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1 Introduction

We calculate equilibria of dynamic double-auction markets in which agents are distin-
guished by their preferences and information. As in an opaque over-the-counter market,
agents gather information over time from the bids and offers of their counterparties. We
characterize the effect of segmentation of investors into groups that differ by their initial
information endowment or by their “connectivity,” which depends on the expected fre-
quency with which they trade with other investors, and the quality of the information
they obtain through their counterparties’ bids. More informed and better connected
agents attain strictly higher expected future profits, provided they are able to disguise
the characteristics determining the quality of their information. If, however, the charac-
teristics determining the quality of information of the bidders are commonly observable,
then investors that are better connected or have better initial information quality can
attain strictly lower expected future trading profits, under stated conditions.

We model N classes of agents that are distinguished by their preferences for the
asset to be auctioned, by the expected rates at which they have trading opportunities
with each of other classes of agents, and by the quality of their initial information about
a random variable Y, which determines the ultimate utilities of the agents for the asset.
Over time, a particular agent of class ¢ meets other agents at a sequence of Poisson arrival
times with mean arrival rate )\;. At each meeting, a counterparty of class-j is selected
with probability x;;. The two agents are given the opportunity to trade one unit of the
asset in a double auction.

Based on their initial information and on the information gathered from bids in
prior auctions with other agents, the two agents typically assign different conditional
expectations to Y. Because the preference parameters are commonly observed by the
two agents participating in the auction, it is common knowledge which of the two agents
is the prospective buyer and which is the prospective seller. Trade occurs on the event
that the price g bid by the buyer is above the seller’s offer price o, in which case the
buyer pays o to the seller. This double-auction format is known as the “seller’s price
auction.”

We provide technical conditions under which the double auctions have a unique
equilibrium in undominated strategies. We show how to compute the offer price ¢ and
the bid price (3, state by state, by solving an ordinary differential equation. These prices
are strictly monotonically decreasing with respect to the seller’s and buyer’s conditional

expectations of Y, respectively. The bids therefore reveal these conditional expectations,



which are then used to update priors for purposes of subsequent auctions. The technical
conditions that we impose in order to guarantee the existence of such an equilibrium also
imply that this particular equilibrium uniquely maximizes expected gains from trade in
each auction and, consequently, total welfare.

Because our strictly monotone double-auction equilibrium fully reveals the bidders’
conditional beliefs for Y, we are able to explicitly calculate the evolution over time of the
cross-sectional distribution of posterior beliefs of the population of agents, by extending
the results of Duffie and Manso (2007) and Duffie, Giroux, and Manso (2008) to IV classes
of investors. We can calculate the Fourier transforms of the cross-sectional distributions
of posterior beliefs of investors in each of the N different classes at each time ¢ as the
solution of a N-dimensional Riccati ordinary differential equation in t. We can solve this
equation and then invert the transforms. In order to characterize the solutions, we also
extend the Wild summation method of Duffie, Giroux, and Manso (2008) to directly
solve the evolution equation for the cross-sectional distribution of beliefs.

The double-auction equilibrium characterization, together with the characteriza-
tion of the dynamics of the cross-sectional distribution of posterior beliefs of each class
of agents, permits a calculation of the expected lifetime utility of each class of agent,
including the manner in which utility depends on the class characteristics determining
information quality, namely the precision of the initial information endowment and the
connectivity of that agent. Whether an agent profits from better information quality
is shown to depend on whether auction counterparties are able to pin down the quality
of that agent’s sources of information. Under specified conditions, well informed agents
may prefer that the quality of their information be less precisely determined. An im-
plication is that investors in over-the-counter markets that trade more actively (thus
gathering more information from counterparty bids and offers) or have better fundamen-
tal research, may prefer to obscure the quality of their information in order to avoid the
impact of adverse selection. By doing so, they may increase the probability that they
can execute a trade, or better the price execution of their trades. For example, a highly
informed investor might prefer to trade anonymously through a proxy, such as a broker,
even at a fee. (We do not, however, model proxy trading.)

Although in some cases adverse selection causes investors with superior information
to attain lower expected profits, we also show that if gains from trade are sufficiently large
and additional technical conditions are satisfied, then investors with superior information
always attain higher expected profits. In particular, if the gains from trade are large

enough to offset losses stemming from adverse selection, then investors prefer to have



the characteristics that determine the quality of their information to be publicly observed.

Finally, we investigate whether investors with similar preference parameters would
engage in trading with the sole purpose of obtaining more information from their coun-
terparties. In functioning over-the-counter markets such as those for government bonds,
the informational advantage of handling more trades is sometimes said to lead dealers to
narrow quoted bid-ask spreads in order to increase counterparty contacts. We show that
investors with similar preferences parameters may indeed enter certain types of “swap”

agreements in order to reveal information to each other.

2 Related Literature

A large literature in economics and finance addresses learning from market prices of
transactions that take place in centralized exchanges.! Less attention, however, is given
to information transmission in over-the-counter markets. Private information sharing
is typical in functioning over-the-counter markets for many types of financial assets,
including bonds and derivatives. In these markets, trades occur at private meetings in
which counterparties offer prices that reveal information to each other, but not to other
market participants.

Wolinsky (1990), Blouin and Serrano (2001), Duffie and Manso (2007), Golosov,
Lorenzoni, and Tsyvinski (2008), Duffie, Giroux, and Manso (2008), and Duffie, Mala-
mud, and Manso (2009a,b) are among the few studies that have investigated the issue of
learning in over-the-counter markets. The models of search and random matching used
in these studies are unsuitable for the analysis of the effects of segmentation of investors
into groups that differ by connectivity and initial information quality. Here, we are able
to study these effects by allowing for classes of investors with distinct preferences, initial
information quality, and market connectivity.

In our model, whenever two agents meet, they have the opportunity to participate
in a double auction. Chatterjee and Samuelson (1983) are among the first to study
double auctions. The case of independent private values has been extensively analyzed by
Williams (1987), Satterthwaite and Williams (1989), and Leininger, Linhart, and Radner
(1989). Kadan (2007) studies the case of correlated private values. We extend these
previous studies by providing conditions for the existence of a unique strictly monotone

equilibrium in undominated strategies of a double auction with common values. Bid

1See, for example, Grossman (1976), Grossman and Stiglitz (1980), Wilson (1977), Milgrom (1981),
Pesendorfer and Swinkels (1997), and Reny and Perry (2006).



monotonicity is natural in our setting given the strict monotone dependence on the asset
payoff of each agent’s ex-post utility for a unit of the asset. Strictly monotone equilibria
are not typically available, however, in more general double auctions with a common
value component, as indicated by, for example, Reny and Perry (2006).

Our paper solves for the dynamics of information transmission in partially seg-
mented over-the-counter markets. Our model of information transmission is also suit-
able for other settings in which learning is through successive local interactions, such as
bank runs, knowledge spillovers, social learning, and technology diffusion. For example,
Banerjee and Fudenberg (2004) and Duffie, Malamud, and Manso (2009) study social
learning through word-of-mouth communication, but do not consider situations in which
agents differ with respect to connectivity. In social networks, agents naturally differ with
respect to connectivity. DeMarzo, Vayanos, and Zwiebel (2003), Gale and Kariv (2003),
Acemoglu, Dahleh, Lobel, and Ozdaglar (2008), and Golub and Jackson (2009) study
learning in social networks. Our model provides an alternative tractable framework to
study the dynamics of social learning when different groups of agents in the population
differ in connectivity with other groups of agents.

The conditions provided here for fully-revealing double auctions carry over to a
setting in which the transactions prices of a finite sample of trades are publicly revealed,
as is often the case in functioning over-the-counter markets. With this mixture of pri-
vate and public information sharing, the information dynamics can be analyzed by the
methods? of Duffie, Malamud, and Manso (2009b).

3 The Model

This section specifies the economy and characterizes equilibrium behavior. The following

section lays out special cases in which we are able to provide more insights.

3.1 The Double Auctions

A probability space (2, F,P) is fixed. An economy is populated by a continuum (a
non-atomic measure space) of risk-neutral agents who are randomly paired over time for
trade, in a manner that will be described. There are N different classes of agents that
differ according to the quality of their initial information, their preferences for the asset

to be traded, and the expected rate at which they meet each of other classes of agents

20One obtains an evolution equation for the cross-sectional distribution of beliefs that is studied by
Duffie, Malamud, and Manso (2009b) for the case N = 1, and easily extended to the case of general N.



for trade. At some future time 7', the economy ends and the utility realized by an agent

of class ¢ for each additional unit of the asset is
Ui =vY +07(1-Y),

measured in units of consumption, for strictly positive constants v and v; < v, where Y/
is a non-degenerate 0-or-1 random variable whose outcome will be revealed immediately
after time 7.

Whenever two agents meet at some particular time before 7', they are given the
opportunity to trade one unit of the asset in a double auction. The auction format
allows (but does not require) the agents to submit a bid or an offer price for a unit of the
asset. (That agents trade at most one unit of the asset at each encounter is an artificial
restriction designed to simplify the model. One could suppose, alternatively, that the
agents bid for the opportunity to produce a particular service for their counterparty.)
Bids are observed by both agents participating in the auction. If an agent submits a
bid price that is higher than the offer price submitted by the other agent, then one
unit of the asset is assigned to that agent submitting the bid price, in exchange for an
amount of consumption equal to the ask price. Certain other auction formats would be
satisfactory for our purposes; we chose this format, known as the “seller’s price auction,”
for simplicity. Bids and offers in an auction are only observed by agents participating in
the auction.

When a class-i and a class-j agent meet, their preference parameters v; and v,
are assumed to be commonly observable. Based on their initial information and on the
information that they have received from prior auctions held with other agents, the two
agents typically assign different conditional expectations to Y. From the no-speculative-
trade theorem of Milgrom and Stokey (1982), as extended by Serrano-Padial (2007) to
our setting of risk-neutral investors,® the two counterparties decline the opportunity to
bid if they have identical preferences, that is, if v; = v;. If v; # v;, then it is common
knowledge which of the two agents is the prospective buyer (“the buyer”) and which is
the prospective seller (“the seller”). The buyer is of class j whenever v; > v;.

The seller has an information set Fg that consists of his initially endowed signals
relevant to the conditional distribution of Y, as well any bids and offers that he has

observed at his previous auctions. The seller’s offer price 0 must be based only on (must

3Milgrom and Stokey (1982) assume strictly risk-averse investors. Serrano-Padial (2007) shows that
for investors with identical preferences, even if risk-neutral, if the distributions of counterparties’ poste-
riors have a density, as here, then there is no equilibrium with a strictly positive probability of trade in
our common-value environment.



be measurable with respect to) the information set Fg. The buyer, likewise, bids on the
basis of her information set Fp. The prices (o, 3) constitute an equilibrium for a seller of
class i and a buyer of class j provided that, fixing 3, the offer & maximizes* the seller’s

conditional expected gain,

E[(c — E(U;| Fs U{B}))1{o<py | Fs] (1)

and fixing o, the bid § maximizes the buyer’s conditional expected gain
E[(B(U;| FsU{c}) = 0)liocp) | Fi] - (2)

The seller’s conditional expected utility for the asset, E(U; | FsU{/3})), once having con-
ducted a trade, incorporates the information Fg that the seller held before the auction as
well as the bid 3 of the buyer. Similarly, the buyer’s utility is affected by the information
contained in the seller’s offer. The informational advantage conferred by more frequent
participation in auctions with well informed bidders is a key focus here.

In Section 3.4, we demonstrate technical conditions under which there are equilibria
in which the offer price o and bid price 3 can be computed, state by state, by solving
an ordinary differential equation, and are strictly monotonically decreasing with respect
to E(Y | Fs) and E(Y | Fp), respectively. This bid monotonicity is natural given the
strict monotone decreasing dependence on Y of U; and U;. Strictly monotone equilibria
are not typically available, however, in more general settings explored in the double-
auctions literature, as indicated by, for example, Reny and Perry (2006). Because our
strictly monotone equilibria fully reveal the bidders’ conditional beliefs for Y, we will be
able to explicitly calculate the evolution over time of the cross-sectional distribution of
posterior beliefs of the population of agents, by extending results in Duffie and Manso
(2007) and Duffie, Giroux, and Manso (2008). This, in turn, permits a characterization
of the expected lifetime utility of each type of agent, including the manner in which
utility depends on the quality of the initial information endowment and the “market

connectivity” of that agent.

3.2 Information Setting

Agents are initially informed by signals drawn from a common infinite pool of 0-or-1

random variables that are Y-conditionally independent.® Each signal is received by at

4Here, to “maximize” means, as usual, to achieve, almost surely, the essential supremum of the
conditional expectation.

5To be more precise, there is a continuum of signals, indexed by a non-atomic measure space, say
[0,1]. Almost every pair of signals is Y-conditionally independent.
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most one agent. Each agent is initially allocated a randomly selected finite subset of
these signals. For almost every pair of agents, the numbers of signals received by each
of them is assumed to be independent of each other, and of the signals. (The number
of signals received by an agent is allowed to be deterministic.) The signals need not
have the same probability distributions. Without loss of generality, for any signal 7, we
suppose that

PZ=1|Y=0))>P(Z=1|Y=1).

Whenever finite, we define the “information type” of an arbitrary finite set K of

random variables to be

P(Y = 0| K)

P(Y = 0)
o8 By =11 1) 1

P(Y =1)’

the difference between the conditional and unconditional log-likelihood ratios. The con-

(3)

— log

ditional probability that ¥ = 0 associated with the information type 6 is thus

B Re?
1+ Re?’

P() (4)

where R = P(Y = 0)/P(Y = 1), and the information type of a collection of signals is
one-to-one with the conditional probability that ¥ = 0 given the signals. Proposition
3 of Duffie and Manso (2007) implies that whenever a collection of signals of type 6 is
combined with a disjoint collection of signals of type ¢, the type of the combined set of
signals is 8 + ¢. More generally, we will use the following result from Duffie and Manso
(2007).

Lemma 3.1 Let Sy,...,S, be disjoint sets of signals with respective types 0y, ...,0,.
Then the union Sy U---U.S, of the signals has type 01 + - - - + 6,,. Moreover, the type of
the information set {61,0,,...,0,} is also 0y + 0y + -+ -+ 0,,.

The Lemma has two key implications for our analysis. First, if two agents meet
and reveal all of their endowed signals, they both achieve posterior types equal to the
sum of their respective prior types. Second, for the purpose of determining posterior
types, revealing one’s prior type (or any random variable such as a bid that is strictly
monotone with respect to type) is payoff-equivalent to revealing all of one’s signals.

An agent of class ¢ is matched with other agents at each of a sequence of Poisson
arrival times with a mean arrival rate (intensity) A\; > 0. At each meeting time, the
agent’s counterparty is randomly selected from the population of agents. The probability

that a class-j counterparty is selected is denoted x;;. Without loss of generality for the
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purposes of analyzing the evolution of information, we take x;; = 0 whenever v; = vj,
because of the no-trade result for agents with the same preferences. A primitive x that
does not satisfy this property can without loss of generality be adjusted so as to satisfy
this property by conditioning, case by case, on the event that the agents matched have
v; # ;.

As is standard in search models of markets, we assume that, for almost every pair of
agents, the matching times and the counterparties of one agent are independent of those
of the other. We do not show the existence of such a random-matching process, although
Duffie and Sun (2007) show the existence of a model with this random matching property
for a continuum-of-agents in a discrete-time setting, as well as the associated law of large
numbers for random matching on which we rely. Further, the limit behavior of the
discrete-agent matching models as the number of agents gets large is shown by Reminik
(2009) to coincide with the matching behavior on which we rely in our continuous-time
model .6

In this random-matching setting, a given pair of agents that have been matched
will almost surely never be matched again nor will their respective lifetime sets of trading
counterparties overlap. Thus, equilibrium bidding behavior in the multi-period setting
is characterized by equilibrium bidding behavior in each individual auction, as described
above. Later, we will provide primitive technical conditions on the preference parame-
ters v and v;, as well as the cross-sectional distribution of initially endowed information
types, that imply the existence of an equilibrium with strictly monotone bidding strate-
gies. In this setting, bids therefore reveal types. Lemma 3.1 and induction thus imply
that agents’ types add up from auction to auction. Specifically, an agent leaves any
auction with a type that is the sum of his type immediately before the auction and the
type of the other agent bidding at the auction. This fact now allows us to characterize

the dynamics of the cross-sectional evolution of posterior types.

6See also Ferland and Giroux (2008). Taking G to be the set of agents, we assume throughout the
joint measurability of agents’ type processes {0;; : i € G} with respect to a o-algebra B on Q x G that
allows the Fubini property that, for any measurable subset A of types,

/Gp(om e A)dy(a)=E (/G lo,.en dv(a)) ;

where ~ is the measure on the agent space. Sun (2006) provides a condition on B, which we assume,
that is consistent with the exact law of large numbers. In our setting, if almost every pair of types
from {0 : & € G} is independent, this law implies that E ([, 1g,,ea dy(a)) = [, 1o,,ca dy(a) almost
surely. Sun (2006) further proves the existence of a model with this property.



3.3 Evolution of Type Distributions

For each class ¢, we suppose that the initial cross-sectional distribution of types of the
class-7 agents has some density ;0. We do not require that the individual class-i agents
have types with the same probability distribution. Nevertheless, our independence and
measurability assumptions imply the exact law of large numbers, by which the density
function ;¢ has two deterministic outcomes, almost surely, one on the event that Y = 0,
denoted 9, the other on the event that Y = 1, denoted 5. That is, for any real
interval (a,b), the fraction of class-i agents whose type is initially between a and b is
almost surely f; I (0) df on the event that Y = 0, and is almost surely f; PE(0) df on
the event that Y = 1. We make the further assumption that X and % have moment-
generating functions that are finite on a neighborhood of zero. Special cases satisfying
this condition are the basis for illustrative examples in Section 4.

