firm with Wy = 0.2 (at t = 37.6),
which runs counter to the conventional wisdom that a firm with more initial liquidity

abandons its operations later.

7 Cash-carry Costs and Payout Policy

A helpful simplification in our analysis so far has been that there is no opportunity
cost for the firm in holding cash. In reality, however, firms do face an opportunity
cost in holding cash and therefore do decide to pay out some of their accumulated
profits when retained earnings are high. Accordingly, in this section we extend the
model by introducing cash-carry costs. We now assume that instead of earning the
market interest rate r on its cash savings the firm only earns (r — \), where 0 < A < r
represents the firm’s unit cash-carry cost.

In this case, it is sometimes optimal for the firm to pay out before it closes op-
erations. Specifically, there is an endogenous upper boundary W (Y') such that it is
strictly optimal for the firm to pay out any excess cash W —W (Y) to its shareholders.
With cash-carry cost A, the cash accumulation process is as follows, in the growth
phase

AW, = ((r = MWy +m Y, — Zy)dt +dCy — dU,, W, >0, (55)
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and in the mature phase
th = ((T — )\)Wt -+ m2Y; — Zg)dt + dCt — dUt , Wt > 0. (56)

When Y < oo, there exists a payout boundary 0 < W(Y) < oo such that the
value of an additional retained dollar is exactly equal to the value of paying out that
dollar to shareholders. And if the firm starts out with W > W(Y)), it distributes
the difference W — W(Y) as a lump sum and thereby brings down the cash stock to
W(Y). Since firm value must be continuous before and after cash distribution, the

value P(W,Y) for W > W(Y) is given by
PW,Y)=PW(Y),Y)+ (W -W(Y)), W>W(). (57)

All other optimality conditions remain the same as in the baseline model.

The firm’s payout decision is jointly determined with its investment and liquidity
management policies. In the growth phase, the firm has no reason to make any payout
if its earnings fundamentals Y are relatively high but still lower than the endogenous
investment boundary, because it then expects to invest and expand its operating
capacity in the future.!

As Fama and French (2001) have noted, growth firms tend to delay dividend
payments as they expect to spend their retained earnings on investment outlays.
However, when operating earnings fundamentals Y are so low that expansion is un-
likely, the firm may prefer to make a payout to shareholders rather than inefficiently
burn through its cash holdings. Thus, in the growth phase one would expect the firm
to make payouts when Y is low and not when Y is high. In contrast, in the mature
phase, one would expect the firm to be more eager to pay out retained earnings the
higher are its operating revenues.

The results shown in Figures 6 and 7 confirm these insights. These two figures
display the firm’s optimal decisions—the payout, inaction, investment and liquidation
regions—for any pair (W,Y). The parameter values are the same as for the baseline
model, with the addition of the cash carry cost A = 0.02.

There are three regions in the mature phase, each with a single optimal action.
When (W,Y') are to the right of the dashed red payout boundary and when Y exceeds

I16Tf its earnings fundamentals Y is even higher than the firm’s optimal investment boundary,
the firm optimally immediately invests, becoming a mature firm. Our analysis for the mature firm
applies accordingly.
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the dotted black line, the firm optimally pays out some of its earnings, as shown in
the payout region of Figure 6. When (W, Y") take intermediate values in the “inaction
region” bordered by the (dashed red) payout boundary, the (solid blue) liquidation
boundary, and the y-axis, it is optimal for the firm to continue operations while
retaining all of its earnings. When Y is below the solid blue line, which extends into
the dotted black liquidation-line, the firm is in the “liquidation region”. It is then
best for the firm to abandon operations.

The dashed, red payout-frontier is downward sloping over most of the region 0.9 <
Y < 1.35, illustrating the basic tradeoff the firm faces: when the internal cash-flow
generating machine is less productive it is worth building a larger retained earnings
buffer.

Note, however, that there is a small non-monotonic segment of the payout bound-
ary. This segment is explained by the fact that when Y is less than Z;/my = 1, the
firm is making operating losses so that there are two competing forces at play: 1)
building a larger liquidity buffer to be able to absorb these loses and ride them out,
which causes a downward sloping liquidation boundary, and 2) avoiding throwing
good money after bad, which encourages earlier liquidation to minimize operating
losses. The latter force dominates when the firm’s operating performance is close to
the solid, blue liquidation-boundary, and the former dominates when operating losses
are relatively low.

Optimal policies in the growth phase are more intricate, as Figure 7 illustrates.
The firm faces more decisions in this phase, so that there are five policy regions in

total in this phase.

1. When (W,Y) are high, with W > I = 1, the firm invests by entirely funding the
fixed investment cost out of internal funds, as is indicated by the Investment

Only region.'”

2. When Y takes intermediate values and W is high the firm does not invest but

pays out some of its earnings, as indicated by the Payout region. In this region

"Note that when Y > 1.29, the firm immediately exercises its growth option provided that W > 1.
This is in contrast to the investment policy displayed in Panel B of Figure 2, when the firm has
no cash carry costs. In that case the firm somewhat delays its investment as W approaches 1 from
above. The reason is that the firm prefers to continue building up its cash buffer before investing, so
as to continue with a higher cash (working capital) buffer after incurring the investment cost I = 1.
When the firm faces cash carry costs this motive is essentially undone by its desire to save on these
costs.
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liquidation and payout in the mature phase

141 e
<. Payout
-
1.3 A 4
~~ ~
>~ ~e
w 12 “a 4
—_ ~ -~
3 .
+ *u
= ~
Oé 11 - i
< -
g : T~
5 1r Inaction " 1
S =
%) L
59 1
= 0.9 ' i
g
g 1
= r
% o.8f g e
0.7 Liquidation 1
0.6
o 5 1 1.5
liquidity W

Figure 6: Liquidation and payout in the mature phase.

Parameters used: » = 0.05, p = —0.01, 0 = 0.1, my = Zy = 2, ¢, = 0.01, ¢y = 0.5,
A = 0.02. In the payout region, the firm optimally pays out a lump-sum dividend in
order to reach the payout boundary. For example, a firm with (W,Y) = (0.78,1.14)
chooses to pay out a one-time dividend in the amount of 0.18 to reach (0.6,1.14) on
the boundary.

the operating asset is not sufficiently profitable to exercise the growth option.
Given that the firm is not planning to immediately spend its internal funds on
capital outlays, it prefers to pay out some of its liquidity buffer rather than pay
the full cash carry cost A\W.

Note that the payout boundary W(Y') has a somewhat complex shape. This is
again explained by the fact that when the firm is making losses (Y < 1) the two
competing forces described above are at play. In addition, when Y approaches
the investment threshold Y = 1.29 from below and when W > 1 the firm prefers
to delay payout in anticipation of the future investment outlays and its greater

need for internal funds.

3. For low values of Y it is optimal for the firm to abandon operations and disburse

any accumulated internal funds W, as is indicated by the Liquidation region.

4. For intermediate values of (Y, W) the firm is optimally in a business as usual

mode and does not take any significant decisions, whether it is investment,
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investment, liquidation and payout in the growth phase
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Figure 7: Investment, liquidation and payout in the growth phase.

Parameters used: r = 0.05, p = —0.01, 0 = 0.1, my = Z; = 1, my

¢y =0.01, ¢y = 0.5, I

=1, A= 0.02.

22:2,

abandonment, or external financing, as indicated by the Inaction region.

Finally, for values of (Y, W) such that Y is high but W < 1, it is optimal for

the firm to invest even if it requires external financing to cover the investment

outlays, as is shown by the Investment and Fquity Issue region. In this situation

the firm uses a combination of funds from internal sources and from a (costly)

external equity issue.

The effects of cash-

carry costs on investment.

Figure 8 illustrates the effects

of cash-carry costs A on investment. Panel A exhibits the shift in the investment

threshold induced by a change in A in the low-cash holding region (W < I) where

the firm has to raise some external equity to finance the investment cost I. Panel B

plots the same relation in the medium-cash holding region (W > I) where the firm

has sufficient internal funds to finance its investment cost. In both panels, we find

that the investment threshold is monotonically decreasing with the cash-carry cost A.

This is intuitive: the higher the cash-carry cost A, the sooner the firm invests, as the

opportunity cost of holding cash is higher.
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A. Low Cash-holding Region: 0 < W < I =1 B. Medium Cash-holding Region: I =1 < W
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Figure 8: The effects of cash-carry cost A on the investment hurdle Y (W).