The initial cross-sectional type densities in the high and low states, ¥ and %,

are related by the following.

Proposition 3.2 We always have’

(@) = e"vig(z). ()

Our objective now is to calculate, for any time ¢ > 0, the cross-sectional density
1y of the types of class-i agents. This cross-sectional density has (almost surely) only
two outcomes, one on the event Y = 0 and one on the event Y = 1, denoted ¥ and %,
respectively.

Assuming that the asset auctions are fully revealing, which will be confirmed under

technical conditions, the evolution equation for the cross-sectional densities is

dibiy
dt

N
= —\NiVy + )\iwit*zﬁiﬂﬁjt, ie{l,...,N}, (6)
=1

where * denotes convolution. We offer a brief explanation of this evolution equation. The
first term on the righthand side captures the outward migration of agents of any given
information type 6, at rate \;1;(0), that is caused by a change to some other information
type due to information gathered at auctions, which occur at the total proportional rate

;. Here, we use the law of large numbers, which almost surely equates the mean rate

"Because 1% is a probability density, this result implies that fR e~ pf () dx = 1. In the Appendix,
we show that any density z/JfOI satisfying this constraint can be realized as an initial cross-sectional type
density.



of change for each agent with the total population rate. The second term captures
the inward migration of agents of a given information type due to learning from bids
at auctions. The second term is easily understood by noting that auctions with class-j
counterparties occur at rate A\;x;;. At such an encounter, in a fully revealing equilibrium,
bids reveal the types of both agents, which are then added to get the posterior types of
each. A class-i agent of type @ is thus created if a class-i agent of some type ¢ meets a
class-7 agent of type 8 — ¢. Because this is true for any possible ¢, we integrate over ¢
with respect to the population densities. Thus, the total rate of increase of the density
of class-i agents of type-6 agents due to the information released at auctions with class-j

agents is
“+oo

>\i’fij %t(@%t(e - ¢) do = >\i’1ij (% * %)(9)

Adding over j gives the second term on the righthand side of the evolution equation (6).
For the case N = 1, this evolution model is motivated in more detail, and solved, by
Duffie and Manso (2007) and Duffie, Giroux, and Manso (2008).
Equation (6) can be solved in terms of the moment generating function of ;; or,
by the same calculation, the Fourier transform 'l/?it of ¢;;. We have
dibu
dt

N
= _)\idit + Aiditz Kij djt, ic{l,...,N}, (7)
=1

using the fact that the Fourier transform of a convolution of two measures is the product
of their Fourier transforms. Now, (7) is a Riccati ordinary differential equation in ¢
for the N-dimensional vector 1 (z) = (¢14(2), ..., Uni(2)). We can solve this equation,
numerically if necessary, and then invert the transform to compute the type densities.

In special cases, we have an explicit solution, for example as follows.

Proposition 3.3 Suppose that N = n + m, with n classes of buyers, all with v; = v,
and with m classes of sellers, all with v; = v < v. Suppose that all classes have the
same mean contact rate \. We assume that the class selection probability k;; = k; for
buyer-to-seller contacts does not depend on the buyer class i, and likewise that k;; = k;

for seller-to-buyer contacts. The initial type densities can vary across the n +m classes

b= > kit
=1

n-+m

b = Y kit

j=n+1

without restriction. We let

and

10



We calculate that
e M (ngo - leo)

o 2 —dro(l—e )
= = = = = e
¢1t ¢20€_¢20(1_6—At) _ ¢106_¢10(1_67>\t) ¢10

(%2 _ e (¢20 — P10) ¢32 p—$20(1—e7)
t (2)206_(1320(1_67)\7:) _ (&106_(2)10(1_67”) 0 .

We then have the solution

Yio -

Vi = = o, 1<i<n,
10

- bjo .

Vi = == du, n+1<j<n+m
20

For general N, \;, K;j, and 1);, an alternative to inverting the transform 1& is to
directly solve the evolution equation for the type distributions by extending the Wild
summation method of Duffie, Giroux, and Manso (2008). The Wild-sum representation
also allows us, in Section 4, to characterize expected auction profits in special cases. In
order to calculate the Wild-sum representation of type densities, we proceed as follows.
For an N-tuple k = (kq,...,ky) of nonnegative integers, let a; (k) denote the fraction
of class-i agents who by time t have collected (directly, or indirectly through auctions)
the originally endowed signal information of k; class-1 agents, of ks class-2 agents, and
so on, including themselves. This means that |k| = k1 + - - -+ ky is the number of agents
whose originally endowed information has been collected by such an agent. To illustrate,
consider an example agent of class 1 who, by a particular time ¢ has met one agent of
class 2, and nobody else, with that agent of class 2 having beforehand met 3 agents of
class 4 and nobody else, and with those class-4 agents not having met anyone before
they met the class-2 agent. The class-1 agents with this precise scenario of meeting
circumstances would contribute to aq, (k) for k = (1,1,0,3,0,0,...,0). We can view a;
as a measure on Z%, the set of N-tuples of nonnegative integers. By essentially the same

reasoning used to explain the evolution equation (6), we have

N
/
Ay = —NiQy + Ajay * E Rij Qjt, aiozéeiu (8)

j=1

where

(@i * aji)(ky, ... ky) = Z a;i(l) a(k —1).

{i=(l1,-n) € Z U< |K[}

11



Here, 9., is the dirac measure placing all mass on e;, the unit vector whose i-th coordinate

is 1.
Theorem 3.4 There is a unique solution of (6), given by

Vi = Y au(k) gtk P, (9)

kezy

where Y}y denotes n-fold convolution.

That (9) solves (6) follows from substitution and the use of (8). A complete proof
is given in the Appendix. The system (8) of equations for the discrete measures admits
a closed-form solution via the following recursive procedure. First, a;(0) = 0 for all 1,
and, because the probability that a class-i agent has met nobody by time t is e, we
have

it aio(e;).

ai(e;) = e
Thus, we have a;(k) for all £ with |k| < 1. Then, we can solve (8) inductively: Having
found a;(k) whenever |k| < k, for some k, we calculate it for any k with |k| = k + 1 by
solving (8), using the fact that the right-hand side is an ODE for a;(k) that is linear in
a;(k) and otherwise involves a;(l) only for |I| < k.

The following result will be useful in Section 4.

Proposition 3.5 The measures a; are monotone increasing in time t and in the meeting

intensities \;, in the sense of first order stochastic dominance.

3.4 Double Auction Solution

Fixing a particular time ¢, suppose that a class-i and a class-j agent meet, and that the
prospective buyer is of class i (that is, v; > v;). We now calculate their equilibrium
bidding strategies. Naturally, we look for equilibria in which the outcome of the offer o
for a seller of type 6 is S(#) and the outcome of the bid 3 of a buyer of type ¢ is B(¢),
where S(-) and B(-) are some strictly monotone increasing functions on the real line.
In this case, if (o, ) is an equilibrium, we also say that (S, B) is an equilibrium.

We assume for the results in this section that whenever two agents are in contact,
each can observe all of the primitive characteristics, 1,9, A;, k;, and v;, of the class of
the counterparty. In the following section, we consider variants of the model in which

the initial type density 1,9, the mean trading rate \; of one’s counterparty, and the
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probabilities x; = (K1, ..., ki) that govern the distribution of the classes of matched
counterparties need not be observable.
Given a candidate pair (S, B) of such bidding policies, a seller of type 6 who offers

the price s has an expected increase in utility, defined by (1), of
+00
f o 6 = AP0+ 0) W(PO).0) o (10)
B—1(s
where A; = v —v; and where W;(P(f), - ) is the seller’s conditional probability density
for the unknown type of the buyer, defined by

Vi(p,d) = peif (¢) + (1—p) ¥i(9). (11)
Likewise, from (2), a buyer of type ¢ who bids b has an expected increase in utility for
the auction of

/S v (vi + AP0+ @) — S(0)) W;(P(6),0)d6. (12)

o

The pair (S, B) therefore constitutes an equilibrium if, for almost every ¢ and

0, these gains from trade are maximized with respect to b and s by B(¢) and S(#),

respectively.
The hazard rate hk(0) associated with 1% is defined as usual by
ii(0)
hh(0) = 2
zt( ) G ZIZ ( 9) )

where G5(0) = [,° ¥ (x) dz. That is, given Y = 1, h;(0) is the probability density for
the type 6 of a randomly selected buyer, conditional on this type being at least . We
likewise define the hazard rate hil(6) associated with 7. We say that 1;; satisfies the
hazard-rate ordering if, for all 6, we have hl(0) < hE(0).

Because the property (5) is maintained under mixtures and convolutions, it follows
from (9) that (5) holds for all ¢ > 0. Therefore, the likelihood ratio ¥ (z)/yk(z) = €® is

always increasing. The appendix provides a proof of the following.

Lemma 3.6 For each agent class i and time t, the type density 1;; satisfies the hazard-
rate ordering, hi1(0) > hk(0), and and v (z) = e*k(x). If, in addition, each signal
7 satisfies
P(Z=1Y=0+P(Z=1|Y =1) =1, (13)
then
vif (@) = e (=), Pi(x) = ¢if(-2), weR (14)

13



The technical restriction (13) on signal distributions is somewhat typical of learning
models, for example those of Bikhchandani, Hirshleifer and Welch (1992) and Chamley
(2004, p. 24). We will now adopt this assumption as well as the following technical

regularity condition on initial type densities.

Standing Assumption: Any signal Z satisfies (13). Moreover, the initial type densities

are strictly positive and twice differentiable, with

d
[ e (|50

for any k < oo, where azo = sup{k : X (k) < co}.

2

d
+ ‘@%jg(%)

) dr < oo (15)

The calculation of an equilibrium is based on the ODE, stated in the following
result, for the type V5(b) of a buyer who optimally bids b. That is, V5 is the inverse B!
of the candidate equilibrium bid policy function B.

Lemma 3.7 For any Vy € R, there exists a unique solution V() on [v;,v™) to the ODE

B z — v 1 1

, 1 '
%“"'w—ujCﬁ—whgwxw>+hﬁ%u»)’ Velvs)

= V. (16)

This solution, also denoted V5(Vy, 2), is monotone increasing in both z and Vy. Further,
lim, u Vo(Vo,2) = 400. The limit Vo(—00,2) = limy,— o Va(Vo, 2) ezists. Moroever,

Vo(—00, 2) is continuously differentiable with respect to z.

As shown in the proof of the next proposition, found in the appendix, the ODE (16)
arises from the first-order optimality conditions for the buyer and seller. The solution of

the ODE can be used to characterize equilibria in the double auction, as follows.

Proposition 3.8 Suppose that (S, B) is a continuous equilibrium such that S(0) < v
for all ® € R. Let Vo = B~ (v;) > —oo. Then,

B(g) = V3 '(¢), ¢ > V.

Further, S(—o0) = limg_,_ S(0) = wv; and S(+o00) = limg_._, S(0) = v¥. For any
0, we have S(0) = V;1(0), where

Z — U;
vH — 2

Vi(z) = log ~ Vlz) — logR, = € (u,0").

Any buyer of type ¢ < Vi will not trade, and has a bidding policy B that is not uniquely
determined at types below Vj.

14



In our double-auction setting, welfare is increasing in the probability of trade con-
ditional on Y = 1. We are therefore able to rank the equilibria of our model in terms
of welfare, because, from the following corollary of Proposition 3.8, we can rank the

equilibria in terms of the probability of trade conditional on Y = 1.

Corollary 3.9 Let (S, B) be a continuous equilibrium with Vo = B~(v;). Then S(¢) is
strictly increasing in Vo for all ¢, while B(¢) is strictly decreasing in Vi for all ¢ > V.

Consequently, the probability of trade conditional on'Y =1 is strictly decreasing in Vj.

Buyers and sellers bid more aggressively in equilibria with lower V. Thus, the
probability of trade conditional on Y = 1 and total welfare are strictly decreasing in V.

We turn to the study of particular equilibria, providing conditions for the exis-
tence of equilibria in strictly monotone undominated strategies. We also give sufficient
conditions for the failure of such equilibria to exist. We focus on the welfare-maximizing
equilibria.

From Proposition 3.8, the bidding policy B is not uniquely determined at types
below B~1(v;), because agents with these types do not trade in equilibrium. Nevertheless,
the equilibrium bidding policy B satisfying B(¢) = v; whenever ¢ < Vj weakly dominates
any other equilibrium bidding policy. That is, an agent whose type is below Vj and who
bids less than v; can increase his bid to v;, thereby increasing the probability of buying
the asset, without affecting the price, which will be at most the lowest valuation v; of
the bidder. An equilibrium in strictly monotone undominated strategies is therefore only
possible if V5 = —oo. We now provide technical conditions supporting the existence of
such welfare-maximizing equilibria.

We say that a function g(-) on the real line or the integers is of exponential type

«a at +oo if, for some constants ¢ > 0 and v > —1,

lim g@). = c (17)

z—+oo 7V e

In this case, we write g(x) ~ Exp, (c,7, ). We say that a family {g, : ¢t € [0,T]} of
functions satisfies the condition gy(z) ~ Exp, . (ct, V¢, a¢) uniformly in ¢ if the conver-
gence in (17) is uniform in ¢.

The tail condition (17), which we will use as a technical regularity assumption
on type densities, arises naturally in information percolation models, as we show in the

following simple case, in which we also characterize the tail parameters «, ¢, and ~.
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Lemma 3.10 Suppose N =1, and let A = \y and 1, = 1y;. The Laplace transform ’l/AJt

of Wy 1s given by A
R B e—)\t ¢0(z>
S R g NS

and Yy(x) ~ Exp,.(c,0,—ay), where ay is the unique positive number z solving

- 1
vole) = T
and where
ot
C = a0 .
(1 —e)2 Tvbo(ay)
Further, oy is monotone decreasing in t, with lim; ..oy = 0. Moreover, if 1y ~

Exp(co, 0, ap)), then ¢y(x) ~ Exp, (¢, 0, —oy) uniformly in t.

The tail condition (17) also applies to the type density 1;; in more general cases,
such as the multi-class example considered in Proposition 3.3, as shown in the Appendix.
We conjecture that the tail condition (17) holds for any of the information percolation
models considered in this paper, but we have not been able to prove this conjecture.

The following proposition provides conditions for the existence of a unique welfare-
maximizing equilibrium in strictly monotone strategies, which are therefore fully re-
vealing. For this purpose, we define a* to be the unique positive solution to a* =
1+ 1/(a*2%"), which is approximately 1.31. Our result depends in part on a sufficiently
high level of

V; — U,
G(v) = UHi_Tji’

a measure of the relative gain from trade between buyers and sellers.
Proposition 3.11 Suppose that, for all i and t, there are g, cy, and vy such that,
uniformly in t,

ig () ~ BExp oo (Cin, Yies —ir)- (18)
If ayp < 1, then there is no equilibrium associated with Vo = —oo. Suppose, however,
that ar > o and that, for all t,

(e + 1) log ayy
log(cy + 1) —log vy’
log(a? — ayy) 2%t
log(c;; + 1) —log vy’

—Vit if oy > 2

— Vit

Then, if the gain from trade G(v) is sufficiently large, there exists a unique strictly
monotone equilibrium associated with Vo = —oo. This equilibrium is in undominated

strategies, and mazimizes total welfare among all continuous equilibrium bidding policies.
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The technical regularity conditions of the proposition, combined with a sufficiently
large trading motive as measured by G(v), together guarantee that V5(z) does not grow
too fast in z, leading Vj(z) to be monotone increasing, and thus allowing a welfare-
maximizing fully-revealing equilibrium in strictly monotone strategies. Under the condi-
tions of Proposition 3.11, there may be other equilibria in undominated strategies that
are associated with a finite V4. The equilibrium with V5 = —oo, however, maximizes the
probability of trade conditional on Y = 1, uniquely so for ¢ > 0, and consequently also

maximizes welfare.

4 Connectedness, Information Quality, and Profitability

We now study whether an agent with more precise initial information or with a higher
expected frequency of opportunities to gather information from trading attains higher
total expected future trading profits. We will also show, in an extension of our model
that allows an agent to hide his initial information quality or his expected frequencies
of auction observations with each of the other agent classes, whether this can increase
the agent’s expected trading profits, through the increased uncertainty of the agent’s
counterparties regarding the quality of the agent’s information. This is relevant in func-
tioning markets through the decision of an investor of whether to trade openly with a
given reputation for market connectedness, or whether to trade through proxy investors
whose quality of information is more uncertain, or through other indirect forms of trade
execution.

For these purposes, we first need to characterize investors’ expected utilities. We
assume throughout this section the existence of a unique welfare-maximizing equilibrium
in strictly monotone bidding strategies for each time ¢t < T', sufficient conditions for which
are given by Proposition 3.11. Our utility calculations are based throughout on these
equilibrium bidding strategies.

The stochastic type process © of any particular class-i agent is a Markov process.
The transition distribution function of © is determined by the probability density of
©; — O, given O, for any times s and ¢ > s. We let p, (- | ©;) denote this conditional

density function, and calculate it as follows.
Lemma 4.1 We have

pst(y]©s) = P(O, )R (y) + (1 — P(©,))hL (),
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where, for K = H or K = L, the density hft( -) satisfies, for each fized s, the evolution

equation
d

E h’ft = _)\z h’ft -+ )\Z h’ft * Z Rij ﬁ, (19)
J
with an initial condition att = s given by the Dirac measure at 0. The Fourier transform
of hf, is

t
hft — e M=) oxp <)\,- / E Kij ﬁdT) : (20)
S

We therefore have the solution

*k
e (iee) o 1 t
hE, = et i ()\/ Zmiﬂpﬁm) : (21)
k=0 Sy

The ODE (19) follows from an argument like that given for (6). The corresponding ODE
for ﬁft is linear, and thus has the solution (20). The solution (21) arises from the series
definition of the exponential function and the fact that multiplication on the Fourier side
corresponds to convolution for the inverse Fourier transform.