With internal financing of the investment (Panel B), the investment threshold also
decreases with W for a given A, as there is a diminishing marginal value of holding
cash when the cash buffer is larger. However, when external financing is needed (Panel
A), the investment threshold for a given \ is increasing in W, as the firm increasingly
prefers to wait until it has accumulated sufficient internal funds to entirely cover the
investment cost and thereby avoid costly external financing.

Overall, these results point to a simple and robust payout policy pattern: growth
firms should only pay out retained earnings if their growth opportunities are un-
appealing; in contrast, mature firms should pay out retained earnings when their

operating earnings are high, and should not when their earnings are low.

8 Sequential Investment Opportunities

To capture how future investment opportunities may influence a firm’s current
investment and financing decisions, we next generalize our model to allow for two
rounds of investment options. We refer to stage 0, when the firm has not yet exercised
any investment option, as the start-up phase; stage 1, after the firm has made its first
investment, as the growth phase; and, stage 2, after the firm has completed both
investment rounds, as the mature phase.

This extension brings out one striking new effect: an acceleration of the first

investment with the objective of building internal cash-flow generation capacity to
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relax financial constraints for the second round of investment. That is, we show that
a firm may invest sooner than an otherwise unconstrained firm, in an effort to increase
its capacity to generate cash.

The main change to the baseline model is the addition of a start-up phase in which
the firm has no operating asset. In this phase the firm has two growth options. We
denote the fixed cost of the nth growth option by I,,, with n € {1,2}. As before, the
revenue process generated by the operating assets is given by m,,Y; and the operating
cost by Z,. Once the firm has exercised its first growth option the model is identical
to the baseline model. The mature and growth phases therefore inherit the same firm
value, the same dynamics for liquidity, and the same abandonment decisions as in the
baseline model.

In stage 0, the start-up phase, the firm’s liquidity W, accumulates as follows:
th = T'Wtdt + dCt y Wt Z O, (58)

where {Cy;t > 0} denotes as before the firm’s cumulative equity issues, and dC' is the
net equity raised. We denote by S(W,Y") the value of the firm in this start-up phase.
As in the growth and mature phases, S(W,Y) satisfies the following conditions:

L SWY)=Ww,
2. SW,Y) > SE(W,)Y) = supgp > S(W + Fo,Y) — Fy — ®(Fp),
3. S(VI/, Y) 2 S](VV, Y) = supFOZO G(W + FO - [1,Y) - FO - @(Fo) .

In the interior operating region S(W,Y') satisfies £7S = 0, where L is the in-
finitesimal generator in the start-up phase:
g 2Y25yy

LS =rWSw + uY Sy + — rS. (59)

Given that the analysis of the start-up phase proceeds along similar lines as the
analysis of the baseline model, we only report the most striking novel result on the
investment threshold policy Y; (W) in the start-up phase (phase 0) when the firm has

no asset in place at all.*®

1812 this generalized model, we have two rounds of investment decisions. Therefore, we use Y 1 (W)
and Y2 (W) to denote the first and second growth-option exercise-thresholds, respectively. Similarly,
we use V" and Y, to denote the first-best exercise-thresholds for the first and second growth-option.
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Figure 9: The optimal investment threshold Y (W) in the startup phase:
The case with sequential growth options. Parameters used: r» = 0.05, yu =
—001, g = 01, my = Zl = 1, meo = Z2 = 2, (bo = 05, ¢1 = 001, Il = 05, [2 =1.

We set [; = 0.5, at half the fixed investment cost for exercising of the second
growth option. All the other parameter values are the same as for the solution in our
baseline model. With these parameter values, the first-best investment threshold in
the start-up phase is given by Y, = 1.27.

Figure 9 plots the optimal investment threshold Y (W) for the first investment
option over the interval W € [0, 2.5]. It shows that Y; (W) is monotonically increasing
in W in the region W < I; = 0.5, consistent with our earlier findings for the baseline
model.

The striking new result is for W > 0.5, when the firm invests more aggressively
than under the first best: Y (W) < Y} = 1.27. The firm accelerates the timing of its
first growth option in order to access the internal funds generated by the operating
asset. By over-investing in the first growth option, the firm gains overall because the
benefit of relaxing the financial constraint for the second growth option outweighs the
cost of accelerating the first growth option.

This result reflects a more general principle: other things equal, financially con-
strained firms prefer growth opportunities with front-loaded cash-flows. In the classi-

cal MM-based real options framework there is a basic equivalence between an option
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that pays the present discounted value as a lump sum and an option that pays a cash
flow of equivalent present value over time. This is not the case in our real-options
model for a financially constrained firm as the over-investment result above illustrates.
Our more general model can thus explain why in reality firms tend to prefer projects

with front-loaded cash flows.

9 Conclusion

Our generalization of the classic real options framework of McDonald and Siegel
(1986) to include financing considerations reveals the risks for corporations of overly
relying on textbook real-options tools (that assume away financing costs) to guide
their investment policies and to determine the value of their real options. Although
the classical real option framework can provide a satisfactory approximation for firms
with adequate internal funds and with highly profitable operating assets, we have
shown that it is highly misleading for moderately profitable firms, with low or even
medium levels of internal funds. For the latter firms the value of growth options is
not only substantially lower than the estimates produced by classical option pricing
tools, but also the lack of internal funds to finance capital expenditures results in
significant deviations in the optimal investment policy from that prescribed by the
classical real options model.

Our general real options framework with financial constraints is particularly rele-
vant for entrepreneurial firms, for which growth options represent the most significant
part of their value, and for which external financing costs are highest and internal
funds tightest. The reason why these firms face high external financing costs is that
they have little collateral to offer and therefore have to rely mostly on external equity
financing, for which information dilution costs a la Myers and Majluf (1984) are very
high. As our analysis of sequential investment options indicates, a strategy to relax
financial constraints that some start-ups have adopted is to invest in an operating
asset before the long-term viability of that asset could be ascertained, in an attempt
to generate internal cash flows that could be useful towards financing future growth
options.

Our analysis of payout policy also reveals how dividend and stock repurchase
policies are tied to growth opportunities. In the presence of such opportunities it is

optimal for the firm not to pay out retained earnings, as internal funds are better
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deployed towards funding the firm’s future capital expenditures. But once these
opportunities have been seized, optimal payout policy flips: more profitable firms
pay out more, exactly the opposite of the policy in the growth phase. The empirical
literature on dividend policy (e.g. Fama and French, 2001) finds that growth firms
do delay dividend payments and our analysis offers a simple explanation for this
behavior.

Although the introduction of financial constraints in a real options model is a
significant generalization, our model falls short of accurately representing several as-
pects of financial constraints that firms face in reality. For example, we have assumed
for simplicity that external financing costs are the same whether the firm is in the
start-up, growth, or mature phase. In reality, chances are that external financing
costs are lower for firms with a proven track record or for firms who have assets in
place that can serve as collateral. We have also suppressed any possibility of debt
financing, including allowing the firm access to a line of credit it could draw down
when it faces a liquidity squeeze. Accordingly, extending our model to allow for a
richer and more realistic description of external financing options is an obvious next

step in developing this framework further.
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Appendices

Appendix A provides some details for the First-Best solution. Appendix B and
C provide proofs for the results for the general case with financial constraints in the
mature phase and the growth phase, respectively. Finally, Appendix D provides a
sketch of our numerical solution procedure.

A Technical details for the First-Best solution

Below we report the explicit solutions for the first-best abandonment hurdle in
the mature phase Y, the first-best investment threshold Y;*, and the first-best aban-
donment threshold Y,*; in the growth phase. Sundaresan, Wang, and Yang (2015)
provide derivational details for essentially the same first-best real-option problem.
For brevity, we skip the derivations here.

The abandonment hurdle Y,", in the mature phase is given by :

2:
& y—=1 r my’

where the constant v is given by:

1 o2 o2\ 2 , A

The investment threshold ¥;* and abandonment threshold Y, in the growth phase

jointly solve the following equations:

i I (o (252
bR (22 2) ()" (- 22).

(A.3)
and

A e e CUE A G )
(

Y)Y ) = B (V)P (leaf1 - é)
VaP P =Py \r=u 7))
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where the constant 7 is given by (A.2) and the constant 3 is given by:

_ ! o G NP A5
5—; —(M—7)+ (M—7> + 2ro >1. ( )

B Proofs for the general case in the mature phase

B.1 Proof for Lemma 1

For any given time ¢, we can construct a control policy A€ Awith A= {(% =
t,7% > t,Fy)} such that the firm is liquidated immediately at time ¢. Under this
policy, we have

P(W,,Y;; A) = W,.

-~

Since P(W,Y;) = supyeq P(Wi, Y A) > P(Wy, Y5 A), it immediately follows that
PW,Y)>W.

B.2 Proof for Lemma 2

For any given time £, we can construct a control policy A € A with A = {(2 >
t,7% = t,Fy > 0)} such that the firm issues equity at time ¢ and for any s > ¢ we
assume that the firm takes the optimal liquidation and financing decisions, including
financing timing and the choice of the optimal amount F;. Under the above policy,
the (optimal) value function at time ¢ is P(W,_ + F5, Y, ) — F5, — ®(F,) where t— is
the left limit of ¢t. By the continuity of value function upon the equity issue, we have

-~

P(Wt_,Y;_;A) = P(Wt_ + FQ,Yt_> - F2 — @(Fg) .

Since the time of the equity issue for 72 = ¢t may not be optimal, we have

-~

sup PWi_,Y;;A) > sup P(W,_, Y, ;A)=sup PW_ + F5, Y, ) — Fy, — O(Fy).

AcA F»,>0 F>>0

Recall that P(W;_,Y;_) = supycq P(W;_,Yi_; A), so that

P(W,,Y;) > sup P(Wy_ + Fy,Y; ) — Fy — ®(Fy).

F>>0

B.3 Proof for Lemma 3

See details in the main text following Lemma 3.

51



B.4 Proof for Lemma 4

First, for sufficiently high W, i.e. W > Ay, the firm is permanently financially
unconstrained and hence Lemma 4 directly follows from Lemma 3.

Next, we consider the case when the firm is financially constrained, i.e., when
W, < As. By applying Lemma 1 and Lemma 2 to (13), we obtain

(2 _p) o (2
megzm%w”Pwﬁnﬂsz<MWmm%). (B.1)

Here, the first inequality follows from the fact that the first two terms in (13) are
positive and the second inequality follows from Wi = Ay > W, and the result that
the value function is monotonic in W, as stated in Proposition 1.

Consider a small time interval (¢, t+At) where At > 0. AsY; — oo, the firm aban-
dons its operations or issues equity with zero probability. This is because Wy a; > Ag,
as Y; — o0o. One can check this result by using the dynamics of W, given in (5) to
this case. That is, as Y; — oo, 75 — t with probability one. When 7%, — ¢, (B.1)
boils down to

P(W,.Y;) > P*(W,.Y,) > P(W,,Y,). (B.2)

That is, P(W,,Y;) = P*(W,,Y;) if 7%, — t. Put differently, the firm achieves the
first-best outcome and hence P(W,Y) = P*(W,Y) =W 4+ Q*(Y') when Y — oo.

B.5 Proof for Theorem 2

Verification. We establish that any piecewise C? function which is a solution to
equation (25) associated to problem (13) is a majorant of the value function P.

Proposition 5 (Verification) Suppose we can find a positive function P which is
piecewise C on the region Yo with bounded first derivatives'® and such that for all
(W,Y) € %,

LoP < 0, (B.3)
PW,Y) > W, (B
P(W,Y) > sup P(W + F,Y) — F, — ®(F,),

F>>0

with boundary conditions ﬁ(W, Y) = PF(W)Y) for W = Ay or Y — oo, then

PW,Y)=PW,Y) for all (W,Y) € %s.

9Tn the sense of Definition 4.8, p. 271 in Karatzas and Shreve (1988).
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Proof. We first show that P(W,Y) > P(W,Y). Notice that A is a control policy in
problem (13), where A € A and A is the set of all policies. Then, by definition, we
have (14). If we can show that P(W,Y) > P(W,Y: A) for any control policy A € A,
then it follows that P(W,Y) > P(W,Y).

Using the generalized Ito’s formula (Dellacherie and Meyer (1980), Theorem VIII-
25 and Remark ¢, p. 349), we can write:

e PW._Y,, ) = ﬁ(Wt,Yt)+/ e "N L, P(W,, Y, ds
t
To— .
- / e " Py (W, Y,)oY.dB, .
t

Since P satisfies (B.3), the second term of the right hand side is non-positive. More-
over, since the first derivative of P is bounded, the third term is a square integrable
martingale. Taking expectations, we then get:

]Et _TTQ tP(WTQ 7}/7'2 )] Sﬁ(WMK)

Suppose that the firm issues equity N times from time 0 to time 7% A 7%, and
divide the time interval (0,77 A7) into N + 1 subperiods. We define 7%, as the time
of the n-th round of external financing, where 1 < n < N. During the last period
(75> T1 A Tf) we then have:

PWoY) = B [em 0P, Y, )]

= E _e_T(Tz = P(WTZ’K'Z)I’7'2:7'2 + e_r(TQ_t)P*(WTmY:m)I = 2]

T2 TU

T2 TT2=T7

= P(W.YsA), (B.6)

2 Et 77"(7—2 tW I 2 +e rrem tP*(WTwYTz)ITQ TU:|

where we have used the condition (B.4) for the second inequality.
During the N-th external financing subperiod (7%, ,72) we have in turn:

PW,Y) > E[erC 0B, . Y,,)]

= E _eir(mit)ﬁ(WTQ*a}/:1'2*)172:7'2 :|
- Ny

Z ]Et eir(727t) sSup [ﬁ(WTzf + F27 Y7'2*) - F2 :|
L F>>0

= E e sup []E ) [ﬁ(WTQ_JrFZ,YTQ_)} Py — @(Fg)}z ]

F>>0 I

Z Et -6 (r2=1) |:E 2 [P(WT2— + FQ; }/7'2—)] - F2 - (I)(F2)} IT2:T%Ni|
= P(Wt,Yt,A), (B.7)
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where again we have used the condition (B.5) for the second inequality, and the third
inequality is obtained from (B.6).

Following similar steps for earlier subperiods we obtain that P (W, Y;) > P(W,, Yy A).
Since the policy A is arbitrarily chosen, we have

P(W.Y) 2 max P(W,Y;A) = P(W,Y).
(S

Finally, since the optimal strategies are attained, all the inequalities become equali-
ties, so that:
PWY)=PW,Y;A) = PW,Y),

when A = A*, where

A" e A" = {arg max PW,Y;A)}.

B.6 Proof for Proposition 1

Proof for the Existence and Boundedness Property. It is immediate to ob-
serve that the closed-form solution for P*(W,Y") with (W,Y") € 3 is bounded under

Assumptions 1-2. It follows that P(W,Y") is also bounded under Assumptions 1-2.
Lemma 1 shows that W < P(W,Y). To see why P(W,Y) < P*(W,Y), let

Pqy(W,Y) be the value function if the firm is allowed to issue equity freely without

paying any external financing cost in the first round of financing. We then have:

PW,.Y;) = E, [e_T(Tz—t)[ (Wrpe + P, Ye, ) = By = O(R2)) T,y ¢ 2 OW,, T o

+e ") P (W, Yy, T

) =
=]
) —
|

< E [e_r(m_t) [ (WTz— + F2, Yo, FQ] To=T% _T(T2_t)W7'2 ITQ:TQL
+e —r(T2— t)P*(WTQ, YT2 7—%
= Puy(W,Y). (B.8)

Now, let Pro)(W,Y) be the value function if the firm has the opportunity to issue
equity without any cost for the next two rounds. Then:

P(l)(Wt7 Y;) = E _e—r(rz—t) [P(WTz— + F27 Y;'2—) - FQ] 172:7'2}7‘ + e_T(TQ_t)WTz I7'2:7—2

e O P WL Y )T |

To=T{;

IN

T2 _T

E, [0 [Pay(Wryo + Fo, Yoyo) = F] Toprs + € OW,, T

+e " PY (W, VL) T,

TQ=T

= Poy(WiYi). ' (B.9)
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Repeating the same argument, we have
PW,Y) < Pyy(W,Y) < Poy(W,Y) < ... Pooy(W,Y),

where P)(W,Y) represents the value function for an infinite number of costless
issues for given timing 7. In other words, Po)(W,Y) is the firm value when it is
forever financial unconstrained for given timing 7, so that P)(W,Y) < P*(W,Y).
It then follows that:

PW,Y)< P*(W)Y).