The expected future profit at time ¢ of this agent is

Z Z K'z'jﬂ-ij(Tka@Tk) ‘ O,

T > 1 7

Ult, ;) = E

Y

where 7, is this agent’s k-th auction time and m;;(, ) is the expected profit of a class-i
agent of type 6 entering an auction at time ¢ with a class-j agent. Given our equilibrium
bidding functions (B, S) for such an auction, we can calculate m;;(¢,6) in the obvious
way.® Because our class-i agent enters auctions at Poisson times with an intensity of \;,

we have .
U(t,0;) = N / / prr(0 — O | O) mi(7,0) db dr (22)
t Jr
where m;(t,0) = > ki mi(t, 0).

To this point, we have always assumed that whenever two agents are in contact,
each can observe all of the primitive characteristics, 0, A;, k;, and v;, of the class ¢ of the
counterparty. We now consider a variant of the model in which the initial type density
V50, the mean trading rate A;, and the vector x; of counterparty selection probabilities are

not observable. These characteristics affect the quality of the counterparty’s information,

8That is, for v; < v; we have m;;(t,0) = gf(sw)) (s —vi — AP0+ ¢)) Ui (P(0),d)dp, and for

v; > v; we have 7;;(t,0) = ff;ol(B(e)) (vi + AP0+ ¢) — S(¢)) Ui(P(6), d) do.
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and therefore affect bidding strategies. For this purpose, we assume for the remainder
of this section that two classes, say classes 1 and 2, have v; = vy, but may differ with
respect to \; and 1;9, and moreover, that their counterparties may or may not be able
to distinguish between classes 1 and 2. In a setting in which this distinction cannot be
made, a class-j agent therefore assigns the probabilities 1/ (k1 +#j2) and Ko/ (Kj1+kj2)
of facing a class-1 and class-2 counterparty, respectively. We let 7;;(¢, 8) be the expected
profit of a class-7 agent of type 6 entering an auction at time ¢ with a class-j agent, when
primitive characteristics 1;9, A;, and k; are not observable.

We isolate for utility comparison a particular class-1 agent with type process ©
and a particular class-2 agent with type process O,. For simplicity, we assume that for
each class, the initial types of almost every pair of agents in the class are identically
and independently distributed given Y. It follows from the law of large numbers that
the probability distribution of the initial type ©19 has a density equal to the cross-
sectional type density 119 of class 1, and likewise that Oy has the probability density
190. Because class-1 and class-2 agents are mutually indistinguishable from the viewpoint
of their counterparties, at any given auction they bid or offer according to a pooled bid
policy B and a pooled offer policy S.

For the remaining results, we suppose that the initial Y-conditional type density
1o of class-1 agents is that associated with receiving a random number of signals that
is identically distributed across class-1 agents, with a density p; on the positive integers.
That is, p1(k), also denoted pyj, is the probability of receiving k signals at time zero.
Class-2 agents are initially informed in the same manner, except that the probability
density of the number of signals that they receive is po. The signals given to each agent
are drawn at random from a common pool of signals whose joint distributions with Y
vary cross-sectionally so that the type of a randomly selected signal has some fixed Y-
conditional probability density f(-), with outcome f¥(-) on the event Y = 0 and fL(-)
on the event Y = 1. Thus, for any positive integers m and n > m, receiving n signals
implies strictly better information precision than receiving m signals.

We continue to let U;(t,0) denote the expected future profit of a class-i agent of
type 0 at time ¢, in our usual setting of completely observable agent characteristics, and
we let Z;Ii(t, 0) denote the utility of a class-i agent in the alternative market setting, in
which the characteristics 1,0, A;, and k;; of class-1 and class-2 agents are not distin-
guishable. We now show that when one’s quality of information cannot be distinguished
by one’s counterparty, better quality information, whether due to a higher expected fre-

quency of trading encounters or to better initial information, increases total expected
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auction profits.

Theorem 4.2 If Ay > A\ and if the initial type densities 119 and sy are distinguished
by the fact that the density py of the number of signals received by class-2 agents has
first-order stochastic dominance over the density p; of the number of signals by class-1

agents, then ) X
E[Us(t, O9)] - E[U;(t,01,)]
)\2 - )\1 ’
The inequality (23) holds strictly if, in addition, Ay > A1 or if ps has strict dominance

t€[0,7]. (23)

over pi.

The comparison (23) implies that the utility advantage of class-2 agents holds even
after adjusting for their higher expected frequency of auction opportunities. The intuition
is that class-2 investors are expected to be more informed than class-1 investors at any
point in time, either because, in expectation, they will learn more in auctions than class-
1 investors or because they are initially better informed than class-1 investors. Because
class-2 investors cannot be distinguished from class-1 investors by their counterparties,
the class-2 investors attain higher total expected profits than class-1 investors.

The previous result shows that better informed and better connected investors
have strictly higher expected trading profits if they are able to hide the characteristics
determining the quality of their information. This stands in contrast to a fully-revealing
rational expectations equilibrium, in which investors cannot profit from their private
information. In our decentralized market, it takes time for prices to converge to the
rational expectations price and investors can thus profit from their superior information
in early trades.

Up to this point, we compared expected profits when investors are able to hide
the characteristics determining the quality of their information. We next show that if
investors must trade openly with respect to their connectivity and initial information
quality, then having better initial information and more opportunities to collect infor-
mation from trades can in some cases lead to lower expected trading profits.

For the remainder of this section, we further restrict our economy so as to allow
a total of N = 3 classes of agents. We assume that v; = vy = ¥ > v3, so that the only
trades are those in which class-3 agents sell to class-1 or class-2 agents.

The next example describes a situation in which better informed buyers have a
lower utility than worse informed buyers, provided that the characteristics determin-
ing their information quality are commonly observable. An analogous example can be

obtained based on a comparison of the matching intensities \;, as in Theorem 4.2.
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Example 4.3 Suppose that k1 = ko and A\ = X, so that classes 1 and 2 differ only
with respect to their initial cross-sectional type densities 119 and sg. In particular, we
suppose that the number of initial signals received by class-2 investors has first-order

dominance over the number received by class-1 investors such that

3z
vibe) = 2 g vhe) = i)
and
va = Pio * Y.

Moreover, we assume that the seller’s type distribution i corresponds to a distribution
sufficiently close in total-variation norm to the convex combination of Dirac measures
given by

(T+e ™™ (0.4 + 64), (24)

for a constant A. Taking v3 = 0, v; = vy = 1.6, and A = 1, the conditions for
the ezistence of our double auction equilibria are satisfied and we have E|m3(0,0)] =
0.38331, E[m3(0,6)] = 0.37232, E[713(0,0)] = 0.38150, and E[3(0,0)] = 0.40038.
Therefore, by continuity, there exists a sufficiently small time horizon T such that, for

any time t,

E[U,(t,05)] < E[U(t,01)] < E[U(t,61)] < E[th(t,04)], tecl0,T]. (25)

Class-3 investors face greater adverse selection from class-2 counterparties than
from class-1 counterparties, given the relative information precision of the class-2 in-
vestors. In order to mitigate this increased adverse selection, class-3 investors tend to
bid more conservatively when facing class-2 investors, if they can distinguish them, thus
lowering the expected profit to a class-2 investor. On the other hand, in order to benefit
from completing a sale on the event Y = 1, class-3 investors must bid more aggressively
against class-2 investors than against class-1 investors whenever they believe that the
event Y = 1 is relatively likely. This aggressive bidding brings extra expected benefits
to class-2 investors conditional on the event Y = 1. In Example 4.3, the first effect
dominates the second, and class-2 investors attain lower expected profits than those of
class-1 investors, as stated by (25), when their information quality can be distinguished.

In Example 4.3, if class-1 investors have the choice, they would prefer to operate
in a market in which the quality of counterparty information is revealed. In this situa-
tion, class-1 investors avoid the adverse selection problem of being pooled with class-2

mvestors.
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Although Example 4.3 provides conditions under which better informed buyers
attain lower profits than worse informed buyers when their information quality can be
distinguished, the opposite can happen if the gain from trade is so large as to cause the
opportunity value of an exchange to dominate the adverse selection effect.

In order to show this result, we introduce the following notation. For two densities
g1 and g, on the real line, we say that g has a fatter right tail than ¢;, and write
Tail(g1) < Tail(go), if i ~ Exp, (¢, v, —;) and if

92(2)

lim = +o0.
z—too g(7)

This fatter-tail condition applies if either ay < 7 or both a; = s and v, > ;. The
weak version of this ordering is defined by writing Tail(g;) =< Tail(gs) if ag < oy or if
both oy = as and v > 4 .

From this point, we assume that for each of classes 1 and 2, ¥ satisfies an ex-
ponential tail condition ¥ ~ Exp, . (ci, v, —a;). For this, if the random number of
signals received by an agent is bounded, it suffices that the probability density f¥ of
the type of a single randomly selected signal, given Y = 0, satisfies an exponential tail
condition. This result is stated and proved as Appendix Lemma E.1, which also gives
an alternative sufficient condition for cases in which the random number of signals is not
bounded, but has a density with a tail “close to” that of the geometric distribution, in

a sense made precise in Lemma E.1.

Lemma 4.4 If the density po of the number of signals endowed to class-2 agents has
first-order stochastic dominance over the density p; of the number of signals endowed to
class-1 agents, then Tail(yf) < Tail(y¥dl). Furthermore, if either

sup{k : pix >0} < sup{k : poyr > 0}

or if p1(k) and pa(k) are strictly positive for sufficiently large k, with

lim pil(k—i_ D < lim L(kﬁL 1),

then Tail(yf) < Tail(yi).

In this sense, being more informed means having fatter-tailed information types.
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Proposition 4.5 Suppose that k1 = ko and A\ = Ay, so that classes 1 and 2 differ only
with respect to their initial cross-sectional type densities 119 and ey. We also suppose
that the number of initial signals received by class-2 investors has first-order dominance
over the number received by class-1 investors, that
ap + 1
ape — 1
and that Tail(yYH) < Tail(dh) (more informative tails for class-2 agents).® Then, if the

gain-from-trade meaure G(v) is sufficiently large,

> az, te][0,7],

E[U,(t,01)] < E[Uh(t,01)] < E[U(t,04)] < E[Us(t,0y)], tec]0,T].

The same two partially offsetting effects highlighted in the discussion after Example
4.3 continue to play a role here. The gain-from-trade measure G(v) can be made so large,
however, that the expected loss associated with a failure to exchange the asset dominates
the adverse-selection effect, allowing class-2 investors to attain higher profits than class-1
investors even when the determinants of information quality are commonly observed.

Under the conditions of Proposition 4.5, class-1 investors prefer to be in a market
in which the quality of information is not revealed. Again, the adverse selection effect is
dominated by the loss-from-no-trade effect, reversing the result of Example 4.3.

Analogous results can be obtained when agents differ only in terms of the mean
arrival rates of their opportunities to gather information from trading, as we show with

the next proposition.

Proposition 4.6 Suppose that k1 = kg and Ay < Ao, and that class-1 and class-2 in-
vestors have the same initial information quality, that is, g = og. We further assume

the exponential tail condition VY ~ BExp_ . (cit, Yit, —cur) for all i and t, with cayy < 3,

Oél()—l

Q39 >

)

3—0410

and
¢ + 1

Oélt—]_

> g, t e [O,T]
If the gain-from-trade measure G(v) is sufficiently large, then for any time t we have

E[Us(t, O3] E[Us(t, O3] E[U(t,01)] E[U(t,01)]
» - N - " - N

9In fact, this condition is “almost” unnecessary, in that we have already assumed that py has
first-order dominance over p;. With this dominance, it is enough for Tail(¢f]) < Tail(x]) that
limy— oo p1(k + 1)/p1(k) < limg— oo pa(k + 1)/p2(k). As a substitute for the condition Tail(fh) <
Tail(yd), it suffices that a; = ag, 71 = 72, and ¢z > ¢1.
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Many of the results of this section can also be stated in the form of comparisons
of the conditional expected utilities, U;(t, ©;) and Z;{i(t, ©,:). We avoid this for brevity.

5 Subsidizing Order Flow

So far, in meetings between agents ¢ and j with v; = v;, no trade takes place. In
this section we investigate the possibility that agents with similar preference parameters
engage in trading with the sole purpose of obtaining more information about Y from their
counterparties. In functioning over-the-counter markets, such as those for government
bonds, the informational advantage of handling more trades is sometimes said to be a
sufficient advantage to cause dealers to narrow quoted bid-ask spreads in order to increase
counterparty contacts.

Because of our continuum-of-agents assumption, an agent is indifferent to the
amount of information revealed to a counterparty, because this information has at most
an infinitesimal impact on that agent’s expected future terms of trade. We now describe
a simple mechanism that induces agents to strictly prefer to truthfully reveal information
to their counterparties. This mechanism can be interpreted as the trading of a contingent
claim.

Suppose that upon meeting, two agents ¢ and j with similar parameter preferences

can enter a “swap” agreement by which the amount

k[(ps() = Y)* = (a(t) = Y],

will be paid by investor ¢ to investor j at time 7', where p;(t) and p;(t) are real variables
reported by investors ¢ and j at time ¢, and where k > 0 is a coefficient. The protocol
is that the players first negotiate the multiplier k£, and then both agents simultaneously
submit their respective “reports” p;(t) and p;(t). Provided that k is strictly greater
than zero and that both agents have agreed to enter, in equilibrium player ¢ optimally
submits a report p;(t) that is his or her conditional expectation of Y (or equivalently,
the conditional probability of the event Y = 1).

For the above mechanism to induce truthful revelation of posteriors in each auction,
we must show that, at any particular meeting there exists some £ > 0 such that both
agents are willing to enter the swap agreement voluntarily. Lemma G.1 in the appendix
shows that, keeping fixed the bidding policy of other investors in the economy, an investor
attains strictly higher profits if he learns information from another investor in a meeting.

Because this information gathering activity is not observable by other investors in the
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economy, it is a dominating strategy for investors to subsidize order flow with the purpose
of learning information from investors with similar preferences, as long as the cost of the
subsidy, although strictly positive, is sufficiently small. The net expected cost of the
subsidy can indeed be made arbitrarily small in each auction, so that the benefits in
terms of information gathering are greater than the costs in terms of the potential loss
to the counterparty. If, for example, we let k£ be the minimum of two coefficients k; > 0
announced by the two agents when they meet and before they enter the swap agreement,
then there is an equilibrium in which both agents select a small enough k; such that they
are willing to participate in the swap agreement.

Therefore, there exists an equilibrium in which investors always subsidize order
flow with counterparties with similar preference parameters, and counterparties treat
investors as if they have been engaging in this activity.

The ability to subsidize order flow may have a negative impact on investors ex-
pected profits. For example, under the conditions of Example 4.3, an investor attains
higher profits if he is less informed. However, as shown in this section, if investors have
the ability to subsidize order flow to get more information, they will engage in this be-
havior, and may thus end up with a lower profit than if they did not have the ability to

subsidize order flow.
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Appendices

A Information Percolation

Proof of Proposition 3.3. For simplicity, by abuse of notation, we omit everywhere
in this proof the superscript “H” on densities, writing 1; in place of 1, and so on.
Passing to Laplace transforms and adding up the equations for lzit over ¢ and the

equation for ﬁjt over j we get the system
d - . o
— Pt = —Adu 1t P2t
Sou = A + A
J . A o (26)
— ¢ = —APa + A b P
dt

Subtracting,

G1e — b = e MD,
where & = ¢19 — ¢ satisfies (0) = 0. That is, in this case ¢y, converges exponentially
to Qggt. Thus,

E%t = Aou(=1+ ¢y —e 7).
Denote & = ¢1ze™. Then,

d _ .

%St = e AtSt(St—V)-
Integrating, we get

S _ @ e ?0=e™),

§— G20

>

That is,

c e (61320 — leo)

1 -t
= € = = = = =
(blt gt ¢20€_¢20(1_e—)\t) . ¢106_¢10(1_e

1 e—dbio(l—e)
—At) (bloe v ’

On the other hand, integrating (26), we get

7 T M [ basds
G1e = roe Meroo
and therefore .
e M 6/\f0t posds _ ?u.
P10
Similarly,
.
oM A g drads ?215 ‘
P20
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Thus, integrating the equation for the Laplace transform of v;;, we get

7 o= A [T dosd Yio 5
Vi = e Mo dmd = R4,
10

and similarly for ¢;;. =

Proof of Theorem 3.4. Let the probability measures {ay(k) : k € ZY,i €
{1,...,N}} on ZY satisfy the system of ODEs:

N
! 2 :
a’it = _)\z Q¢ + )\z Qi * K'ij ajt

J=1

or, coordinate-wise,

d N
%ait(]{?) = _>\i ait(k) + >\z ; Rij Z ait(ll)ajt(lg).

{li,lo € ZY :li+la =k}

Let
Yir = Z ai (k) E]kk7

kezl
where
«k def ok xk N
o = Yt ke xUyg

The series is well defined and convergent because a;; is a probability measure. Then,

d d *k
Ve = > 7%t (k) v
kezy
N
— Z (—)xiait(k:) + N Z Kij ait(ll>ajt(l2)> Sk
kez Jj=1 l1+l2=k
N
= Ny + N Z Kij Z a;(ly) Sll * Z ajt(lz)¢f)kl2
Jj=1 llezf 12621

N
= —Nvi + N Z Kij Vit * VYt .
j=1
Uniqueness follows by standard arguments. m

Proof of Proposition 3.5. Let f:Z, — R be monotone increasing and bounded.

Let also Yj; be a random variable (taking values in Z, ) distributed with the measure a;.
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KRij a'zt * a]t ) f(k)

uMZ

CX @ ik = A Y aulh)

k

- _)\ E z't + )\ Z '%7,] zt + Yt)]

> —MEUOM]+,M§:mMEUOM]=(L

and the stipulated monotonicity in time follows.
Now, define (for the moment, formally), for p € {1,..., N},

0
by = oy, it

Differentiating (formally) (8) with respect to A, for i # p we get

d

Ebff = — N0 4+ AP« Z Kij G+ Aiag % Z/@] vl =0, (27)

and otherwise we get

N

%bgi = Qpt * Z Fpj Qjt— Qpt = Ap bﬁft) + Ap bpt *Z Kpj Qjt + Ap Gpt * Z Kpj bﬁ’ , (28)
j=1 j=1 j=1

with the same initial condition bl(,%) = 0. This is a system of linear equations for the

vector b? ) = (bgf )). Following standard arguments, for example those of Duffie, Manso

and Malamud (2009b), this equation indeed has a unique solution, which is a finite

measure, and this solution measure is indeed the derivative of b; with respect to A,.

Denoting
(p) _ )\ it b(p

zt - it

we get that

d
Ecg) )\ €>\t (p Z fiz] a]t + >\ Qi * Z '% 6()\ A ]t)v 07%7) = 07

and similarly for ¢ = p.

(»)

Now, let us pass to the moment-generating functions ¢;;” and a;; of these measures.

Define the matrix

K(t) = (Ry(t)),
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where

N

Rij(t) = kiye™ ™" Ny + 05\ Y Kl
k=1

and let

N
a(t) = (B3p) M (ape * > Fpjlaje — e ) -
j=1

Then, the system (27)-(28) is equivalent to the following system for the moment-generating
functions:

d .
%éﬁp) = K@) &P + a(). (29)

Consider the fundamental solution ®(¢,7) to the equation

Lot = K17, $01) = Iyox.

Then, the unique solution to (29) is given by

t
&P = / &(t, 1) a(r)dr.
0

Once again, a standard argument implies that the matrix (f(t,T) consists of moment

generating functions of measures ®;;(¢, 7) that solve the system of equations

d
E‘b(“) = K(t) * ®(t), ®(tt) = Idyxn,

where Idy«y has the Dirac measure J, for each diagonal element, and zero off-diagonal
elements. Since K(t) consists of positive measures, it follows (for example, from the
Euler scheme for constructing the solution) that ®(¢,7) is a matrix of positive measures.

Hence,
t
b = diag(e_)‘it)/ O(t,7) * a(r)dr.
0

Thus, for any monotone increasing bounded f : ZY — R,

a% > ank) f(k) = > 0P (k) f(k) = e / D03 @yl ) way(m) (k) £ (k) dr

k

Let Z be a random variable with distribution ®;;(¢, 7) (normalized, if necessary, to have

mass one) and let X be an independent variable whose distribution is

N
E '%pj ajt .
Jj=1
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Then,

D7 D7 (@(t7) * ay(r) (k) S(R)

= Mt Z <<I>Z-p(t,7') * <€Lpt * ; Kpj Qjt — dpt)) (k) f(k)

= E[f(Z+X+Yu)] — E[f(Z+Yy)] > 0.

The claim follows. =

Proof of Lemma 3.6. First, we say that a pair (', FL) of cumulative distri-

bution functions (CDFs) on the real line is amenable if
dF*(y) = e dF"(y), (30)
and symmetric amenable if
dF"(y) = dF" (—y) = eV dF"(y), (31)

that is, if for any bounded measurable function g,

/_m 9(y) dF"(y) = /+OO g(—y) dF" (y) = /+OO e Vg(y) dF " (y).

[e.9] — 00 —00

It is immediate that the sets of amenable and symmetric amenable pairs of CDF's

is closed under mixtures, in the following sense.

Fact 1. Suppose (A, A,n) is a probability space and FH : Rx A — [0,1] and F¥ : Rx A —
[0,1] are jointly measurable functions such that, for each v in A, (FH(- a), FL (-, a))
is an amenable (symmetric amenable) pair of CDFs. Then an amenable (symmetric
amenable) pair of CDFs is defined by (FH,FL), where

H L

szﬁﬁwmw@, széﬂwwmw

The set of amenable (symmetric amenable) pairs of CDF's is also closed under finite

convolutions.

Fact 2. Suppose that X;,..., X, are independent random wvariables and Y7,...,Y, are

independent random variables such that, for each i, the CDFs of X; andY; are amenable
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(symmetric amenable). Then the CDFs of X1+ -+ X,, and Y1 +---+Y,, are amenable

(symmetric amenable).

For a particular signal Z with type 0z, let FX be the CDF of 6 conditional on
Y =0, and let FZ be the CDF of 6 conditional on Y = 1.

Fact 3. If (FY, FL) is an amenable pair of CDFs and if Z satisfies (13), then (F4, FZ)

is a symmetric amenable pair of CDFs.

In order to verify Fact 3, we let 6 be the outcome of the type 6, on the event {Z = 1},
so that

), BY=01Z=1 | BY=0) | PBZ=1|Y=0)
T %Py =1z=1) PPy =1 PPZ=1|Y=1)
and let
P(Y =0|Z = 0) P(Y = 0) P(Z=0]Y =0)
—log ———= =log
P(Y =1|Z=0) P(Y = 1) P(Z=0[Y =1)

ézlog

be the outcome of the type 6 on the event {Z = 0} . Then,

0 0+0 0+0 0
e’ —e e —e
H
Fl = — — gy + ——1; (32)
A 0<y <
el — b el — b <y
and .
L 1—¢f 1 e —1 1
z = 5 ~0<y 5 10<
el — e? et — et =Y

The amenable property (5) is thus satisfied.

If Z satisfies (13), —0 is the outcome of 0, associated with observing Z = 0, so

0
" e 1
Fz W) =1 Mo<w + T L-ozw
and
L 1 e?
F7 ) =g losw + 77 L-o<w
These CDF's are each piece-wise constant, and jump only twice, at y = —f and y = 6. We

let AF(y) = F(y) —lim,;, F(2). Aty = —0 and y = 0, we have AFY (—y) = e VAFH (y)
and AFL(y) = AFE(—y), completing the proof of Fact 3.

Now, we recall that a particular agent receives at time 0 a random number, say

N, of signals, where N is independent of all else, and can have a distribution that
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depends on the agent. By assumption, although the signals need not have the same
joint distributions with Y, all signals satisfy (13). The type of the set of signals received
by the agent is, by Lemma 3.1, the sum of the types of the individual signals. Thus,
conditional on N, the type # of this agent’s signal set has a CDF conditional on Y = 0,
denoted Ff| and a CDF conditional on Y = 1, denoted F'%, that are the convolutions of
the conditional distributions of the underlying N signals given ¥ = 0 and given ¥ =1,
respectively. Thus, by Facts 2 and 3, conditional on N, (F¥, Fk) is an amenable pair of
CDF's. Now, we can average these CDF's over the distribution of N to see by Fact 1 that
this agent’s type has CDFs given Y = 0 and Y = 1, respectively, that are amenable.
Now, let us consider the cross-sectional distribution of agent types of a given class
1 at time 0, across the population. Recall that the agent space is the measure space
(G,G,7). Let v; denote the restriction of  to the subset of class-i agents, normalized by
the total mass of this subset. Because of the exact law of large numbers of Sun (2006),
we have, almost surely, that on the event Y = 0, the fraction 7;({a : 0,0 < y}) of class-i

agents whose types are less than a given number v is
i) = [ F) o)

where F is the conditional CDF of the type 0,0 of agent « given Y = 0. We similarly
define F as the cross-sectional distribution of types on the event Y = 1. Now, by Fact
1, (F%, FL) is an amenable pair of CDFs. By assumption, these CDFs have densities de-
noted ¥ and %, respectively, for class i. The definition (31) of symmetric amenability
implies that
0(y) = vi(-y) = vigly)e™,

as was to be demonstrated. That ¥ satisfies i (—z) = e~ (z) = L (z) for any
t > 0 now follows from the Wild sum solution (9) and from the fact that amenability
is preserved under convolutions (Fact 2) and mixtures (Fact 1). That the hazard-rate
ordering property is satisfied for any density satisfying (5) follows from the calculation

(suppressing subscripts for notational simplicity):

Ghz) _ [ wdy [Ty [T ") dy G (a)

() Yh(z) i (x) - @) W)

Lemma A.1 For any amenable pair (F| FL) of CDFs, there exists some initial alloca-
tion of signals such that the initial cross-sectional type distribution is F' almost surely
on the event H = {Y =0} and F* almost surely on the event L = {Y = 1}.
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Proof. Since

| = /R AFE(z) = /R e 4P (),

it suffices to show that any CDF F satisfying

/ e "dFT(z) =1 (33)

can be realized from some initial allocation of signals.

Suppose that initially each agent is endowed with one signal Z, but X; = P(Z =
1Y = 0) and Xo = P(Z = 1| L) are distributed across the population according
to a joint probability distribution dv(zy,xs) on (0,1) x (0,1). We denote by F¥ the
corresponding type distribution conditioned on state H. The case when v is supported
on one point corresponds to the case of identical signal characteristics across agents, in
which case F = F 979” is given by (32). Furthermore, any distribution supported on two
points 0, 0 and satisfying (33) is given by (32). We will now show that any distribution
FH supported on a finite number of points can be realized. To this end, we will show
that any such distribution can be written down as a convex combination of distributions

H
of ngé,

=Y o F); .
In this case, picking

dv = Z Oé'l(;(le,l‘é)

to be a convex combination of delta-functions with

- eli — elitbi - 1—¢f
ZL’l = ——— , 1’2 =

eei J— eéi 69 J— eé ’

we get the required result.

Fix a finite set S = {6;,..., 0k} and consider the set £ of probability distributions
with support S that satisfies (33). If we identify a distribution with the probabilities
p1, - .., P assigned to the respective points in S, then L is isomorphic to the compact

subset of (p1,...,pr) € RE, satisfying

2op=1 o ) etn= 1
i i
Because this compact set is convex the Krein-Milman Theorem (see Krein and Milman

(1940)) implies that it coincides with the convex hull of its extreme points. Thus, it
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suffices to show that the extreme points of this set coincide with the measures, supported
on two points. Indeed, pick a measure 71 = (pi,...,pk), supported on at least three
points. Without loss of generality, we may assume that pi, ps,p3 > 0. Then, pick an
e > 0 such that

—01 _ 6—93 6—91 _ 6—92

>O,p3i€m>0.

e
pte >0, p=£ S —
Then, clearly,
1
T = §(ﬂ'+ +77)

with
—01 _ 6—93

i e e=0 — 02
= \pke e sk E P4 DK )

By direct calculation, 7 and 7~ correspond to measures in £. Thus, all extreme points
of L coincide with measures, supported on two points and the claim follows.

Now, clearly, for any measure F'Z satisfying (33) there exists a sequence FX of
measures, supported on a finite number of points, converging weakly to F'¥!. By the
just proved result, for each FH there exists a measure dy; on (0,1) x (0,1), such that
F!' = F;! . By the Helly Selection Theorem (Gut (2005), p. 232, Theorem 8.1), the set
of probability measures on (0,1) x (0,1) is weakly compact and therefore there exists
a subsequence of v; converging weakly to some measure v. Clearly, F# = F and the

proof is complete. m

B ODE and Equilibrium

Proof of Lemma 3.7. By the assumptions made, the right-hand side of equation (16)
is Lipschitz-continuous, so local existence and uniqueness follow from standard results.
To prove the claim for finite Vj, it remains to show that the solution does not blow up
for = < v . By Lemma 3.6,
1 S 1
hif(Va(2)) = hi(Va(z))

and therefore

/ B 1 Z— 1 1
Va(z) = v — v; (UH_Z hif (Va(2)) " hz'li(‘/?(z))) (34)
1 v — v,

IN

hif (Va(2)) (vi = v;) (v = 2)
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That is,

’UH—’UZ‘

(vi — ;) (V7 = z)

L (~log Gu(Val:) <

Integrating this inequality, we get

Gy (Va(2)) v; — U vl — 2
That is,
Uvai
v — 2\ Wiy
Gu(Va() 2 GulW) ()"
or equivalently,
’”H*’”i
1 vl — 2\ vy
ValVi,2) < Gyt | Gu(Ve) (o
Similarly, we get a lower bound
o —
1 vt —Z iV
Ve ) > G5 [ Gu(w) (UH_U.) | (35)

The fact that V5 is monotone increasing in Vj follows from a standard comparison theorem
for ODEs (for example, (Hartman (1982), Theorem 4.1, p. 26). Furthermore, as Vj —
—00, the lower bound (35) for V5 converges to

H
v vy

G_l /UH — Z viTYj
L vl — oy,

Hence, V5 stays bounded from below and, consequently, converges to some function
Va(—00, 2). Since V,(Vg, 2) solves the ODE (16) for each V; and the right-hand side of
(16) is continuous, V5(—00, 2) is also continuously differentiable and solves the same ODE
(16). m

Proof of Proposition 3.8. Suppose that (S, B) is a strictly increasing continuous
equilibrium and let Vi (z), V5(z) be the corresponding (strictly increasing and continuous)
inverse functions defined on the intervals (a1, A1) and (ag, As) respectively, where one or
both ends of the intervals may be infinite.

The optimization problems for auction participants are

max fs(s) = max / s — vy — AP0+ 6)) Bi(P(0), 6) do (36)

s Va(s)
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and

Va(b)
max f(h) = max /_ (v + AP0+ &) — S(0) U,(P(6),0)d6.  (37)

oo
First, we note that the assumption that A; < v implies a positive trading volume.
Indeed, by strict monotonicity of S, there is a positive probability that the selling price
is below v. Therefore, for buyers of sufficiently high type, it is optimal to participate
in trade.

In equilibrium, it can never happen that the seller trades with buyers of all types.

Indeed, if that were the case, the seller’s utility would be

/R (s — v, — AP0+ 6)) W(P(6). 6) do,

which is impossible because the seller can then attain a larger utility by increasing
s slightly. Thus, a; > as. Furthermore, given the assumption S < v, buyers of
sufficiently high types find it optimal to trade with sellers of arbitrarily high types. That
is, Ay = supy B(#) > sup, S(#) = A;. Thus,

A22A1>a12a2.

Let 0, = Vi(ay), 0, = Va(A;p). (Each of these numbers might be infinite if either
Ay = Ay or as = ay.) By definition, Vj(a1) = —o0, Vi(A;) = +o00. Furthermore, fg(b) is

locally monotone increasing in b for all b such that

v + N P(VA(D)+ ¢) — S(Vi(b)) > 0.
Further, fp(b) is locally monotone decreasing in b if

v + A P(VI(D)+ ¢) — S(Vi(b)) < 0.
Hence, for any type ¢ € (0,,60,), B(¢) solves the equation

vi + A P(VA(B(¢)) + ¢)) = B(9).
Letting B(¢) = z € (a1, A1), we get that

v + A P(Vi(z) + Va(z) = =. (38)

Now, as ¢ 1 0, we have B(¢) T A; and therefore Vi(B(¢)) T +oc. Thus,

Ay = lim B(9) = lim(v; + AP(VA(B(9) + ) = o™,
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and similarly, a; = wv;

We now turn to the first-order condition of the seller. Because V5 is strictly in-
creasing and continuous, it is differentiable Lebesgue-almost everywhere by the Lebesgue
Theorem (see, for example, Theorem 7.2 of Knapp (2005), p. 359). Let X C (as, Ay) be
the set on which VJ exists and is finite. Then, for all § € V1(X) the first-order condition
holds for the seller. For a seller of type 6, because the offer price s affects the limit of the
integral defining the seller’s utility (10) as well as the integrand, there are two sources
of marginal utility associated with increasing the offer s: (i) losing the gains from trade
with the marginal buyers, who are of type B~!(s)), and (ii) increasing the gain from
every infra-marginal buyer type ¢. At an optimal offer S(0), these marginal effects are

equal in magnitude. This leaves the seller’s first-order condition
Gi(P(0),Va(S(0))) = V5(S(0)) (S(0) — v; — &; P(0 + Va(S(0)))) Ti(P(0) , S(6)), (39)
where too
Gi(p,z) = / Vi(p,y) dy.
Letting z = S(0), we have § = Vi(z) and hence

Gi(P(V1(2)), Va(2))
Wi(P(Vi(2)), Va(2))

= V3(2) (z — v; — A; P(Vi(2) + Va(2))). (40)

Now, if V5(2) were not absolutely continuous, it would have a singular component and
therefore, by the de la Valée Poussin Theorem (Saks (1937), p.127) there would be a
point zo where Vj(zy) = +o00. Let 6 = Vi(zp). Then, S(f) cannot be optimal because
there will an inequality < in (39) and therefore there will always be an incentive to
deviate. Thus, V5(z) is absolutely continuous and, since the right-hand side of (40) is
continuous and (40) holds almost everywhere in (as, Ay), identity (40) actually holds for
all z € (ag, As).