Finally, we establish that P(W,Y’) exists under Assumption 2. Note first that
the set of policies A is non-empty. Indeed, one policy A € A is to immediately
liquidate the firm at time ¢, A = {(7% > ¢,72 = t,F, = 0)}. The firm’s payoff
under this policy is P(W,,Y;; A) = W,. Therefore, there exists at least one policy
A* € A such that P(W,;,Y;; A*) = maxaeq P(Wy, Yy A). Note that P(W,,Y;) =
maxacq P(Wy,Yi; A), so that it exists and is given by P(W,,Y;) = P(W;, Y;; A*). B

Proof for the Monotonicity Property. First we show that P(WY) is strictly
increasing in W. For simplicity, define Q(W,,Y;; A) = P(W, Y;; A) — W, and notice
(13)we have the

QY A) = By [e7 ) [ (R T, g + 7 0Q (V)L | . (B1O)
and

QW Y;) = sup Q(W,, Y, A). (B.11)
AcA

Obviously, P(W,Y) is strictly increasing in W if Q(W,Y") is increasing in W. Next,
we prove Q(W,Y) is increasing in W.

Let W > W® and A*, A be the optimal policies for the firm with initial wealth
WO and W, Define A5 = {77*, 75", F;*}, and define 77;* as the time when the
firm has accumulated sufficient liquidity to be permanently financially unconstrained.

For the firm with initial wealth W®_ a policy A; can be constructed with the
same external financing decisions, including the financing time and amount, and the
same liquidation time as policy Aj. Observe next that the dynamics of liquidity are
then such that W > W for s > t, path by path, if Wt(l) > Wt@), which implies
Wi > Wi = Ay if 7y = 7"

Under this policy A; = Aj we then have:

QW Y A3) = By [0 [~0(FP] T, e + e OQVD YT, s

T2=T T2 ) T2=Ty;

= B [e7 0 [0 I, e + QYT s |

T2=Ty;

= QWP Yy A5) = QW2 Y,). (B.12)
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Hence, we have

QWY = QWM Y AY) = QW Vi Ay) = QW Y A3)
= QW Y; A3) = QWP Yy,

That is Q(W,Y') is increasing in W and P(W,Y) = Q(W,Y )+ W is strictly increasing
in W.

Second, we show that P(W,Y) is strictly increasing in Y for Y > Y (W), where
Y (W) denotes the liquidation boundary. That is P(W,Y®) > P(W,Y®) if Y1) >
Y@ > Y (W). We can use the same argument as for the monotonicity in W. Again,
defining A* and A} as above, we can take A; = Aj. Furthermore, let W) and
W® denote the liquidity of the firm with initial earnings fundamentals Y and
Y ® respectively. Observe next that the dynamics of liquidity are then such that
W > W for s > ¢, path by path, if WY = W@, Also, Y > v,® > y(W)
implies that WY > W if 7, = min{7>*, 75}

Since P*(W,Y’) is always strictly increasing in W and Y, the terminal payoff
with initial earnings fundamentals Y(!) is always higher than with initial earnings
fundamentals Y, path by path, under the same policy A, so that:

PW,YW; A) = PW,YW; A7) > P(W, Y®; 45) = P(W, Y1)
Furthermore, P(W, YD) = P(W,YW); A7) > P(W,YM; A}), so that:
PW, YD) > P(W,Y®) for YO >yY® >y w).

Proof for the Uniqueness Property. Let Xp denote the interior region where
EQP =0:
Yp={WY)0<W <A, Y(W) <Y < 0}. (B.13)

Let 3, denote the boundary of ¥p:

Sp={W Y)W ={0, 0}, Y(W) <YV <o} U{(W,Y)[0 W < Ao, YV = Y(W)}.
(B.14)

We first show that the solution is unique for a given region Xp and then show that

Y p is unique. Finally, we show the the solution is unique on the whole region ig =
YpUXhp.

56



Suppose by contradiction that for a given region Xp where L5P = 0, there are
two solutions P (W, Y) and P®(W,Y) which satisfy:

a2V 2P (W, Y)

0 = ("W +maY — Zo) PP (W, Y) + uy PO(W,Y) + ; —rPOW,Y),
and
2y2p (W, Y
0 = (W +meY — Z)POW,Y) + uy PO W, v)+ 2 yy(WY) rPA(W,Y),

2

in the region $p. Let P(W,Y) = PO(W,Y) — PQ(W,Y). Then P(W,Y) also
satisfies

o2Y2Pyy (W, Y)

0= (rW +moY — Zs) Py (W, Y) + pY Py (W,Y) +

in region Xp. Let

~

(W,Y)carg max PW,Y).

(WY)expUx,
If (/V[?,?) € Yp, we have ﬁW(W,?) =0, ﬁy(W,?) =0 and ﬁyy(/m?,?) <0.

Under Assumption 2, we also have:

0'2?2ﬁy;/(/m7, ?) S 0.

rﬁ(W, }A/) =

Therefore, we have

A~

PW.Y)<o0, if (W,Y)eSp. (B.15)
Note that (W, Y (W)) € X%, we have

~

max  P(W,Y) > max P(W,Y)>POW,Y(W))— POW,Y(W))

(W)Y)expux), (WY)ex)
= W-W=0.

That is

A~~~ —~ o~

PW,Y)>0, for (W,Y)eSpu,. (B.16)
Combining (B.15) and (B.16), we have

A~~~

PW.,Y)=0, if (W,Y)eSp. (B.17)

Next, we prove that ﬁ(W,?) = 0 if (W,?) € 3. By using closed-form value
functions on the boundaries: Y =Y (W) and W = Ay, we have

PW,Y) = 0,if (W,Y) e {W, Y)W = A, Y(W) <Y < oo}
U{W, )0 < W < Ay, Y =Y(W)}. (B.18)
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Next we show P(W,Y) =0, it (W,Y) e {(W,Y)|W = 0,Y(W) <V < oo},
First, note that ﬁw(W,?) <0, Py(W Y) = 0 and Pyy(W Y) <0 1£/AI/I7 =0, and
r% <Y < oo. Therefore, we have rP(0,Y) = (moY — Z3) Py (W, Y)—l—w <0
if nZTZ <Y < 0o. Then using (B.16), we have

o~ 7 N
P0,Y)=0, if Z2<Y <. (B.19)
mgy

Finally, let F ) and F, ) denote the optlmal equity issues in that P(I)(O Y) =
SUp,—g PO (Fy, Y) — Fy — ®(F,) and P (0,Y) = supp,.q PO (Fy,Y) — O(F).
We thus have

P0,Y) = P1(0,Y)- PP 0,Y)
)

= (POFED, V) = BV - o(FV)) - (PO(FP, V) - FP - o(F))
< (POED,Y) - Y —a(ED) - (POED,T) - B - a(FY)
= PFMY) (B.20)

This is obviously a contradiction unless IS(W Y) = 0. That is P(O Y) 0 if
Y(0)<Y < 22 . Together with (B.19) and (B.18), we conclude that

PW,Y)=0, if (W,Y)ex,. (B.21)
Further by combining (B.17) and (B.21), we conclude
PW,Y)=0 for (W,Y)eZpUX,. (B.22)
This implies that
POW,Y)< POW,Y) for (W,Y)eXpUXy. (B.23)

Since the entire analysis also holds if we switch P()(W,Y) with P®)(W,Y), in
that
POW,Y)< POW,Y) for (W,Y)eXpUXh, (B.24)

we thus conclude that
POW,Y)=POW,Y) for (W,Y)eZpUp.

We next show that the region ¥ p is unique, which is equivalent to showing that
the boundary X', is unique. From the definition of ¥, we only need to show that
Y (W) is unique for 0 < W < A,. Suppose that there are two liquidation boundaries
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YO(W) and YO(W), with YV (W) > Y P (W) for some W, and let PM(W,Y) and
P@(W,Y) be the corresponding solutions. We then have:

W =POWw,yWw)) > PAOW,yOw)) = w = PP W, yPmw)),

where the first inequality follows from the optimality of the liquidation decision and
the second inequality is obtained from (15). It follows that P®(W,YWD(W)) =
PAOW,Y®(W)). Moreover, the value function is increasing in both W and Y so
that: YW (W) = Y@ (W). Finally, we show that the solution is unique on the
remaining liquidation region ¥}, = 3y — (X pUX/). From the definition of the regions
Y p and Y5, and total region Y5, we have that

S={(W,Y)0<W <A 0<Y <Y (W)}.