Now, using the first order condition (38) for the buyer, we have

. I
z—wv; — A P(VI(2) + Va(z) = 2 —v; — K(z — ) = UH—UJ- (v — 2). (41)
Furthermore, (38) implies that
Revl (2)+Va(z) 2 —; 2=
P(Vi(2)+Va(z2)) = 5 RehOaE = — < Vi(2)+Va(z) = log o —logR.
That is,
Z — U;
Vi(2) = log 77— — 1a(2) — logR.
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Therefore,

e V2(2) 2v B (z — v;)e~12()

PR = e T e e

Using the fact that UX(Va(z2)) = e 2 W (14(2)), we get

T(P(A(2),Va() = POAR) W (Va(2)) + (1= P(Vi(2))) TH(Va(2))
ey €_V2(z)
T —(z + ez—)Vz(Z) (z — v;) Wi (Va(2))
(vH — 2) e V2(2)

v — 2 + e V20 (2 — )

v —
= - Ul (Va(2)).
vH — 5 + 6_V2(Z) (Z — Ui) 7 ( 2(Z>>

Ui (Va(z))

Similarly,

Gi(P(Vi(2)), Va(2)) = P(Vi(2)) G'(Va(2)) + (1= P(Vi(2))) G} (Va(2))
(2 —v)e 2D GH(Va(2)) + (0" = 2) GE(Va(2)) (42)
vl — 2 + e V20 (2 — ) '

Consequently,

Gi(P(Vi(2),Va(2)) _ P(Vi(2)) Gi' (Va(2)
Vi(P(Vi(2)), Va(2))  P(Vi(2)) i (Va(2)
(

— (’UH — Ui)_l ((Z — Ui) W
Thus, by (41), the ODE (40) takes the form

Gi(P(Vi(2)), Va(2))
Ui(P(Vi(2)), Va(2)) (2 — v; = 8; P(Vi(2) + Va(2)))

B _ )t z—v-* vt —2 : :
= (v i) <( i) R (Va(2)) + )hf(Vz(Z))) o (v — 2)

Vi(2) =

1 z — v 1 1 ot
B <vH-zh{I(V'2(z)) * hf(VQ(z)))’ 2€ (o) = (v, 07).

Consequently, V5(2) solves (16). By Lemma 3.7, Vo(v) = +00. Thus Ay = v and the

proof is complete. m
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Proof of Corollary 3.9. By Proposition 3.8, V5(Vj, 2) is monotone increasing in Vj.

Consequently, B = V, ' is monotone decreasing in Vj. Similarly,
Vi(Vo,2) = log =" — Vy(Vi log R
1(Vo,2) = OgvH—z — Va(Vo,2) — log
is monotone decreasing in Vj and therefore S = V; ! is monotone increasing in V,. m

In order to prove Proposition 3.11, we will need the following auxiliary result

Lemma B.1 Suppose that B,S : R — (v;,v) are strictly increasing and that their

nverses Vi and Vy satisfy
v + A P(Vi(2) + Va(2) = =

Suppose further that V3(z) solves (16) for all z € (v;,v™). Then (B, S) is an equilibrium.

Proof. Recall that the seller maximizes

) = [ -y - AP0 +0) WP0),0)do (43)

Va(s)
To show that S(€) is indeed optimal, it suffices to show that fi(s) > 0 for s < S(0)
and that fi(s) < 0 for s > S(0). We prove only the first inequality. A proof of the
second is analogous. So, let s < S(0) < Vi(s) < 6. Then,
fs(s) = V5(s) (=s + v + A;P(0 + Va(s))) Wi(P(6), Va(s)) + Gi(P(0), Va(s))
1
= V3 (s)W;(P(0), Va(s)) (—s + v+ A;P(0 + Va(s))

T Vi) (P(0), v2<s>>) |

By Lemma 3.6,
1

is monotone increasing in p. Therefore, by (40),

1 1
V(5) (PO).Va(s) — Vi(s) ha(P(Vi(S)) Vals))

= s —v; — A; P(Vi(s) + Va(s)).
Hence,

fs(s) = Vi(s) Wi(P(60), Va(s))
X (—s+uv; + AP0+ Va(s) + s —v; — A; P(Vi(s) + Va(s)) = 0,

because 0 > Vi(s).
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For the buyer, it suffices to show that

Vi (b)
f(b) = max /_ (vi + AP0+ @) — S(0)) Ui (P(¢),0)db (44)
satisfies f(b) > 0for b < B(¢) and fz(b) < 0forb > B(¢). That is,

vi + Ai P(¢ + Vi(b)) — S(Vi(b)) = vi + A;P(¢ + Vi(b)) —b = 0

for b < B(¢), and the reverse inequality for b > B(¢). For b < B(¢), we have ¢ > V5(b)

and therefore
v + Ay P(o + Vi(b) — b > vy + A, P(Va(b) + Vi(b)) — b = 0,

as claimed. The case of b > B(¢) is analogous. m

C Exponential Tails

Lemma C.1 The Laplace transform dg(k:) s monotone increasing in k for each i and
all t > 0.

Proof. Using the identity ¥ (—2) = e~ @ (x), we get

0 +o00
LBk = /Rxekr fayde = [ ac g(x)dx+/0 w e il () do

— 00

+oo
= / (1 —e®) ekl (x)dr > 0.
0

Lemma 3.10 is a direct consequences of the following result, which also gives the

exponential tail property for v

Proposition C.2 (Exponential tails) Let k = «(t) be the unique solution to
OH (k) e~160) (1=e™) — GH (o) o=d55(k) (1—e)

satisfying mine g1 2y ¢fp(a(t)) < (1 —e*)~t. Then, for all t in (0,T],

{? ~ EXp—i—oo(Ci(t)? 07 _a(t))

d
%@bg ~  Exp,(—a(t)c(t),0, —a(t)),



with'?

e D (a(t) (61 — ) (a(t)) |
h(a(t) & (1= e (M) — o45(k)) — tog (50) (8)) li=ae

a(t) =
Furthermore, these exponential tails are uniform in t if (45) holds for t = 0.

Proof. Since the functions q@lo(k) and Qggo(k‘) are analytic in k in the stripe

H = Rk € (— min a0 — 1, min Oéio) ,

ie{l,...,n+m} ie{l,..,n+m}

it follows directly from their definitions that the functions ¢1,(k) and ¢y (k) are mero-
morphic in k for k € 'H.
Let

= {t>0:3k>0: Gio(k) = doo(k) = (1—e )7}
By analyticity, 7 is at most countable. For any t € 7, define
at) = minfk : gw(k) = du(k) = (L—e )7}
and
n(t) = max{l >0 % ($lo(k) . @O(k)) oy = 0, m< z} .
For any ¢t & T, let «(t) be the unique solution to
Gro(k) #1007 g (k) e 07
and let
n(t) = max{l >0:
- (leo( )e ~du(k — duo(k)e _4320(]6)(1_67”)) ko =0, m < l}-

dkm

0For the case in which ¢f (a(t)) = (1—e )" fori = 1,2, both the numerator and the denominator
of ¢;(t) are zero, so the stated formula must be understood as a limit as k T «(t). In this case,

e gl (alt) '
(1—e )l (¢20( )+ éﬁ)(k)) [k=a()

ci(t) =
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By Lemma C.1, q@io(k‘) is monotone increasing in k. Thus, either q@lo(k) and Qgg()(k’) hit
the level (1 —e=*)~! together, in which case we are in the set 7, or one of them crosses

—At) . - .
»(1=¢"") is monotone increasing

this level earlier than the other. The function z +— ze™
for z < (1 — e )71, and monotone decreasing for z > (1 — e *)~1. Hence, when k

reaches the level a(t),

d ~ n —At d ~ _4 _e At
dk (¢10(k) e o k)) lk=ay and — <¢2O(k‘)e Pl A)) lk=a()

have opposite signs, implying that n(t) = 0.

First, consider some ¢t € 7. By assumption,

X . nl )
Pao(a(t)) — dro(a(t)) ~ (n(t)1+ 0l din(t)-i—l (¢2o(k) - ¢10(k)> |k=a(t)-

Similarly, a direct calculation shows that, for any smooth function f such that

FlA=e™)™) =0 f(1-e™))#0,

we have
~ o a(t)" 2 (1= e ) The,,

where

di (¢20( )+ élo(kﬁ)) [k=at)

N —

Sk = JpnO 1 <<ZB20( ) — élo(k)) |k=a(t)
In our case,
f(:l:’) _ aje—x(l—e*’\t) N f”((l N 6—)\t)—1) _ _(1 N e—)\t)—l el
Thus, the leading term of the asymptotic behavior at k = «(t) is given by
N e M diola(t)) 1
Kla(t) (] — ¢-dy1d <¢20( )+q§10(k‘)) kot at) —k
Similarly, for t & 7,

0 e i ((t)) (a0 — o) (a(t)) g~ P0(alt) -7
it~ A 2 2 5 '
Ka(t) 4 < H (k) e=0fo®) (=) _ Gy (k) e~ 920 (k) (1—6*“)> lh=a(t) (a(t) — k)

~

it

By Theorem 3.4, we can write

G = 30 (k)i - g

k
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and ay (k) = 0 if k; = 0. Thus,

Vi = Ui * (,
with
def k 1 *
= Z a’lt ¢10 1= PR ]\/{i‘é\f .
k
Then,
I~ ¢2t
¢ =
7pz(]

By Theorem 3.4, ( is the density of a probability measure. A Tauberian Theorem
(Proposition 1 in Aramaki (1983))'! implies that, for any ¢ > 0,

def Y eta(t)z
X(y) = e ((z)dz

satisfies the asymptotic

where

Thus,'?
vale) = [ e =9 dy = [ vola =)0 ax()
= [ e (W,.o(x 0+ el + e - ) dr (a6)
= et [0 () (Lvals) + a0+ <Noly) )

Therefore, by the Lebesgue dominated convergence theorem,

TGO /R 20 =1 5. (1) (d%wio(yw<a<t>+e>¢m<y>)dy. (47)

z——+00 6—a(t)m

[ e (fvato) + atvn) ) dn = [ (e va) &y = o

HTn fact, we could have directly used Ikehara’s Tauberian Theorem (see, for example, Theorem 4.2 of
Korevaar (2004), p.124). However, we appeal to the higher order version of Tkehara’s Theorem to show
that our result does not depend on the fact that n(t) = 0.

12We note that a;(0) > «;(t), and therefore the boundary terms arising from integration by parts
vanish for sufficiently small ¢.

But
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and therefore
i @bz’t (fE )
im

r——+00 6—oc(t):c

The asymptotic behavior of

Ttela) = [ vl =) dy

is proved analogously. The fact that the tails are uniform follows from a standard proof
of the Tauberian Theorem (see the proof of Proposition 1 of Aramaki (1983)).13

Corollary C.3 Let o, be as in Proposition 3.11. Suppose that

T < 1 log ( max{qg{{)A(a*), QE%A(Q*)} ) .
A 1 — max{¢(a.), ol ()}

Then, there exists an A > 0 such that, for any

vV — Uj
UH

> A,

there exists a unique continuous equilibrium. By contrast, if

T>§m(mm%mﬁwn>7

~

1 — min{gfh(1), o5(1)}
then there exist no continuous equilibria.
D Proof of Proposition 3.11

Proof of Proposition 3.11. It follows from Proposition 3.8 and Lemma B.1 that a

strictly monotone equilibrium in undominated strategies exists if and only if there exists

a solution V5(z) to (16) such that Vi(v;) = —oo and
Z — U;
Vi(z) = log T, Vo(z) — log R
is monotone increasing in z and satisfies Vi (v;) = —oo , Vi(vf) = +o00. Furthermore,
such an equilibrium is unique if the solution to the ODE (16) with Va(v;) = —oo is
unique.

131n fact, Subhankulov (1976) (Theorem 5.1.2, p. 196) establishes strong bounds on the tails that can
be used to determine the exact speed of convergence to exponential tails.
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Fix at < T and denote for brevity « = a;; , v = 7, ¢ = ci. Let also

g(z) = elatl) Va(z)
Then, a direct calculation shows that V5(z) solves (16) with V5(v;) = —oo if and only
if g(z) solves
q'(2)
a+1 z—v; 1 1 (48)
= 9() vi—v; \ v —zh((a+1)"1lo iy -1 '
) 7 7 gg(Z)) hz ((a+1) logg(z))

with g(v;) = 0. By assumption and Lemma 3.6,
(V) ~ |V etV and AE(V) ~ ¢ |V]Te?V (49)

as V — —oo because G (V) — 1. Hence, the right-hand side of (48) is continuous and
the existence of a solution follows from the Euler theorem. Therefore, when studying
the asymptotic behavior of g(2) as z | v;, we can replace hI7 and h¥ by their respective
asymptotics (49).

Indeed, let us consider

1 Z—v; 1
~/ _ 1 ~ 7
g (2) (a+1)g(z) v — v (vH—zc((a—l—l)_llOgl/g)Vg
(50)
. 1
c((a+1)"tog1/g)r go/tett) |7
with the initial condition g(v;) = 0. We consider only values of z sufficiently close to

v;, so that logg(z) < 0.
It follows from standard ODE comparison arguments and the results below that

for any € > 0 there exists a Z > v; such that

-1] +

—1‘ < e (51)

for all z € (v;, 2) . The assumptions of the Proposition guarantee that the same asymp-
totics hold for the derivatives of the hazard rates, which implies that the estimates
obtained in this manner are uniform.

First, we will consider the case of general (not necessarily large) v; — v; and show
that, when o < 1, g(z) decays so fast as z | v; that Vj(z) cannot remain monotone

increasing.
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At points in the proof, we will define suitable positive constants denoted C, Cs,

Cj, ... without further mention.
Denote (o + 17
¢ = c(v;—v;) (52)
Then, we can rewrite (50) in the form
J(z) = oz i/g)v (UZH__U; + §1/(a+1)) . (53)

From this point, throughout the proof, without loss of generality, we assume that v; = 0.
Furthermore, after rescaling if necessary, we may assume that v/ — v; = 1. Then, the
same asymptotic considerations as above imply that, when studying the behavior of g
as z | v;, we may replace v — 2z &~ v — o, in (50) by 1.

Let A(z) be the solution to

A(2)
z = /0 ¢H(=logz) a4y
A direct calculation shows that
def / ¢t (—logx)? V() g C—1O‘ +1 (—log z)” zo/letl)
Conjecturing the asymptotics
A(z) ~ K (—logz)vet/e ylatl)/a (54)

and substituting these into B(A(z)) = z, we get

G+ (a+l)

a+1 8] o
=0 <a+1)

Standard considerations imply that this is indeed the asymptotic behavior of A(z). It is

then easy to see that

a—+1

A(z) ~ K (— log z)vleth/a J1/a (55)

By (53),
. 4 ~
() > Ut
® = o173y
Integrating this inequality, we get g(z) > A(z). Now, the factor (log1/g)" is asymptot-
ically negligible as z | v;. Namely, for any € > 0 there exists a C; > 0 such that

o sl/(atetl) 5 ¢ Gl/atl) 5 o1 g1/ (a—etl)
(log1/g)" ? =
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Thus,

(@) > o

Integrating this inequality, we get that

a—e+1

9(z) = Cs(z —w) == . (56)

Let

Then, for small z, by (54),
I(z) = §(2)¢" (—logg) g /D) — 1
< ~1/(x — ~\y ~—1/(x
= Gty (s +87) € lowar e —
z 1
1=z gl/le+D) (57)
z 1
1—2z (A(l(2) + 2))Y/(e+D)
z 1
1=z (A(l(2))) e+

IN

where we have used the fact that [(z) > 0 because h(0) = 0 and I'(z) > 0. Integrating

this inequality, we get that, for small z,
Z(Z) < C4 Z2(o¢—£)/(o¢—€+l).
Hence, for small z

G(z) = A((2) + 2) < A((Cy+ 1)2e79/lam=ty < 0 27, (58)

C(2)
/ (—logz)”
0

A calculation similar to that for the function A(2) 1mphes that

Let C(z) solve

C(2) ~ Cg(—logz)"2* (59)

as z — 0. Integrating the inequality




we get that

§(2) = C(2).
Let now o < 1. Then, (58) immediately yields that the second term in the brackets in
(50) is asymptotically negligible and, consequently,

(log1/g)7 1 —= (log1/g)7 1 —=
holds for sufficiently small z. Integrating this inequality implies that

(60)

C(z) < g(z) < (1+¢)C(2).
Now, (60) implies that
(1—-¢)2C0(2)z7" < §(2) < 2(1+¢)C(z)2z"

for sufficiently small z.'4
Using the asymptotics (49) and repeating the same argument implies that g(z)

also satisfies these bounds. (The calculations for g are lengthier and omitted here.)

Now,
/ J'(2) 2 —1
= — =7 > (11— .
Rl = i 2 VY517
Therefore,
1
/ o o
‘/I(Z) - Z(l—Z) ‘/2(Z> < O

for sufficiently small z. Thus, V;(2) cannot be monotone increasing and the equilibrium
does not exist.

Let now a > 1. We will now show that there exists a unique solution to (48) with
g(0) = 0. Since the right-hand side loses Lipschitz continuity only at z = 0, it suffices to
prove local uniqueness at z = 0. Hence, we need only consider the equation in a small
neighborhood of z = 0. (It is recalled that we assume v; = 0.)

As above, we prove the result directly for the ODE (50), and then explain how the
argument extends directly to (48).

Suppose, to the contrary, that there exist two solutions §; and g, to (50). Define
the corresponding functions ; and Iy via [; = B(g;) — z. Both functions solve (57).
Integrating over a small interval [0, ], we get

Tz 1 1
o) = 6l < 15 | e — e e

We are using the same ¢ in all of these formulae. This can be achieved by shrinking if necessary the
range of z under consideration.

dz. (61)
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Now, we will use the following elementary inequality: There exists a constant Cg > 0

such that
C@ (CL — b)

— gla—1)/a + pla=1)/c
for a > b > 0. Indeed, let z = b/a and = 1/a. Then, we need to show that

al/oe . bl/a (62)

(1+2"7°) 1 - 2%) < Cs(1—2)
for z € (0,1). That is, we must show that
2P — 2 < (Cs—1)(1—2).

By continuity and compactness, it suffices to show that the limit

lim ———
r—1 l1—=x
is finite. This follows from L’Hopital’s rule.
By (54) and (55), we can replace the function A(z) in (61) by its asymptotics (54)

at the cost of getting a finite constant in front of the integral. Thus, for small z,

h(x) — la(z)]

" | (Slog(l +2))7 (b + )V — (= log(la + 2))7 (I + 2))V* (63)
= 07/0 : ' (log(ls + 20 (b 1 2)Va((—Tog(la - 2)7 (o + 2N |

By (62),

(= log(l + 2))7 (I + 2)M* = (= log(lz + 2))7 (I + )"/
< C |(—log(ly +2))" (L + 2) — (—log(lz + 2))” (2 + 2)| (64)
= (= log(l + 2)) (I + 2))e=D/e 4 ((=log(ly + 2))7 (I + 2))le-D/a

Now, consider some v > 0. Then, for any sufficiently small a > b > 0, a direct calculation
shows that

0 < (log(1/a))”a — (log(1/b))"b < ((log(1/a))” + (log(1/b))") (a — b).

If, instead, v < 0, then the function a — (log(1/a))” a is continuously differentiable at

a = 0, and hence
0 < (log(1/a))”a — (log(1/b))"b < Cg(a—10).
Since o > 1, the same calculation as that preceding (60) implies that
A(z) < gi(z) = A(z+1li(2) < 1+e)A(2), 1 =1,2
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for sufficiently small z.
Thus,

' ((—log(ly +2))7 (I + 2))V* — (= log(la + 2))7 (I + 2))V/*
((—log(ly + 2))7 (I + 2))/*((—log(l2 + 2))7 (I2 + 2)) "/

1
< Gylh(z) = L) mrom= (65)
1
< Gy (ZESF&] l1(2) — l2(Z)|> 2t )ja)—

for z € [0,&]. Thus, (63) implies that

v 1
lli(x) — l(z)] < Cyo <sup ll1(2) — lg(z)|>/0 zmdz

z €10,¢]

! (66)

= Cu (&) = ° sup |h(z) — lo(2)]

z €1[0,¢]

for all I < &. Taking the supremum over [ € [0, £], we get

sup 11(2) — bo(2)] < Ci(8)F ~ sup [la(2) — ha(2)]
z€[0,8] 2€[0,Z]

Picking & so small that Cy; ()% —° < 1 immediately yields that {; = I, on [0,2] and
hence, since the right-hand side of (50) is Lipschitz continuous for z 1 # 0, we have l; = Iy
for all z by a standard uniqueness result for ODEs.

The fact that the same result holds for the original equation (48) follows by the
same arguments as above.

It remains to prove the last claim, namely the existence of equilibrium for suffi-

ciently large v; — v;. By Proposition 3.8, it suffices to show that

e = op=g - Ve > 0 (67)

for all z € (0, 1) provided that v; — v; is sufficiently large.
It follows from the proof of Lemma 3.6 that

G ((1-977) < W) <G5t (1-277) .

Thus, as v; —v; T 400, Va(z) converges to —oo uniformly on compact subsets of [0, 1).

By assumption,

lim _ 1 lim ! _
Vetoo RE(V) T a Voo RE(V) T a4+ 1
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Thus, as 2 T 1,
1 1 1

a(v,—v;) 1—2 = 2(1—2)

Vi(2) ~

Fixing a sufficiently small ¢ > 0, we will show below that there exists a threshold W
such that (67) holds for all v; — v; > W and all z such that V5(z) < —e~'. Since,
by the assumptions made, 1/hf (V') and 1/h¥(V) are uniformly bounded from above for
V > —e~! it will immediately follow from (16) that (67) holds for all z with V,(2) > —&~!
as soon as v; — v; is sufficiently large.

Thus, it remains to prove (67) when Va(z) < —e~!. We pick an € so small that we
can replace the ODE (48) by (50) when proving (67). That is, once we prove the claim
for the “approximate” solution g(z), the actual claim will follow from (51).

Let
¢

§(z) = —
“ = Ty
Then, (48) is equivalent to the ODE

() — log(1/¢) ’ z L/(a+1) £,/ a))
10 = (g s wetrrey) (23 FoVerbs@ ). o
As v; —v; — +o0, we get that ¢,d — 0. Let

fz2) < s 1(2).

fo(2) 24 /OZ T o = —log(l—2) — z.

11—z

Using bounds analogous to that preceding (60), it is easy to see that

lim  f(z) = flz),  lm_ f2) = fi(e),

V;—vj——+00 U —Vj—+00

and that the convergence is uniform on compact subsets of (0, 1). Fixing a small £, > 0,
we have, for z > g1,
. : : g'(2)
Wil V2= )
- dm SB)
vi—v—oo (a+1)f(2)
fo(2)
(@ +1)fo(2)
z

(@ +1)(1—2)(—log(l—2)—2)

We then have
d? 1
—dz2(_10g(1 —2)) = > 1.
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Therefore, by Taylor’s formula,

1
—log(l—2)—2z > 5 Z,

I
R

Hence,
z 2 1

Ot D=2 (—log(i=2)—2) = ax1z(1-2)

Therefore (67) holds for large v; — v; because a > 1. This argument does not work as

z — 0 because f(0) = fy(0) = 0. So, we need to find a way to get uniform upper bounds
for f'(2)/f(z) when z is small. By the comparison argument used above, and picking &,
sufficiently small, since our goal is to prove inequality (67), we can replace 1 — z by 1 in
(68).

In this part of the proof, it will be more convenient to deal with ¢ instead of f. By

the above, we may replace ¢ by the function g; solving

g1(z) = 7(_105(91))7 (z + gi/(l—i-a)) '

d(z) = /0 (log (i))ydx,

D(z) = d7'(z), and k(2) = D(gi(z)). Then, we can rewrite the ODE for g; as

Let

K(z) = ¢ (2 + (Dk())VD) . k(0) =0.
Define L(z) via

L(z)
/ (D(x)) Y dr = -,
0

and let

Then, by the monotonicity of D(z),

¢(2) = CL(C2) + ¢z = C (2 + (DLEC)NYN) < ¢z + (D(6(¢2)) ),

By a comparison theorem for ODEs (for example, Hartman (1982), Theorem 4.1, p.

26),' we have
k(z) = ¢(z) & g1(z) = D(k(z)) = D(o(z2)). (69)

»Even though the right-hand side of the ODE in question is not Lipschitz continuous, the proof of
this comparison theorem easily extends to our case because of the uniqueness of the solution, due to
(66).
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Therefore, since the functions z(— log z)” and x®/(®*Y (—log )7 are monotone increasing

for small x, we have

(1+a)V;(z) =

9 (2)
(@ +1)g1(2)
(1+e)C2 (1+e)
gi(=logg)” g/t (_1og gy)
(14+¢e)C= (1+¢)¢

D6(2) (—og D(6())7  D(@(=)D (~ log D(&(=))"

Thus, it suffices to show that
(2 . Cz
D(¢(2)) (=log D(¢(2)))" ~ D(¢(2))/ @1 (—log D(¢(2)))

for some € > 0, and for all sufficiently small z and (. Now, a direct calculation similar
to that for the functions A(z) and C(z) implies that

IA

1+¢)

IN

- < (1-9)(1+a)

d(z) ~ z(—logz)”

and therefore that
D(z) ~ z(—logz)™".

Thus, it suffices to show that

(2
¢(2) (—log )7 (—log(é(z) (—log ¢)=7))7
n ¢z (71)
(¢(2) (—log ¢)~7)/(e+1) (—log(¢(2) (—log ¢) 7))
< (1-e)1+a).

Leaving the leading asymptotic term, we need to show that

5 ¢z
P(2) * (6(2))/@+D) (—log(h(2))) /@D < (1-¢)(1+a).
We have .
/ (D(:c))—l/(a+1)dx - +1 La/(at) (—log Z)’y/(a—l—l).
0 «
Therefore




Hence, we can replace ¢(z

) by
i (5

(a+1)/«
) (~log(¢) " + S22

Let
z = ¢
(CZ)(aﬂ /e (—log(¢2))~ —y/a
Then,
C_Z2 + (z
&(z) (é(z))a/(aH) (_ 1Og((5(z)))y/(a+1)
_ 1 —log(¢2) v/(atl) .
= o of(a+1) ( —log& ) + o
()™ +00) (=) + 050

We have

5 o \@+D/a
log(¢) = log(¢z) + log ((a—H) (C2)Y* (=1og(C2)) " + 0.5 z>

< log(¢z)

for small (, z. Furthermore, for any € > 0 there exists a 0 > 0 such that

a (a+1)/«a
<a—|—1) (C2)"* (= log(¢2) ™ > (¢)M*

for all (z < . Hence,
a—e _ = log(¢z2)
a—e+1 — = logqg

<1
for all sufficiently small (, z. Consequently, to prove (70) it suffices to show that

sup x(z) < 1+ a,

x>0
where .
T
x(@) = on o Ao+ e
()" +050) (7)™ + 052
with
/(a+1)
A, = max{ ) ,1} .
Let

)



Then,
B 0.5A,« 1 K

o+ 1 (K405 0/ © (K 4052
Thus, x'(z.) = 0 if and only if

K a+1

a+1

- =2((3)7 ) (5)

X'(x) =

which means that ot

Then,

x(z4)

= ! Ao + =
- ait aflatD) ‘o et
(=)= + 050) " (327)° + 05z

a+1 a—i—l

1 I C AR I R
(2/A0)+ (a/ (o + 1)ertia) /@D 00 (2/4)75 (af (a 1)/

AN\ a+1 A\ Ao+l
- (= A, +2— 2= - 2 o
(2) e} * (2) i 2%«

There are three candidates for x that achieve a maximum of y, namely x =0, x = +o0,
and x = x,, which is positive if and only if A, < 2.
If v >0, then A, = 1, so x = 0 and x = +o0 satisfy the required inequality as

soon as a > 1, whereas x(z,) < a+ 1 if and only if o > «v,, where

1
=1 .
“ * o, 20
A calculation shows that o* € (1.30,1.31).
If v <0, then
a+1)A,
x = 204 ) = o,

and this gives the condition A, < a. If A, > 2, that is, if

log 2
log((av +1)/ax)’

then we are done. Otherwise, we need the property

-y > (a+1)

Aotl log ((a® — a) 2%)
2 o 1 & — .
T hen ST T TS Te(at )/a)
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By assumption, v ~ Exp_ (¢, Vie, —cu¢) uniformly if ¢. Thus, the arguments above
imply that a lower bound for v; — v; that is sufficient to guarantee the existence of

equilibrium for each fixed ¢ can be chosen, independent of . m

E Proofs of Section 4

Everywhere in the sequel, we assume for simplicity that R = 1.
Proof of Theorem 4.2. The expected utility of a seller of class i € {1,2} of a

trade with a class-3 buyer is
1 ’ H L
5N (Vir (2) + i (2)) 17, 2, 57(2)) dz dr
t JR

1 T
=3 i / / VE(2) (1 + e ) 1(T, 2, S;(2)) dz dT,
t JR
where
(r,2,5) = P(2)(S —v")G5(Var (9)) + (1= P(2)) (S — v1) G5, (Var (5))-
Let f# be the probability density of a single signal, so that
0= e ()t i=12
k=1
Substituting these expansions into (9), we get that
Vi = Z (k) FM 057 g™
kezl !
where the measures a;; on Zf ~! satisfy the system of equations
N
Ay = —NiQig + N Qg * Z Kij Qjt, (73)

i=1

but with the initial conditions (a;)(k,0,...,0) = piy and ()0, ks, ..., kn-1) = 0.
Then, the same argument as in the proof of Proposition 3.5 implies that the measure as,
dominates a; is the sense of first-order stochastic dominance. Therefore, it suffices to
show that

/ (L+ e ) I(7, 2, S-(2)) ((F7)™ * (w30)™ - % (op) ™) (2 — @) dz
. (74)
B /R (L+ e ) I(r, 2 + 2, 8 (2 +2)) (F7)™ +95g? -+ (Ygiy) ™) (2) dz
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is monotone increasing in k = (ky,...,ky).

To show the latter, it suffices to prove that

/R (I+e V) (r,x+y+2S(r+y+2)((z)dz

> (1+e "Y1,z +y,S-(x+y)),

(75)

for any x,y and any probability density ( satisfying (14).
Now, by the optimality of S, we have that

H(r,x+y+2S-(x+y+2) > (r,z+y+2z 58 (r+y)),

and the inequality is strict for all z # 0. Therefore,
/ (I+e ™) I(r,x+y+ 2,5 (x+y+2))((2)dz
R
~ / (I+e ™) (r,x +y+ 2,5 (x+y))((z)dz
R

= [ (Pl (S )~ oG Ver (S, (o )
b= Platy+2) (Sla+y) — o) G (Vr(S:a +9))) €(2)

= (Sy(e + y) — ") GE(Var (S, (x + 1)) / (14 &) Pla+y + 2)((2) dz

+ (Sr(@ +y) — v)Gy, (Va(Sr(z + ) /(1+€_m_y_z) (1= Plz+y+2))C(2)dz.

R
(76)
The claim follows now from the identities (1 + e *)P(z) = 1

(I+e™)(1=Px) = e 7,
and

/RC(Z)dz = /Re—zg(z)dz = 1.

Proof of Lemma 4.4. We have
Pis) = D pu (F)(s).
k=1

Standard results (for example, Korevaar (2004), Theorem 15.3, p. 30) imply that

cl'(y+1)
(v — )+t

fh(s) ~

o7



Suppose first that!'6

K Y sup{k : pu >0} < Ko £ sup {k : pax > 0} < oo,

Then,
O Pk (cT(y+1)%
@ (o — 5)Kil+1)

Therefore (using, for example, Korevaar (2004), Theorem 15.3, p. 30)

- pik; (cT'(v+ 1))Ki
© o DO +1)

and
vi = Ki(v+1) — 1, oy = «.

The claim follows.
If Ki = Ky = o0, we have
inf{s : ’l/AJZH(S) = oo} = «a
where «; is the unique positive number s solving

fH(s) = lim Pik ,

k—oo Dik+1

and therefore oy > . =

Lemma E.1 If f# ~ Exp,(c,0,—a) and if there is a finite maximum number N (i)
of signals that an agent of class i receives with strictly positive probability, then ;g ~

Exp,(cio, N(i) — 1, —), where

PiN(i) N

Cio = m, Yio = N(Z) — 1.

Alternatively, suppose that the moment generating function of f¥ is finite on (—¢,¢) for

some € > 0 and that for some positive constants r < 1 and R > 1, we have
pRF — 1= 0(r"). (77)

Then, ;o satisfies an exponential tail condition.

6The case of sup {k : par > 0} = oo is analogous.
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Condition (77) implies that, asymptotically in k, the probability of receiving k

signals is close to geometric in k, in a particularly tight sense.

Proof. The second claim follows by the Tauberian arguments used in the proof of
Proposition C.2.

For the first claim, it suffices to show that

(™ ~ Exp o(F/((k=1), k-1, —a).

We will prove this by induction in k. The case of k& = 1 follows by the assumption on f.
Suppose that we have proved the claim for some positive integer k; we will now prove it
for k+1. Let ¢ = (f*)**. We use the decomposition

A +o00
@@ = ([ 4 [ 7)ot oy
Now, we fix an £ > 0 and pick some constant A so large that

M (y)

ce

€ 1—g1+4¢)
for all y > A. Then,
Ji= oz —y) ) dy

¢ [T oz — y) v dy
for all x. Changing variables, applying L’Hopital’s rule, and using the induction hypoth-

€ (1—g1+4¢)

esis, we get
ey evdy [T ) e dy
lim = lim
T 00 rk e—ax Z—+00 rk e—ax
' ff_A o(2) e** dz
= lim b -
r— 400 x
S it ik (78)
Tr——400 k‘ gjk_l
cF (LU _ A)k—l e—a(:c—A) ea(:c—A)
= lim
z—+00 k! ak=1
=
Now, using the Lebesgue dominated convergence theorem and the induction hypothesis,
we get
A o "
T — d _
oy e P@ ) Ay =0 g
T—400 xk—l e—ox z—too |_ xk—l e—ox
. N (79)
c (63
T / e f™(y) dy.
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Consequently,

(1—5)ﬁ < tim e D@

(fH)*(lﬁ-l)(x) k1
k! T—4-00 xk e—ox - 2t 00 rk e—ax

S (1—‘—5)7,

and the claim follows because € > 0 is arbitrary. =

Proof of Proposition 4.5. It will follow from the results below that it suffices to prove
the result for a single auction at time zero. For a strictly positive time ¢, for i = 1 and
i =2,

Vi ~ Exp(ci, 7(t), —a(t)),
with y(t), a(t) and with co; > c¢y;. It follows that the monotonicity result holds for any
auction at any time ¢ > 0. Indeed, it follows directly from (7) that

Vor = =t

Therefore,

Coyp = C M C1t,

1t =
Yro(a(t))
because p; < fosq¢ P2 and Lemma C.1 together yield, for all & > 0,

bro(k) < (k).