Since Y (W) is unique it follows that X is also unique. And in the liquidation region
¥}, the value function is P(W,Y) = W. In sum, the solution of P(W,Y") in the region
Y9 is unique. W

B.7 Proof for Proposition 2

Proof for Monotonicity Property of Liquidation Boundary. Here, we want
to show that the optimal liquidation boundary, Y (W), is decreasing in W in the
mature phase. Let Y (W®) and Y(W®)) denote the optimal liquidation boundary
with liquidity W® and W® | where W1 < W@, Recall that Q(W,Y) = P(W,Y) —
W is increasing in W as shown in Proposition 1, we have 0 = Q(W M, Y (W W) <
QW@ Y (WW)). In addition, P(W,Y) is strictly increasing in Y before liquidation,
as shown in Proposition 1, which implies that Q(W,Y) = P(W,Y)—W is also strictly
increasing in Y for Y > Y/(W). Hence, we have Y(W®) > Y(W®) otherwise
0= QWL YWW)) < QW Y(WW)) < QWP Y (W®?)) = 0, which is a
contradiction. That is, Y (W®) > Y(W®) if W) < W which establishes that
the optimal liquidation boundary is decreasing in W in the mature phase. B

Proof for Delaying Costly Equity Issuance. First, we need to show that the
firm has to issue equity if W = 0, for Y such that Y(0) < Y < nZl—QQ, to be able to
continue operations. We assume that F*(0) is the optimal amount of equity issuance,
which implies that P(0,Y) = P(F*(0),Y) — F*(0) — ®(£*(0)). This also implies
that Py (0,Y) > 1+ ®¥(0)) = 1 + ¢, otherwise F*(0) = 0 and the firm defaults
immediately, which is a contradiction for Y (0) < Y < i—z Denote M = F*(0), we
have that Py (W,Y) > 14 ¢, for 0 < W < M and Py (M,Y) = 1 + ¢, otherwise
F*(0) is not the optimal amount of equity issuance.
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To show that the firm will delay costly equity issuance until entirely exhausting
its cash, we only need to show that P(W,Y) > supp,>g P(W +Fy,Y) — F, — ®(F}) for
W > 0. First, since Py (W,Y) < 1+¢, for W > M, the firm has no incentive to issue
equity because P(W,Y) > P(W + F5,Y) — Fy — ¢, Fo > PW + F,,Y) — Fy — O(Fy)
for W > M. Next, we show that P(W,Y) > supp,~o P(W + [2,Y) — F, — ®(F})
for 0 < W < M. We define F*(WW) as the optimal amount of equity issuance if the
firm chooses equity issuance at W with 0 < W < M for given Y, which implies that
Supp,>o PW + F2,Y) = F — ®(Fy) = P(W + F5(W),Y) — F5(W) — ®(F5(W)) and
M =W + F;(W). We then have

PWY) = (P(W + F5(W),Y) = F5 (W) = @(F5(W)))
=P(W,Y) - ( (M,Y) = F*(W) — ©(F5(W)))
=P(W,Y) - ( (M,Y) = M — ®(F;(W)))
=QWY) - Q(M Y)+ &M -W).

Recall that P(0,Y) = P(F5(0),Y)—F5(0)—®(F5(0)) and M = F5(0),and Q(0,Y) =
Q(F3(0),Y) = (F3(0)) = Q(M,Y) — &(M), so that

PW,Y) = (P(W + F;(W),Y) — F3(W) — ©(F5(W)))
=QNY)=Q(0,Y) + (M - W) — (M)
=QNY)-Q(0,Y) — ¢, W
> W —oW =

where the above inequality follows from Py (W,Y) > 1+ ¢, for 0 < W < M, which
implies that Qw (W,Y) > ¢, for 0 < W < M. Finally, P(W,Y)—(P(W+F;(W),Y)—
Fy(W) — ®(F5(W))) > 0 implies that the firm has no incentive to issue equity for
0 < W < M. In sum, we have shown that the firm has no incentive to issue equity

for W > 0, which implies that the firm will delay costly equity issuance until entirely
exhausting its cash. W

C Proofs for the general case in the growth phase

C.1 Proof for Lemma 5

For any given time ¢, we can construct a control policy Ae Awith A = {(ms >
t,7t =t 7L >t Fy)} such that the firm is liquidated immediately at time ¢ in the
growth phase. Under this policy, we have

GW,, Y, A) = W,.
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~

Since G(W,,Y:) = suppca G(W,Ye; A) > G(W,, Yy A), it immediately follows that
GWY)>Ww. R

C.2 Proof for Lemma 6

For any given time ¢, we can construct a control policy A€ Awith 4 =
{(r; > t,7% > t,7L. = t,F; > 0)} such that the firm issues equity at time ¢, and
for any s > t we assume that the firm takes the optimal investment, liquidation
and financing decisions, including financing timing and the choice of the optimal
amount Fj. Following the above policy, the (optimal) value function at time ¢ is
G(W,_ + F1,Y,_) — F; — ®(F}). By the continuity of value function upon the equity
issue, we have

-~

G(Wt_,yt_;A) = G(Wt_ + Fl,Y;g_) — F1 — (I)(Fl) .

Since the time of equity issue for 7L = ¢ may be not optimal, we have

-~

sup G(W;—,Y;; A) > sup G(W,_, Y, ;A) =sup G(Wi— + F1,Y, ) — F1 — O(F).
AeA Fi1>0 F1>0

Recall that G(W,_,Y;_) = supyeq G(Wi_,Y:_; A), so that we have G(W;_,Y;_) >
supp g GWi— + F1,Y,-) — Fr — ©(Fy). B

C.3 Proof for Lemma 7

For any given time ¢, we can construct a control policy A€ Awith A = {(r; =
t, 7t > t, 7L =t, Fy > 0)} such that the firm exercises its growth option and/or issues
equity at time ¢, and for any s > t it is in the mature phase. Following the above
policy, the (optimal) value function at time ¢t is P(W,— + Fy — I,Y;_) — F} — ®(F}).
By continuity of value function upon the equity issue, we have

-~

G(Wt,,K,;A) = P(Wt, + F1 - [,K,) - Fl — (I)(Fl) .

Since the time of the equity issue 7; = t may be not optimal, we have

-~

sup G(W,_, Y, A) > sup GW,_, Y, ;A) =sup PW,_+F,—1,Y,_ )—F—®(F}).

AeA F1>0 120

Recall that G(W;_,Y;—) = supyeq G(Wi_,Y:; A), so that we have G(W;_,Y;_) >
SUPpsg PWie + 1= 1,Y; ) — F1 — @(F1). B
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C.4 Proof for Lemma 8

We assume that the current time is ¢, and that Y, < Y; < Y;*, and denote
73 = inf{s]Y, < Y} and 77 = inf{s|Y, > Y;*}. Obviously, 77 is the optimal
first-best liquidation time and 7} is the first-best optimal investment time. Note
that Ay = % and W, > Ay imply that the drift of W in the growth phase
(rWs+m Y;— Zy) is always positive for t < s < 7, where 7 = (7 A 7}), which means
that W, > W, > 0 for t < s < 7, and the firm will never use external financing by
issuing equity before liquidation or exercising its growth option. In addition, we have
that Wy, > W, > I + Ag since (rWWy +m Y, — Z;) > 0 for t < s < 7. Hence, we can
construct a control policy A € Asuch that A = {(r; = 77,7} = 7%, 74 = 00, Fy = 0)}.

From (29) we have

G(Wt, th, A) = Et [B_T(T;‘_t)P(WTj{_ - [, Y:;-;‘—)ITE>T;* + e_T(TZ_t)WTZ IT2<T:j| .
(C.1)
Note that Wr:_ > I + Ay, therefore by Lemma (3) and Theorem 1 we have
PWeee =LY ) =Wl = I+ Q(Ver o) = Wer e + H (Yo o) = G* (Wi, Yor ).

Note also that Y. =Y

a,l?

so that by Theorem 1 we have
WTE = WTE +0= WT*L + H*O/T*L) = G*(WT27YT2) .
Hence, we could rewrite (C.1) as
GW,, Y A) = By e TG (Wees, Yor ) Trs e + € TG (Wis , Yoy ) Tps 1t
= E [e "G (W,o, Y, 0)]
= G"(W,Y)). (C.2)
Finally, since G(W,Y) = supycq G(W,Y; A), we have G(W,Y) > G*(W,Y) for

W > max{A;,Ay + I}. And, following the boundedness property of G(W,Y) as
shown in Proposition 3, we have G(W,Y) = G*(W,Y) for W > max{A;, Ay +}. &

C.5 Proof for Lemma 9

Assume that for any given time ¢, W; > 0, Y; — oo, and that the firm always
takes optimal decisions. Consider a tiny time period (¢,t + At) with At > 0. During
this period the firm abandons or issues equity with zero probability, since Y; — oo.
Hence, we have Wy oy > max{A;, Ay + I} with probability one when Y; — oo, which
implies that G(Wiyias, Yiear) = G*(Wiiae, Yizar) with probability one, by Lemma 8.
From (29) under optimal decisions we have

G(I/Vt, Y;) =[E, [e_r(HAt_t)G(WHAt,Yt+At” = E, [e_rAtG*(WHAt, Yt+At)] .
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Since Y; — oo, the above equation holds for any A > 0, and by taking A — 0, we
have

G(Wu Y;t) = EL% E [eiTmG*(WHAt, Y;‘,+At)} =E, [G*(Wu Y;t)] = G*(Wt7 Y;t) .

C.6 Proof for Theorem 3

Verification. We establish that any piecewise-C? function, which is a solution to
the equation (40), associated to problem (29), is a majorant of the value function G.

Proposition 6 (Verification 2) Suppose that a positive function G exists which is
piecewise-C? on the region ¥, with bounded first derivatives and such that for all
(W,Y) € ¥y,

£,G < 0, (C.3)
GW,Y) > W, (C.4)
GW,Y) > sup PW+F, —1,Y) - F — ®(F), (C.5)

F1>0
GW,Y) > sup G(W + F,Y)— F, — ®(F), (C.6)
F1>0

with boundary conditions G(W,Y) = G*(W,Y) for W = max{A;, Ay +1} or Y — oo.
Then GIW,Y) = G(W,Y) for all (W)Y € ¥;.

Proof. We first show that G(W,Y) > G(W,Y). Notice that A is a control policy
in problem (29), where A € A the set of all policies. Then, by definition, we have
(30). If we can show that G(W,Y) > G(W,Y; A) for any control policy A € A, then
it, follows that G(W,Y) > G(W,Y).

Using the generalized Ito’s formula (Dellacherie and Meyer (1980), Theorem VIII-
25 and Remark ¢, p. 349), we can write:

eTMIOGW,, L Y,L) = GWLY,) + / e L,G(W,, Y, ds
t

T1— -
+ / e "Gy (W, Y,)oYedB, .
t

Since G satisfies (C.3), the second term of the right hand side is non-positive. More-
over, since the first derivative of G is bounded, the third term is a square integrable
martingale. Taking expectations, we then get:

B, e ™G W, Yy )| < GWL Y.
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Suppose that the firm issues equity N times from time 0 to time 7} A 7(;, and

divide the time interval (0,7} A7{;) into N + 1 subperiods. We define 7}, as the time

of the n-th round of external financing, where 1 < n < N. During the last period

1 1 A1 :
(Tky» T A Tyr) we then have:

G(Wt7 }/t)

> E -eir(Tlit)é(WT1*7YT1*)

= E -e_T(Tl_t)é(Wﬂ ) }/7'1 )In:TlL + e_r(Tl_t)G*(WTu YTl )I L }

By [e "W, T 4 e TG (W, Y, )T }
L U

T1=T T1=T

= G(W, Vs A), (C.7)

where we have used the condition (C.4) for the second inequality.
During the N-th external financing subperiod (7 ,71) we have in turn:

G(Wta Yt) Z

v

AV

7 -e_T(Tl_t)é(Wﬁ—’ YTI_)i|

E, [e "M OG(Wy,_, Yey )T, _a }

TI=Thy

Et C_T(Tl_t) sup [é(WTl_ + Fl)YTl—) - Fl - (I)(Fl):| IleTl <7
F1>0 v

TI\=Tp =T;
F1>0 Fn—ot

+e " sup [P(Wyy— + Py — 1Y, ) — Fy — ®(FY)|Z, _ 1 _ ]

E,

D sup [ETl [é(WTl, + FI,YH,)} R @(Fl)} T .
>0 Fn Fny >0t

+e—r(T1—t) sup |:]ET},
>0 N

E, |:e_7“(7'1—t) [ETIF (G(Wry— + FL Yo )] — F — @(Fl)} T o,
N N

=T
‘N k3

[P(Wri—+ Fi = LYy, )] = Fi = O(R)| T,y ]

4 e r(mi-) [E7—1 [PW, -+ F —1,Y, )] — F — @(Fl)} T :T}
Fy Pyt
G(Wi,Yi; A), (C.8)

where again we have used the condition (C.5) for the first term of the second in-
equality and the condition (C.6) for the second term of the second inequality, and the

third inequality is obtained from (C.7).
Following similar steps as for earlier subperiods we obtain that G(W;,Y;) >
G(Wy, Yy A). Since the policy A is arbitrarily chosen, we have

GWY) 2 max GIW,Y:4) =GWY).
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Finally, since the optimal strategies are attained, all the inequalities become equali-
ties, so that:

GWY)=GW.Y;A)=GW,Y),
when A = A*, where

A e A" = {arg max GW,Y;A)}.

C.7 Proof for Proposition 3

Proof for the Existence and Boundedness Property. It is immediate to ob-
serve that the closed-form solution for G*(W,Y") with (W,Y") € ¥ is bounded under
Assumptions 1-3. It follows that G(W,Y") is also bounded under Assumptions 1-3.
Lemma 5 shows that W < G(W,Y). To see why G(W,Y) < G*(W,Y), let
G1y(W,Y') be the value function if the firm is allowed to issue equity freely, without
paying any external financing cost in the first round of financing. We then have:
GV Yy) = B[ M0 [GWr, - + R Yy, o) = B — O(R)] T

7'1:7'}7 <T;

_i_efr(Tlft) [P(WT1— + Fy — 17 YTI_) — F — (I)(Fl)]ITl 1

:TF =T;

+e T MIOWL T 4 e T TIOGH (W, Y, )T 1]

T1=T1=T T1=Ty

IN

T _
T 1 T1=Typ,

Et |:€_T(T1_t) [G(WTl— + Fl; YTl—) - Fl] 1z 1:7—}?<7—i + €_T(Tl_t)W s 1
+e T P(W,_+ FL—1,Y,, ) — FZ. .

T1=Tp=T;
+e "G (W, Y )T s

T1=Tyr

= Gu(W,Y). (C.9)

Now, let Go)(W,Y') be the value function if the firm has the opportunity to issue
equity without any cost for the next two rounds. Then:

Goy(W.Y;) = E, [e—rm_t) G(Wy,-+ R, Yy, ) = R T
+e "M PW, _+ F — 1Y, )= F]ZL. _.

TI=TE=T;

FeTOIW,L Ty TG W, YT,
L U

T1=T T1=T
—+1 .
1=T<T;

< E, |:6*7"(717t) [Gay(Wr, + P, Y, ) — F| T,
e "M [ PW, 4+ F —1,Y,, )= F|T, _

TI=Tp=T;
+€_T(T1_t)WT1 7 1+ e_T(Tl_t)G*(WTU Yo, )Z i i|
L U

T1=T T1=T

= Go(W.Y). (C.10)
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Repeating the same argument, we have

where G(o)(W,Y) represents the value function for an infinite number of costless
issues. In other words, G(s)(W,Y") is the firm’s value when it is forever financially
unconstrained, so that G)(W,Y) < G*(W,Y). It then follows that:

GW,Y) < G(W,Y).

Finally, we establish that G(W,Y") exists under Assumption 2 and Assumption
3. Note first that the set of policies A is non-empty. Indeed, one policy A € A is
to immediately liquidate the firm at time ¢, A = {(7; > t,7L > t, 7L = ¢, F; = 0)}.
The firm’s payoff under this policy is G(W;,Y;; A) = W, Therefore, there exists
at least one policy A* € A such that G(W,,Y;; A*) = maxacqa G(Wy, Yy A). Note
that G(W;,Y;) = maxaeq G(W,,Ys; A), so that it exists and is given by G(W,,Y;) =
GW, Yi; A). B

Proof for the Monotonicity Property. First we show that G(W,Y) is strictly
increasing in W. For simplicity, define H(W,;,Y;; A) = G(Wy, Yy; A) — W, and from
(29) we have

H(W;, Y3 A) =By |70 [Q(Wy, - + By = 1Yz, ) = O(F)] Ty =,

+e " (Yo )T A e T [H(We -+ FL Y, ) — 9(F))Z }J :

T1=T T1=T

and

H(W.,Y;) =sup HW,,Y;; A).
AeA

Obviously, G(W,Y) is strictly increasing in W if H(W,Y) is increasing in W. Next,
we prove that H(W,Y) is increasing in W.