In order to prove Proposition 4.5, we will need a detailed analysis of the asymptotic
behavior of S;(y) as G(v) — oo. Let
(a+ 1)+t
( = —/———.
c(v—wv3)
Here, we consciously suppress indices for o, 7 and c. Namely, if the information type
is not hidden, (¢,v,a) = (¢, %, ;). If the information type is hidden, we will have
(c,v,a) = (Kgca, Y2, an) if Tail(1yy) < Tail(1y), and we have (c,v, ) = (kic1 +
KaCa, Y2, 2) 1if (71, 1) = (72, @2) -
As in the proof of Proposition 3.11, we define
« z C def
g(z) = OTIRE = = f(2) = e f(2).
(—log¢)”
Then, as we have shown in the proof of Proposition 3.11, we may assume that, for large
G(v),

1og(1/<)1/f(z)))V (ZHJ . 51/<a+1)f(z)1/<1+a>) , f(0) =

') = <1og<1/g) T Tog( o -
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See (68). Furthermore, as G(v) — oo, we have (,e — 0,

lim f(z) = fo(2),

G(v)—o0

where [
v =0

fo(z) = (v =) log L (z — ),

),

and the convergence is uniform on compact subsets of [0, v
From this point, for simplicity we take the case 7; = 0 for all <. The general case

follows by similar but lengthier arguments. Hence, we assume that f solves
UL ek FU/ @), (81)
v — 2

f'(z) =

Since the solution f(z) to (81) is uniformly bounded on compact subsets of [v,v"), by
integrating (81) we find that

0 < f(2) = folz) = O@EVH (2 — 0)),

uniformly on compact subsets of [0, v7) . Furthermore, fy(2) < C) (z — 0)?, uniformly

on compact subsets of [0, v?) . Substituting these bounds into (81), we get

f(z) = folz) < Cyel/leth / (VoM (2 — D) + (2 —0)H)V @D gz
< Oy (z = 0) (VO (2 - )Y g (2 - )Y,
Let now e
L ppellery _ ET
I(2) f(z) P (z—1).
Then,
« El/a—i—la
U = / —1/(a+1) _
(2) a+1f(z)f —
_ a Z—0
N a+1 1/0! 2
O{‘l’l <€1(/x_:1a(z_’l_])+l(2)> (8 )
e} Z—=0
T oat 1)t
Integrating this inequality, we get
1 —\2
I(z) < (2 —0)7,
2
and therefore
f&) < Callz =0 + <7 (z = 0)(@r /o) (53)



Consequently,

1/(a+1)
6V2(z) _ 81/(a+1) (fo(Z) + 0(81/((14—1) (Z _@))>

uniformly on compact subsets of [0, v?) . Therefore,

loge) - log fo(2),

lim (Vg(z) — ]

e—0

a—+1

uniformly on compact subsets of (v, vf).

Now, since V, — —oo uniformly on compact subsets of [0, vf),
2—17
Vilz) = log—— — Va(2)
vH — 2

converges to +o0o, uniformly on compact subsets of (v, v). Pick an 7 > 0 and let € be

so small that V5 (v + ) > K for some very large K. Then, for all # < K we have that
1< S) < S(K) < SVa(v+¢)) = v+e.

Thus, S(6) converges to v uniformly on compact subsets of [—o0, +00) (with —oo in-

cluded). Furthermore,

v def

z— 1
loge) = lOgvH—z - o1 log fo(2) = M(z)

ll—I}(l) <V1(Z) i a+1

uniformly on compact subsets of (o, v™). Let M(z) = M~'(z). We claim that

~

) 1
}:1_1)%5<9 — a+110g8) = M(0), (84)

uniformly on compact subsets of R. Indeed, S (9 — a%rl log 5) is the unique solution to

the equation in y given by

0 = Vi(y) + loge.

a—+1

Since the right-hand side converges uniformly to the strictly monotone function M (),

this unique solution also converges uniformly to M (0). Furthermore,
04+ A P(Vi(2) + Va(z) = 2 0+ A PO+ Va(S(0) = S(0)

implies that

1 S —0 1
. 1 — 1 . 1
‘/2(5(9 a+1 ogs)) Og(vH—S) o+ a+1 OBE




and therefore

1
V2<S<9_ a—+1

We have

1 M) — v
logs)) — loge — log LAU — 6.
a+1 vl — M (0)

Z—

M(z) = lo .
g (0F — 2) ((UH_@) log (Zgii) - (z—@)> [+ D)

Now, for z ~ v,

| v — % | 1 Z—7 Z—7 +1
0 = —1lo - 2 —
& vl — 2 & vH — P vH — P 2

and therefore

Mi(z) =~ (1+a)  log(2(v" —v)) + “ ! log (UZH_ @_) (86)

as z — v. Consequently, as # — —oo, we have

~ a+1

M) ~ v+ Keo
for some constant K = K(«).

By continuity,!” it suffices to prove Proposition 4.5 for a single auction at time
zero. For brevity, we omit the index 0 in this proof. For example, we write “1;” for 1.
We use the notation u L for the pair of expected utilities of a class-i investor in

an auction held at time zero, conditional on Y = 0 and Y = 1, respectively.!'®
HL H, L Vi(Bil=)) HL
att = [t / ({05} — Si(y)) vt (y) dy do
= [ o) (00 = S0 G (Vas(Si) dy
= [ " ) (o 0} = Siy)) dy
= [ ) 1) = i) FVas(Si) d
= (o -0+ [ Si(v) dy
— [ e y) (o} = Sily) B (Vaa(Si(y)) dy

R

I"Because the exponential tails are uniform, it will follow that the convergence proved below is also
uniform in time.
8Here, S1(y) and Sz(y) are different if and only if information type is not hidden.
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where F; = 1 — G;. Let us first study the asymptotic behavior of the term

/R B () (@ — Si(y)) dy

as G(v) — o0o. We have

/R B () (@ — Si(y)) dy

H,L 1 _ 1
/]R¢3 <y 1 og&t) <U S, <y 1 oga)) Y

Since, by assumption, @D?{{’L ~ Exp, (c3,73, —{as, a3 + 1}), we get

(88)

lim cgl g las,az+1}/(ai+1) ¢?{{L <y o 1

) — —Hasasz+lly
m o —l_ 1 log 52) e .

By (84),

1
@—SZ' (y—a._i_llogei) — U — M,(y)

In order to conclude that

1 1
li —oag/(ai—i-l)/ H . 1 ) 57— g, — 1 .
lim e R@Dg yooross ) \v Sily R dy
(89)
= c3 / e Y (0 — Mi(y)) dy,
R

and that

1 1
L . 1 ; v — S, . 1 ; dy = as/(a;+1)
/ng (y po—— Oge) (v S (y o ose y = o(e ),

we will show that the integrands

. 1 ~ 1
I(y) = e/ttt <y Tl 1Og5i) (U o <y T ml log&))

—(a3+e) /(g 1 v 1
c—(as+e)/( z+1)w§ (y— P loge,-) (v -5 (y— a1 logei))

have an integrable majorant. Then, (89) will follow from the Lebesgue dominated con-

and

vergence theorem.

We decompose the integral in question into three parts, as

lJrLoélogs A 400
/ L(y) dy + / L(y) dy + / Iy(y) dy,

1
o9 Tral loge A

and prove the required limit behavior for each integral separately. To this end, we will
need to establish sharp bounds for S(#) and V5(0).
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Lemma E.2 Let L(0,¢) be a function such that

lim L£(0,e) = 0.

60— —00,e—0

We have

1
— < 7
S (6’ o loge) < v+ CyL(0,¢) (90)

for all sufficiently small € > 0 and sufficiently small 6 if and only if

1 o8 f( + L(B,¢)) — log(L(f,e)) < Co — 0. (91)

If (90) holds, we have

1
V2<S<93_ a—+1

Proof. Applying V; to both sides of (90) and using the fact that V] is strictly increasing,

log e
< — 0.
loga)) < 1:a + C5 + log L(O,e) — 0 (92)

we see that the desired inequality is equivalent to

1
0 — CH_lloga < Vi(o + L).
Now,
Vi(2) + ——loge = log ——" —Va(z) + ——loge = log—— " — 1 log f(2)
1 a+10g€_ 08 L 2% a+10g G a+1 & '
The claim follows because we are in the regime when v" — z is uniformly bounded away
from zero.
Furthermore,
loge S—0
— Va(S) =1 — 0. 93
1+a+ 2(9) Og(vH—S) (93)

If 6 is bounded from above, S is uniformly bounded away from v, and hence

1og<5_”) — 0 < Cy + log(S —1v) — 6.

v — §

The claim follows. =

Lemma E.3 Suppose that € > 0 is sufficiently small. Then, for

0>

1
1 log e, (94)
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we have

and for

1
a+1 08¢
we have that

1 1 .
S <9 - log 5) < v+ C6€(Q+1>1(“’1) cas1f
a+1

Proof. By Lemma E.2, inequality (97) is equivalent to

a+1
Under the condition (96),

max {(z — 0)2, €2 (2 — )@V} = lla(, _ g)at/a

for

1 o
2 = Cgel@in@1 ga-17

Hence, by (83),
f(Z) < Cg 61/04 (Z - 17)(014—1)/04 )

Consequently,
ai1 log (1 + Co e ¢717) — log (Cy e ¢71?)
< Ci + mloga + é(aile + (a+1)1(a—1) loga)
1
a (ac—k 1(9 - (a4 1)(a—1) loga)

= —0 + Cm,

and (97) follows.

Similarly, when 6 satisfies (94), a direct calculation shows that
max {(z —0)%, ¥/ (z —v) @V} = (2 - o)
for

_ atlyg
z = U+ Cyeoa1”,
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log f(v + Cg eI ED ea-1%) — log(Cs et ea1?) < —0 4 C;.

(99)

(100)
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Therefore, by (83),

log f(7 + Cseat?) — log(Csea1?)

o 2 a 41 (102)
<Cll+—9_ 0:_9_'_0117
—1 a—1

and (95) follows. =
Lemma E.4 If

a—+1

> s,
a—1

then
%ﬂlogs I 1 - 1
/_OO (s (9—a+110g5) (v—S(G—a+1

Proof. By (96), since 12" is bounded, we get

/ﬁ“logewl 0 L joge) (o - s(o L joge)) o
. 3 at1 8 ! atr1 8

—Q}H loge | « p
S 012 E(a+1)(a71)6a71 d@ (103)
— 0o

1 1 + a
= g(at)(a-1) g (a+1)(a—1) (a+1)(a—1)

a
= o(g/(@tD)y

Lemma E.5 If

then

A
o 1 1
. _a73 H _
llII(l] g at1 /1 - 3 (9— 1 loga) (v ) (9— 110g5)) do

a—+1
A
_ / (5 — NI(6)) = df

and

A . ) 1 »
/1 log & 3L<9— a+110g5> <v — S(Q— CH_llogg)) dd = o(e 3/( +1))'

a-+1



Proof. By assumption, as  — oo,
Vi (z) ~ c3em

The claim follows from (84) and (94), which provides an integrable majorant. m

The same argument implies the following result.

Lemma E.6 We have

ag [T 1 1
: — o1 H _ = o 1
lli%g " /A ¥s (9 a+110g5) (U S<9 a+1 ogs)) d0

+oo

~ o / (5 — NI(6)) e=° d

A

/mw 6 — ! 1 v — S(6— !
PR ar1 %) " a+1

Finally, to complete the proof, it suffices to show that the term

and

loga)) df = o(e™/ @ty

/R Ui (y) ({0,071} = Si(y)) B (Vaa(Siy))) dy = o(e®/(*+Y) (106)

in (87) is negligible for large G(v) As G(v) — +oo, we have V5,(Si(y)) — —oo.
Furthermore, as * — —o0,
Ci

~ T {ai—i-l,ai}‘
{Oéi + 1, Oéi}

FM ()

The claim then follows by essentially the same arguments used above. Special care is

only needed because (v — S)~! blows up as 0 | +oo.

By (93),
S—v \*M
110g5))) < (3¢ (’UH—Se 9) )

(oo
«

Thus, to get an integrable majorant, it would suffice to have a bound

’UH - S > 0146_ﬁ9,

for some 5 > 0 and for a sufficiently large 6. By the argument used in the proof of
Lemma E.2, it suffices to show that for sufficiently large 6,

1

logf(vH — C14 6_60) S C15 + (ﬁ— 1)9
a+1

68



Now, it follows from (81) that

fl(z) < f(z)l/(aH) + H
- vl — 27

Since, for sufficiently small €, f(z) is uniformly bounded away from zero on compact
]

subsets of (v, v"], we get

d

%(f(z)a/(aﬂ)) < Cig(1+ (" —2)7"),

for some K > 0 when z is close to v. Integrating this inequality, we get
f(2) D < Cir (1 = log(v™ — 2)).

Consequently,
logf(vH — C14 6_56) S 018 log9

a+1
if 0 is sufficiently large. Hence, the required inequality holds for any § > 1 with a
sufficiently large C4. Pick a  so that (8 — 1)(a + 1) < asz. Then we get that, for
sufficiently large 6,

F;'H (‘/2 (S (9 — _1|_1 lOgg))) S 019 e(ﬁ—l)(aﬂ)o’
o

and the claim follows.

Thus, the unconditional expected utility of agent 7 is approximately

~

0.5 (W — ) — gp/ey / (M;(8) — v) e d .
R

For the case in which the information characteristics of classes 1 and 2 are not hidden,
we need to consider two sub cases. If a; > a», then, since £; and ey differ from each

other by a constant proportion, sending G(v) to infinity leads to
gps/(rty / (My(0) — D) e~ df > &5/t / (My(0) — 0) e~ df,
R R

and the claim follows. If, instead, a; = as but ¢; < ¢o, we get that £; > €5 and M, = Mg,
so the claim also follows in this case.

The case in which information characteristics are hidden is handled analogously.

69



F Proof of Proposition 4.6

First, we note that the evolution equations

d . . )
£¢it = NV (=1 + 13)

imply that

L\ A2/M
5 A ), - (e
Por = thgg e M2 M2 Jo ardr — oo | = .
P10

Since, by assumption, 1;; ~ Exp_ (¢, Vir, —uir), we immediately get (see, for example,
Korevaar (2004), Theorem 15.3, p.30) that ay; = g and that
~ Cit F(”}/Zt + 1)
w(k) ~ ———
wt( ) kTait (Oéit — ]{7)%’54_1
This immediately yields that

A2
A1
Consequently, Tail(iy;) < Tail(tg) . It follows from the proof of Proposition 4.5 that
the required result holds for any positive £ > 0, provided that v — v3 is larger than some
t-dependent threshold.

Thus, it remains to show the required inequality, comparing auction expected util-

Yor +1 = (vt +1) = v > Y1t

ities, over a sufficiently small time interval [0, ¢]. Thus, from now on, we will assume that
T is sufficiently small. Furthermore, we will provide a proof only for the case in which
the information characteristics are not hidden. The case of unobservable information
characteristics is handled analogously.

We have

T
NTEU®)] = 5 [ [ @O0 + vh6)k(r0) asr
o Jr
Here,
d
Eqﬂg = =N+ Neh x s (107)
for K =H or K =1L, and

0l VLi(Bi(T,Z)) v 0L
() = / ({07, 5} = Si(r, ) () dy.

o0
By assumption,

HL _  HL
Yo = ¢2,0 .
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Therefore V5 ;(0, 2) is also independent of 4, and we will omit the index i in what follows.
We denote

() = [ (@) 7"(r.6) + vEO)7Hr0) .
R
It follows from (107) that, for small 7,
@Di{(f = (1= A7) Yo + NTvio * ¥iy + o(7).

Consequently,'*

M(r) = (1- A7) / (611(0) xl (7.6) + wl5(6) nt(r,0)) dB

+ AT / (i * s0) " (0) w (7,0) + (thio * v30)*(0) mF(7,0)) db + o).

(108)
The argument used in the proof of Theorem 4.2 implies that for small 7,
[ (W 050 O 5.0) + (i b)) (7.0))
R
(109)
> [ @O0 + O ) do
R
Thus, in order to complete the proof, it remains to show that, for small 7,
[ GO 0) + vho(0)m (,0)
R (110)

> [ O 0 + o0 o) as

As above, for simplicity, we use the normalization ¥ = 0, v = 1. As in the proof
of Proposition 3.11, let

9i(1,2) = e(aH)VZ’i(T’Z)a

where

def
a = Qg = Qgp-

Let also

d
U%(Z) = g;ﬁ%(Taz)\T=0-

9The o(7) term is a measure and therefore, when integrating against it, the result requires additional
justification. This is supplied by using the bounds derived in the proof of Proposition 4.5.
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It follows from the proof of Proposition 3.11%° that this derivative is well-defined and we
can differentiate (50) to obtain

Ao (e GEA0.2) | Gh(Va(n2)
gz = (et D) T (1—z¢5<v2<o,z>> * %L(Vz,i(m)))

(v +1)¢g(0, 2) z "
(0 — v3) (1= 2) (¥ (V2(0, 2)))?

(((%Gf) (V2(0, 2)) — @bé{(VQ(o,z))(a+1)-1wi(z)g(o,z)—1) O (Va(0, 2))

— GH0,2) ((diwﬂ) (4(0.2)) + %ﬁ(wo,z))<a+1>-1w<z>g<o,z>-1))

<<< ) Va(0,2)) — ¥k&(Va(0, 2)) (a + 1)_1wi(2)g(0,z)—1)
)
)

- o (£ )<v2<o ) + %%L(vz(o,z))<a+1>-1wi<z>g<o,z>-1))>,
(111)
with w(0) = 0. This is a linear ODE. Solving it, we obtain
/ oy X@ y) dy,
where
R 1 : GPL(0,2) | GH(VA(,2))
W) = ) s (T e e )
1 z
T ((1—z><w§<v2<o,z>>>2x
(112)

(020,02 + GHA0.2) o (3(0.2)

+ (5 (Va(0, 2))) (<¢§<%<0,z>>>2 + Gé(%(o,z»%wé(%(o,z))))

20This claim follows from implicit function theorem if we rewrite the required ODE as an integral
equation and use the arguments from the proof of Proposition 3.11.
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is independent of i and where

(v +1)g(0,2) z
(v —v3) (1= 2) (g (V2(0, 2)))?