For the firm with initial wealth W@ a policy A; can be constructed with the
same investment, the same financing time, and the same liquidation time as policy
A%, where the financing amount is given by F} = F>* + WS(E) - WS(P at the time of
financing. Observe next that the dynamics of liquidity are then such that wi >
W for s > ¢, path by path, if W" > W, which implies that W > w? =
max{A;, Ay + I} if 7, = 7. In addition, we have W = w® and F! = F>* for

2% 2%

O 2 .
s>7; =min{r;", 72"}, and F} < F{™" for t < s <7y =min{7;"", 72" }.
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Under this policy A; we then have:
FWDY Vi A) = E [e,r(mt) [Q(W}P_ VR 1Y) - @(Ff)] T, o

+e "M HN (Y )T s

T1=Ty;

(i — 1
+6 ( 1 t) |:H(W7§1)_ + F117Y7'1_) - Q(Fll)i| 1.71:7'%:*]

Y

E, [e_T(Tl—t) [Q(W(Q) FFP LY. ) - @(Ff’*)] T _ o

T1— T1=T;

+e T HN (Y, )T, o

p— I
TI=Ty

T1=T

fer(m=?) [H(Wﬁf)_ +FY Y. ) — @(Ff’*)} I QF}
= HW?,v;43) = HW2,Y,). (C.11)

Hence, we have
HW®M V) = HWD Y A > HWN, Vi A)) > HWP Y A5) = HWPY)

That is, H(W,Y) is increasing in W and G(W,Y) = H(W,Y )+ W is strictly increasing
in W.

Second, we show that G(W,Y") is strictly increasing in Y for Y > Y (W). Note that
G(W,Y) is strictly increasing in Y for Y > Y (W) since the firm exercises its growth
option immediately and P(W,Y") is strictly increasing in Y as shown in Proposition
1. Therefore, we need to show that G(W,YW) > GW,Y®) if Y(W) > Y1 >
Y@ > Y (W). We can use the same argument as for the monotonicity in W. Again,
we define the policies Ay, A} and A} as above, and let A; = Aj. Furthermore, we
let W and W® denote the liquidity of the firm with initial earnings fundamentals
Y® and Y® respectively. Observe next that the dynamics of liquidity are then such
that W > W for t < s, path by path, if W, = W?. This further implies that
W > W for s = 7, = min{r>*, 72* 75"}

Since G*(W,Y') is always strictly increasing in W and Y, the terminal payoff
with initial earnings fundamentals YV is always higher than with initial earnings
fundamentals Y@, path by path, under the same policy A, so that:

GW, YW A)) = GV, YW; 45) > GW, YP; 45) = GW, Y @)
Furthermore, G(W, YD) = G(W,YW; A7) > G(W,YW; A}), so that:
GW, YD) >aW,Y?) for YW)>YWD >vY® >y(Ww).

Finally, since G(W,Y) is strictly increasing in Y for Y > Y(W), we have that
G(W,Y) is strictly increasing in Y for Y > Y (W). R
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Proof for the Uniqueness Property. Let ¥ denote the interior region where
ElG =0:

Sg = {(W,V)]0 < W < max{Ay, A, + I}, Y(W) < ¥ < T} (C.12)
Let ¥, denote the boundary of ¥:

5 = AW Y)W = {0,max{A, Ay + I[}},Y.(W) <Y <Y(W)}
U{(W,Y)|0 < W <max{A;,Ay + 1}, Y ={Y(W),Y(W)}}.

We first show that the solution is unique for a given region ¥ and then show that
Y is unique. Finally, we show that the solution is unique on the whole region
S = B¢ US,.

Suppose by contradiction that for a given region Yo where £,G = 0, there are
two solutions GM(W,Y) and G (W, Y) which satisfy:

226G (W, Y)

0 = (rWH+mY —Z2)GYW,Y) + uyGP(W,Y) + : —rGOW,Y),
and
2y2 (2) y
0 = (W+mY - Z)GPW,Y)+uyGPw,y)+ 2 Gry(WY) _ rGA(W,Y),

2
in the region Yg. Let GW,Y) = GOW,Y) — GO(W,Y). Then G(W,Y) also

satisfies

. . 2Y2Gyy (W, Y
0= (W +mY — Z)Gw(W,Y) + uY Gy (W, Y) + 2 rv(W,

in region Y. Let

~

(/1/17, Y)carg max GW,Y).

(WY)exquxy,
It (W,Y) € S¢, we have that Gy (W, V) =0, Gy (W,Y) =0, and Gy (W,Y) < 0.
Under Assumption 2, we also have:
~ I//'I/\ )/} . 0'2}/}2@Y2Y(W,}/}) <

Therefore,

o~ o~ o~

GW,Y)<0, if (W,Y)eXs. (C.13)
Note that (W, Y (W)) € ¥, so that

max  GW,Y)> max GW,Y)>GOW,Y(W)-GPW,Y (W))=W-W = 0.
(WY)exquzy, (WY)exy
(C.14)
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That is
GW,Y)>0, for (W,Y)eXsU Z’G. (C.15)

Combining (C.13) and (C.15), we have

~

GW,Y)=0, if (W,Y)es. (C.16)

Next, we prove that G(W Y)y=0if (W, Y) e Y. . By using the value functions
at the boundaries: Y = {Y (W), Y (W)} and W = max{A;, Ay + I}, we have

GW,Y) =0, (C.17)

it (W, V) € {(W, Y)W = max{A;, A+ I}, Y(W) <Y < VWD U{(W, V)]0 < W <
max{Ay, Ay + I} Y = {Y(W), Y (W)}}.

Next we show that G(W Y) 0, if (W Y) ce{(W,Y)IW=0,Y(W) <Y <
( )}. First, note that Gy (W,Y) < 0, Gy (W, Y) = 0 and ny( LY)<0i
W =0, and Z1 <Y < Y/(W). Therefore, we have rP(0,Y) = (m,Y —Z,)Gw (W, Y)
w § 0 if fl—ll <Y <Y(W). Then from (C.15), we obtain that
PO 2~
G0.Y) =0, if “L<V<Y(W). (C.18)
1

Finally, let F ) and F 2 denote the optimal equity issues in that G(l)(() Y) =
supj -9 GU(F1,Y) — Fy — ®(Fy) and G(0,Y) = supp, .y G (F,Y) — (F).
We then have

G0,Y) = GW(0,Y)-G?0,Y)

= (GOEDY) - AV - o(FY) - (GO(FP,Y) - FP - oK)
< (GOFEDY) - FY —or") - (¢P(FHD, V) - KV - a(r)))
= G(FY) (C.19)

This is obviously a contradiction unless @(VV, Y) = 0. That is @(O,)A/) = 0 if
Y(0) <Y< 51_11 Together with (C.18) and (C.17), we therefore conclude that

GW.,Yy=0, if W,Y)ex,. (C.20)
Further, by combining (C.16) and (C.20), we conclude that
GW,Y)=0 for (W,Y)€ESqUY,. (C.21)
This, in turn, implies that
GYW,Y)<GPW,Y) for (W,Y) € SqgUX,. (C.22)
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Since the entire argument also holds if we switch GM(W,Y) with G®(W,Y), in
that
GOW,Y)<GOW,Y) for (W,Y)e€XqUX,, (C.23)

we conclude that
GOW,Y)=GYW,Y) for (W,Y) € SgUX,.

We next show that the region X is unique, which is equivalent to showing that
the boundary Xf, is unique. From the definition of X{,, we only need to show that
Y (W) is unique and Y (W) is unique, for 0 < W < A,. First, suppose that there are
two liquidation boundaries Y (W) and Y@ (W), with Y (W) > Y@ (W) for some
W, and let GO(W,Y) and G® (W, Y) be the corresponding solutions. We then have:

W =GcWw yWmw)) > ¢Hw.yOw)) > w =P W, y?w)),

where the first inequality follows from the optimality of the liquidation decision,
and the second inequality is obtained from (31). It follows that G (W, Y M (W) =
GA(W, Y@ (W)). Moreover, the value function is increasing in both W and Y so
that: YO (W) = Y@ w).