( (=X G+ NG+ 45h) (Va(0, 2)) v (Va(0, 2))

X

pi(z) =

G0, (Al Al ) <v2<o,z>>) (113
+ (g (V2(0,2))) 2 ( (=X GE + XNGE =05y ) (Va(0, 2))05 (Va(0, 2))

L GH(YVA(0,2)) (A bk + Atk 0) (‘/2(0,2))>> |

By definition,

d wi(z) def
il VA = = Wi(2). 114
dr ‘/272(772”7'—0 (Oé+1)g( ,Z) VVZ(Z) ( )
For brevity, we use the notation g(z) = g¢(0,z2), S(z) = 5(0,2), and B(z) = B(0, z).
We have J
S Vi(r 2o =~ Wie)
-
Therefore, differentiating the identity
‘/i,i(Ta Si(7-> Z)) = z,
we get
d Wi(5(2))
— Si(1,2)|r=0 =
N (A6
Wi(S(2)) (115)

1 (5 1(_ S 1 1
SE(I-52)) (0 —ws)™ (1 5G) GRGEE) T hL(v2<s<z>>>)
Differentiating the identity

_ Si(Tv Z)
‘/2,2‘(52‘(7'7 z)) = IOgm -z
with respect to 7, we get
d
= (Va(Si(7,2))) brmo
- WZ(S( ) 1
T 1 S(z) (1 —S(2))
S5(=)(1-5() (0 —v3)™! (1 S(z) RA( Vz(S(z 5y T hL(Vz(S(z)))) () (2))
(116)
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Therefore,

([t

%_ (/R GHE(Vau(r, Si(m,9))({v™, 0} — Si(r, y))wg’L(y)dy) o
- [ s Wi(S ()

D S S R —1({_S) 1 1
SI-5)) (0 —vs) (1—s<y> GE) hL(VQ(s<y>>>)

1 H,L
X S(y) (1 — S()) ({1,0} = S(y)) 30 (y) dy

R ’ é_(z—]_v)q(S(y) 1 i 1 )
S(y)(1-5(y)) 3 1-S(y) hH(Va(S(y))) hE(V2(S(y)))

x it (y) dy
/ GIE(Vo(S()) ({1,0} — S(»)

X A3 ( et (y) + sy Z Kk U ( )

def L H,L
— 7TZ .

(117)
We now define

1
o= = (7% + 7). (118)

In order to prove (110), it remains to show that
Ty > T .

As in the proof of Proposition 4.5, we assume for simplicity that 7; = 0 for all ¢ (that is,
no power tails). Recall also that, by assumption, 119 = 199. Hence, (c1, 1) = (¢, ag) =
(c,q).

We will use the same bounds and asymptotic results that were derived in the proof
of Proposition 4.5.

Let us first understand the behavior of W;(z) as G(v) — oo. We have

Va(e) & ——log(e folz).

Therefore,

g(0,2) &~ @tDRE e f(2)
wé{’L(Vz(Z)) ~ Ce{a+1,a}(a%110g(6fo(Z))) — celatlha}/(atl) fo(z){a+17a}/(oc+1)’
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and p
D (V(2) ~ cf{at 1, a) elerted (G o)

(119)
_ C{Oz + 1’ Oé} g{a—l—l,a}/(a-l-l) fo(z>{a+1,a}/(a+1)’
and
1 B c
U — Ug a4+l

Therefore,

x(2)

_ 1 = Gi(Va(0,2)) Gé(Vz(Oaz)))

- e UEy (1 2 UG0.2) 00, 2)

1 z
v <(1 — 2)(¥g" (V2(0, 2)))? (120)

(00,27 + G A0.2) 508 060.2))

(030, (G020 + GE1A0.2) v (13(0.2) )

z 1 1
- (1—z08fo(z) " cealer fo(z)“/(o‘“))

Tl = ((ce fol2)? + (a+1)ce fol2)
a+1 ((1 2)(ce fo(2)) (121)

+ (ce®/ o) gaslot)y =2 ((Céo‘/(aﬂ)f(?/(aﬂ))z + caaa/(o‘“)foa/(aﬂ))

L /ey ¢ y-a/(a+1)
— (0% o/ O .
arit fo(2) + O(e)
For simplicity, we assume that asg # «. (If agg = «, then power tails will appear.

The analysis is in that case analogous, but technically more involved.) We then have, as

T — —00,
W s o) = [l =) el dy
~ C€ (at1)e ¢H(A ) ) a < (3 = de(ﬁﬂ)x
cgo @0tV (a0) o> asg 7
where A
@5 (cgo(a), a) , o < ag
(030@%{(0430),0430) , Q> Qo

75



and where we have used the fact that

In this case,

1

(Gl (2) — Gl (x) = Ff(2) — (Ff'*ibso)(2) e axl celatle _ 51 deBtDz
Thus, in complete analogy with (120),
' ~ (a+1)g(0,2) z
ml) = ) Ql—dw#W%&@»2
x ((—Ai G’ + NGy gh) (Va(0, 2)) 4T (Va(0, 2))
— Gl (Va(0,2)) (=X of" + X+ i) <V2<0,z>>> (122)

+ (L (Va(0,2))) 7 ( (=X G + NGy x5 ) (Va(0, 2))05 (Va(0, 2))
— GE(%(0,2)) (_)\i Yo+ Nl *%Lo) (%(0,2))))

z

~ 052 fO(Z) <(1 _ Z) (Cc":‘fo(Z))2
y <>\i ( 1 ce fof2) 1 4 eB+D/(a+1) fO(Z)(6+1)/(a+1)) ce fol2)

a+1  B+1
~ A (AP @RI @) fo(z)))
+ (cga/(a+1) fo(z)a/(a+1))—2

« (}\Z <lc€a/(a+1) fo(z)a/(a—i-l) - l
(6%

5 d B/ (a+1) fé;/(a+1)) c(e fO(Z))a/(a+1)

-—MM@%@WW”—C@MWMM%>>

= N b D BN/ o )Ba)/(at]) o ((B+D (et D))

Y

(123)
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where

is a positive constant.

Therefore,

wi(z) = / eI @ 0 gy

(0% : y —Q [e% (0%
~ BN/t ) / : Joly)P@rD) gy 4 o (F+D/@+D)
0

l-y)c
Therefore,
Wi(z) = — B/t X (2) + 0(5(6—01)/((1-}-1))’

o F ot (B=a)/(a+1)

X(2) “ Jo a5z foly) dy

(o + 1) fo(2)
Since fo(z) = log(1l — z)~! — z, a direct calculation shows that
2(B—a)

X(Z) ~ C’lz a+tl

as z | 0, and that X(z) is bounded when z 7 1.
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Now,

Wi(5(y))

[ s mn) — =

R S (1-S(y)) (77_7]3)_1( g H,L ! + 7z ! )
S(y)(1-5(y)) 1=8(y) h"E(V2(S(y))) R (V2(S(y)))

1
y) (1= 5(y))

“ 350 ({1,0} = S(y) 30" (y) dy
= /R Uy " (Va(S(y — (ar+ 1) loge))) Wi(S(y — (a+ 1) loge))

1
% (S(y —(a+1)"tloge)(1 — Sy — (a4 1)"tloge))

0wy Sy — (a+1)"'loge) 1
s 1—S(y— (a+1)"tloge) WEL(Va(S(y — (a+ 1)Tloge)))

1

’ hL<v2<s<y—<a+1>—1loga>>>)> Gy (et ) s dy

R {a+1,a}
e [[(GH ) miton (ot

~ -1
M 1 1

Sl (1 ng ) M (y) e () a))
- _\y) - af/(a+1 MY -y

Yy ce (1—M(y)€ y) ce (l—M )6 >
E{063070630-1-1}/(04-1-1) 6—{a30,a30+1}y dy

~ {a+1,a}
M) -y N X (M
(1_M(y) ) X ()

X C3p

o —eelan0 B (atD) /
R

“ -1
a+1 «
1 i B 1 elotly (Al - M(y)) ) C30 e~ taso,azo+1}y dy,

X(M<y><1—M<y>> atl (M()r

(125)
where, by arguments used in the proof of Proposition 4.5, this asymptotic relationship
holds provided that v < 3 and 2(av +1)/(ax — 1) > agp -
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Similarly,

Wi(S(y))

S S O -1 S(y) 1 1
SI-5)) (0 —vs) (1—s<y> GEG) hL(VQ(s<y>>>)

/R GE (Vy(S(y)))

X 30(y) dy
_ / GH(Va(S(y — (a+ 1) loge)))

-1 1
X WilSly = (a+ 1) loge)) (S(y —(a+ 1) loge)(1—S(y— (a+1) 'loge))
o (T)—U )—1 S(y_ (a+1)_1 10g€)) 1
Y\ 1= Sy~ (a+ 1) oge)) M(Va(S(y — (a+ 1) oge))))

1
hE(Va(S(y — (e + 1)~ tloge

+ ))))>> Uso(y — (o + 1) loge)) dy

(126)

. 1
M 1 1
— (a+1) e ( W) A o+ i a))
- M(y) CE < M(y) 6_y> CEa/(OH_l) (ny)e_y>

% Easo/(a+1) C30 €79V dy

~ comletD) [y - LI e(aﬂ)y(}—M(y))a)_l
/R M) (M<y><1—M<y>> atl  (M(y)e

X C3p Rl dy

-~ _€(a30+ﬁ—a)/(a+1)/)\iX(M(y))
R

» < ] 1 i B 1 e(a"‘l)y(} — M(y))a) o Ca0 €Y dy
M(y)(1-M(y)) o+l (M(y))* ’

(127)
and the corresponding term for L state is of order o(e(@0+#=)/(@+1)) provided that o < 3
and
a+1 > a—l.
a—1 3—«
Gathering all the terms from (117), we get that the terms (125) are asymptotically

negligible. Furthermore, for the terms (126), the senior term comes from the state H-
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contribution, and is given by
\i 6(a30+ﬁ—a)/(a+1) / X(M(y))
R

. -1 (128)
(a+1D)y (1 _ @
( 1 L el M(y))) p——

M(y)(1-M(y) o+l (M(y))~
It follows from the proof of Proposition 3.11 that the comparison V/(z) > 0 for large
v — w3 is equivalent to
I 1 et = Nr(y))®

= = — = > 0.
M(y)(1-M(y) o+l (M(y))

The claim follows.

G Proofs of Section 5

Lemma G.1 Suppose that an agent of type 6 decides to exchange information with
another agent. Then, his future expected profit will be strictly larger than if he does not

exchange information.

Proof. Let the other agent’s type density, conditional on state Y = 0, be ¢/(z). Then,

if the agent decides to exchange information, his unconditional type distribution is
P(O)p"(z = 0) + (1= P(0)y"(z = 0) = P(0) (1 +e*) v (2 —0).

Let also II(7, z) be the agent’s profit at time 7, given that his type at time 7 is equal to

z. Then, if he does not exchange information, his expected utility is

P(0) /tT/RhH(t,T,Z—9)(1—|—6_Z)H(T,Z)dzd7‘,

where hTE(t, 7,z — 6) is his type density at time 7 given his type 6 at time ¢ and where

we have used the identity
POYR"(t, 7,2 —0) + (1 — PO))hE(t, 7,2 —0) = PO)(1+e )b (t, 7,2 —0).

If he does decide to exchange information, the same argument implies that his expected
utility is

P(#) /t /R (R % ™) (2 — 0) (1 + ) (7, 2) dz dT
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Thus, it suffices to show that

/R(hH*lpH)(z—H) (14+e?)I(r,2)dz > /RhH(t,T,z—H) (1+e?)I(r,2)dz.

But,
/R (W7 5 M) (= — 0) (1 4+ e TI(r, 2) d=
= /R /R Rt 7,2 — 0 — )™ () (1 + e ) (7, 2) dw dz
= /R h(t, 7,y —0) /R V(@) (1+ e 7)) II(7, 2 + y) da dy,
where we have used the change of variables z — x = y. Thus, it suffices to show that
/R () (L +e N I(r,x+y)de > (14+e7¥) (7, y).

This inequality follows from (75). m

81



References

Acemoglu, Daron, Munther A. Dahleh, Ilan Lobel, Asuman Ozdaglar. 2008. “Bayesian
Learning in Social Networks.” MIT Working Paper.

Aramaki, Junichi. 1983. “Complex Powers of a Class of Pseudodifferential Operators
and their Applications.” Hokkaido Mathematics Journal 12: 199-225.

Banerjee, Abhijit, and Drew Fudenberg. 2004. “Word-of-Mouth Learning.” Games and
Economic Behavior 46: 1-22.

Bikhchandani, Sushil, David Hirshleifer and Ivo Welch. 1992. “A Theory of Fads,
Fashion, Custom, and Cultural Change as Informational Cascades.” The Journal of
Political Economy 100: 992-1026.

Blouin, Max, and Roberto Serrano. 2001. “A Decentralized Market with Common
Values Uncertainty: Non-Steady States.” Review of Economic Studies 68: 323-346.

Chatterjee, Kalyan, and William Samuelson. 1983. “Bargaining Under Incomplete In-
formation.” Operations Research 31: 835-851.

Chamley, Christophe. 2004. Rational Herds: Economic Models of Social Learning.
Cambridge University Press. Cambridge UK.

DeMarzo, Peter, Dmitri Vayanos, and Jeffrey Zwiebel. 2003. “Persuasion Bias, Social
Influence, and Unidimensional Opinions.” Quarterly Journal of Economics 118: 909-
968.

Duffie, Darrell, and Gustavo Manso. 2007. “Information Percolation in Large Markets.”

American Economic Review Papers and Proceedings 97: 203-209.

Duffie, Darrell, Gaston Giroux, and Gustavo Manso. 2010. “Information Percolation.”

American Economic Journal: Microeconomics 2: 100-111 .

Duffie, Darrell, Semyon Malamud, and Gustavo Manso. 2009a. “Information Percolation

with Equilibrium Search Dynamics.” FEconometrica 77: 1513-1574.

Duffie, Darrell, Semyon Malamud, and Gustavo Manso. 2009b. “The Relative Contri-
butions of Private Information Sharing and Public Information Releases to Information
Aggregation.” Journal of Economic Theory 145: 1574-1601.

82



Duffie, Darrell, and Yeneng Sun. 2007. “Existence of Independent Random Matching.”
Annals of Applied Probability 17: 386-419.

Ferland, René, and Gaston Giroux. 2008. “Law of Large Numbers for Dynamic Bar-
gaining Markets,” Journal of Applied Probability 45: 45-54.

Gale, Douglas, and Shachar Kariv. 2003. “Bayesian Learning in Social Networks.”
Games and Economic Behavior 45: 329-346.

Golosov, Michael, Guido Lorenzoni, and Aleh Tsyvinski. 2008. “Decentralized Trading
with Private Information.” MIT Working Paper.

Golub, Benjamin and Matthew O. Jackson. 2010. “Naive Learning in Social Networks

and the Wisdom of Crowds.” American Economic Journal: Microeconomics 2: 112-149.

Grossman, Sanford. 1976. “On the Efficiency of Competitive Stock Markets Where

Traders Have Diverse Information.” Journal of Finance 31: 573-585.

Grossman, Sanford and Joseph Stiglitz. 1980. “On the Impossibility of Informationally
Efficient Markets.” American Economic Review 70: 393-408.

Gut, Allan. 2005. Probability: A Graduate Course, Springer. New York.

Kadan, Ohad. 2007. “Equilibrium in the Two-Player, k-Double Auction with Affiliated
Private Values.” Journal of Economic Theory 135: 495-513.

Knapp, Anthony. 2005. Basic Real Analysis, Birkhduser. Boston.

Korevaar, Jacob. 2004. Tauberian Theory: A Century of Developments, Birkhduser.
Heidelberg.

Krein, Mark and David Milman. 1940. “On Extreme Points of Regular Convex Sets,”
Studia Mathematica 9: 133-138.

Leininger, Wolfgang, Peter Linhart, and Roy Radner. 1989. “The Sealed-Bid Mechanism

for Bargaining with Incomplete Information.” Journal of Economic Theory 48: 63-106.

Milgrom, Paul. 1981. “Rational Expectations, Information Acquisition, and Competitive
Bidding.” Econometrica 50: 1089-1122.

83



Milgrom, Paul, and Nancy Stokey. 1982. “Information, Trade and Common Knowledge,”
Journal of Economic Theory 26: 17-27.

Pesendorfer, Wolfgang and Jeroen Swinkels. 1997. “The Loser’s Curse and Information

Aggregation in Common Value Auctions.” FEconometrica 65: 1247-1281.

Remenik, Daniel. 2009. “Limit Theorems for Individual-based Models in Economics and
Finance,” Stochastic Processes and their Applications 119: 2401-2435.

Reny, Philip and Motty Perry. 2006. “Toward a Strategic Foundation for Rational
Expectations Equilibrium.” Econometrica 74: 1231-1269.

Saks, Stanislaw. 1937. Theory of the integral. Hafner, New York.

Satterthwaite, Mark and Steven Williams. 1989. “Bilateral Trade with the Sealed Bid
k-Double Auction: Existence and Efficiency.” Journal of Economic Theory 48: 107-133.

Serrano-Padial, Ricardo. 2007. “On the Possibility of Trade with Pure Common Values
under Risk Neutrality.” University of Wisconsin-Madison Working Paper.

Subhankulov, Magalim Akramovich 1976. Tauberian Theorems with Remainder. Nauka,

Moscow (In Russian).

Sun, Yeneng. 2006. “The Exact Law of Large Numbers via Fubini Extension and
Characterization of Insurable Risks, ” Journal of Economic Theory 126: 31-69.

7

Williams, Steven. 1987. “Efficient Performance in Two Agent Bargaining.
Economic Theory 41: 154-172.

Journal of

Wilson, Robert. 1977. “Incentive Efficiency of Double Auctions.” The Review of Eco-
nomic Studies 44: 511-518.

Wolinsky, Asher. 1990. “Information Revelation in a Market With Pairwise Meetings.”
Econometrica 58: 1-23.

84