Suppose next that there are two investment boundaries 7(1)(W) and 7(2)(W),
with 7(1)(W) > ?(2)(W) for some W, and let GM(W,Y) and G (W,Y) be the
corresponding solutions. It follows that G (W, 7(2)(W)) > supp, P(W + F; —

I ,7(2)(W)) since 7(2)(W) is not the optimal investment boundary for G (W,Y).
We then have:

cOw, YY) > cOW, Y W) > sup PW+F -1,V (W) = cOw, v w)),

Fy
(C.24)
where the first inequality follows from the monotonicity property shown in Propo-
sition 3. Since 7(2)(W) is the optimal investment boundary for G®(W,Y), we have
GOW, 7(2)(W)) > GO, 7(2)(W)), which is conflicting with (C.24). Hence, we
have that ?(1)(W) = 7(2)(W) for all W.
Finally, we show that the solution is unique on the remaining liquidation/investment

region ¥} = ¥ — (X UX(). From the definition of the regions ¥ and ¥7;, and total
region Y, we have that

o= {(WY)0<W <max{A, Ay +1},0<Y < Y(W)}
U{(W,Y)[0 < W < max{A;,As + I},Y(W) < Y. (C.25)

Since both of Y/(W) and Y (W) are unique it follows that ¥ is also unique. In the
liquidation region the value function is G(W,Y) = W, and in the investment region
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the the value function is G(W,Y') = supy, o P(W + F1 — 1,Y’), so that the solution
for P(W + Fy — 1,Y) is unique as shown in Proposition 1. Hence, the solution for
G(W,Y) is unique in ¥. In sum, the solution for G(W,Y") in the region ¥, is unique.
|

C.8 Proof for Proposition 4

Proof for the Monotonicity Property of the Liquidation Boundary. Here,
we want to show the optimal liquidation boundary, Y (W), is decreasing in W in
the growth phase. Let Y/(W®) and Y/ (W®) denote the optimal liquidation bound-
ary with respectively liquidity W® and W®, where W1 < W® . Recall that
HW,Y)=G(W,Y)—W is increasing in W as shown in Proposition 3. We therefore
have 0 = HW®, y(Wm)) < HW® Y(WM)). In addition, G(W,Y) is strictly
increasing in Y before liquidation as shown in Proposition 3. This implies that
HW)Y)=GW,Y)— W is also strictly increasing in Y for Y > Y (W). Hence, we
have Y (W) > Y(W®), otherwise 0 = H(WM, Y (WM)) < HWR, Yy (WH)) <
HW® Y (W®)) =0, a contradiction. That is, we have established that Y (W 1) >
Y(W®) if WO < W which shows that the optimal liquidation boundary is de-
creasing in W in the growth phase. B

Proof for Delaying Costly Equity Issuance. First, we need to show that the

firm has to issue equity if W = 0 for given Y, where Y(0) < Y < £, to continue

operations. We assume that F;(0) is the optimal amount of equi?}; issuance, so
that G(0,Y) = G(F;(0),Y) — F;(0) — ®(F7(0)). This implies that Gy (0,Y) >
14 ®¥(0)) = 1+ ¢, for otherwise F}(0) = 0 and the firm defaults immediately,
which is a contradiction with Y (0) <Y < i—ll Next, denoting M = Fy(0), we have
that Gy (W, Y) > 1+ ¢, for 0 < W < M and Gy (M,Y) = 1+ ¢,. Otherwise, F7(0)
is not the optimal amount of equity issuance.

To show that the firm will delay costly equity issuance until entirely exhausting
its cash, we only need to show that G(W,Y) > supp, 5o G(W +F1,Y) — Fy — ®(F}) for
W > 0. First, since Gy (W,Y) < 1+¢, for W > M, the firm has no incentive to issue
equity because GIW,)Y) > GW + F,Y) - Fy — ¢, Fy > GIW + F1,Y) — F} — ®(F)
for W > M. Second, we show that G(W,Y) > supp o G(W + F1,Y) — F1 — ®(F))
for 0 < W < M. Let F; (W) be the optimal amount of equity issuance if the firm
chooses equity issuance at some W such that 0 < W < M for given Y. This means
that supp o G(W + F1,Y) — F1 — ®(Fy) = GW + Fy (W), Y) — FY(W) — (FF(W))
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and M = W + Ff(W). We then have

GW,Y) = (GW + FT(W),Y) = Ff (W) — &(F7(W)))
=GW,Y) = (G(M,Y) — FT (W) — ®(F7(W)))
=GW,Y)—-W — (G(M,Y) — M — ®(F;(W)))
= HW,Y)— HM,Y) + (M —W). (C.26)

Recall that G(0,Y) = G(Fy(0),Y) — Fy(0) — ®(F}(0)) and M = F}(0), so that
H(0,Y) = H(F{(0),Y) = ®(F7(0)) = H(M,Y) — ®(M), and

GWY) = (GW + FY(W),Y) = Ff (W) — ®(Fy (W)))
=HW,)Y)—H(O0,Y)+®(M —-W) —d(M)
— H(W,Y) ~ H(0,Y) — 6,V
> W -0, W =0,

where the above inequality follows from Gy (W)Y) > 1+ ¢, for 0 < W < M,
which implies that Hy (W,Y) > ¢, for 0 < W < M. Finally, GIW,Y) — (G(W +
F*(W),Y)—F*(W)—®(F*(W))) > 0 implies that the firm has no incentive to issue
equity for 0 < W < M and that the firm will delay costly equity issuance until
entirely exhausting its cash.

Proof for the behavior of the investment threshold when W — [. If
Pw(0,Y(I)) < ¢, the firm delays costly equity issuance as shown in Proposition
2, so that P(0,Y(I)) > P(F,Y(I)) — F\ — ¢,F1 > P(F,Y(I)) — F} — ®(F))
for any 0 < F} < M where Py (M,Y(I)) = ¢,. Hence, we have G(I,Y(I)) =
Supp >o P(F1,Y (1)) — Fy — ®(Fy) = P(0,Y(I)) if Pw(0,Y(I)) < ¢;. That is, the
firm directly uses its internal liquidity to finance the investment cost I if the marginal
value of internal liquidity is lower than the external financing cost.

Denote Y (I—) = limy_;Y (W). Now we show that Y (I—) = oco. First, we have
Y (I-) > Y(I), otherwise if Y/(I—) < Y(I) for given Y (I—) we have

lim G(W,Y(I-)) = lim sup P(W + F, —I,Y(I-)) — F, — ®(F)

W—I W—I F1>0

= sup PU+F —-1LY(I-))-F —®(F)<G(,Y(I-)),

F1>0

where the second equality follows from the continuity of G(W,Y), and the inequality
from Y (I—) < Y(I) and the fact that supp, P(W + F, — LY (I-)) — F, — ®(F}) <
GW,Y) if Y < Y(W). Hence, we have that Y (I—) > Y (I).
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Now, assume that Y (I) < Y(I—) < oo, then we have

lim GW,Y(I-)) = lim sup P(W + F, — I,Y(I-)) — Fi — &(F})

W—I W—>IF1>O
= sup PI+F —1Y(I-))—F —®(F)
F1>0
= lim P(F,Y(I-)) - F, — ®(F)
F14)0

= P(0,Y(I-)) — ¢ =G Y(I-)) — dq.

The above result violates the continuity of G(W,Y) in W if Y(I) < Y(I-) < oc.
In sum, we have Y (I—) — oo if Py(0,Y(I)) < ¢;, so that the investment threshold
tends to infinity when W — I if Py (0,Y (1)) < ¢,. B

D Solution Algorithm

First, we note that solving the following problem

max{Ly P, max{sup P(W + F3,Y) — 5 — ®(F), W} - P(W,Y)} =0, (D.1)

F>>0

in the region (W > 0,Y > 0) is equivalent to solving the following penalty equation:
LoP + gmax{W — P,0} =0, (D.2)

in the region [0, As] X [0, ¥,,4.] where the approximate boundary Y;,., and the penalty
factor q are sufficiently high. The following boundary conditions are associated with
(D.2):

1. When the firm has no savings, i.e., W =0:

Z
P(0,Y) = max{sup P(Fy,Y) — ¢y — (L+6)F5,0}, if V<2,

LoP 4+ qmax{W — P 0} =0 if Y >—7.
2. When the firm’s liquidity is sufficiently high, i.e., W = As:

PW,Y) = W, if Y<Y;

2,a

POVY) = Q'(V)+W, if Y2V,

3. When the firm’s earnings is at the origin, Y = 0, a permanently absorbing state,
it is immediate to see that P = W.
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4. When the firm’s earnings is sufficiently high, i.e.;, ¥ = V4., the firm’s can
finance its operations in an unconstrained way with probability one. Therefore,
P<W7 Ymaz) - P*(W, Ymaa:) - Q*(Ymam) +W.

We use the finite-difference method to solve the penalty equation (D.2). That
is, we divide the interval [0, Ay] via N,, equally spaced points {(i — 1)A,}~*, where
A, = Ay/(N, — 1), and divide the interval [0, Y,..] via N, equally spaced points
{(G — 1)Ay}j-\[:y1, where Ay = Y4./(Ny, — 1). We then solve the penalty equation
LoP; ; + gmax{W; — P, ;,0} = 0 by using Newton-SOR iterative method, by setting
W, = (i —1)A,, Y, = (j — 1A, and P,; = P(W,;,Y;). Under Assumption 2
and Assumption (3), the value function is well defined and the numerical procedure
converges.
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