NBER WORKING PAPER SERIES

OPTIMAL TIME-CONSISTENT FISCAL POLICY
WITH UNCERTAIN LIFETIMES

Guillermo A. Calvo

Maurice Obstfeld

Working Paper No. 1593

NATIONAT BUREAU OF ECONOMIC RESEARCH
1050 Massachusetts Avenue
Cambridge, MA 02138

March 1985

The research reported here is part of the NBER's research program
in Fconomic Fluctuations and project in Government Budget. Any
opinions expressed are those of the authors and not those of the
National Bureau of Economic Research.



NBER Working Paper #1593
March 1985

Optimal Time-Consistent Fiscal Policy
with Uncertain Lifetimes

ABSTRACT

This paper studies optimal fiscal policy in an economy where
heterogeneous agents with uncertain lifetimes coexist. We show that
some plausible social welfare functions lead to time-inconsistent opti-
mal plans, and we suggest restrictions on social preferences that
avoid the problem. The normative prescriptions of a time-consistent
utilitarian planner generalize the "two-part Golden Rule' suggested
by Samuelson, and imply aggregate dynamics similar to those arising
in the Cass—-Koopmans-Ramsey optimal growth framework. We characterize
lump-sum transfer schemes that allow the optimal allocation to be
decentralized as the competitive equilibrium of an economy with
actuarially fair annuities. The lump-sum transfers that accomplish

this decentralization are age dependent in general.

Guillermo A. Calvo Maurice Obstfeld
Department of Economics Department of Economics
Columbia University Columbia University
New York, NY 10027 New York, NY 10027

(212) 280-3926 (212) 280-5489



OFTIMAL TIME-COWSISTENT FISCAL POLICY WITH UNCERTAIN LIFETIMES
1
Guillermo A, Calvo and Maurice Ohstfolg®

Columbia University
November 1984

Introduction

This paper studies the idea of optimal fiscal policy in an economy
where hetercgenous generations with uncerfain lifetimes coexist., A
growing literature studies the effects of social security and government

debt 1ssue in economies of this type, but it stops short of describing
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intertemporal social welfare function that might justify the use of
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the dynamic resource
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sols. Qur primary concern is therefor
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allocation chosen by a utilitarian planner who weighs the welfare of
both axisting and future gensrations. The basic model of the individual

-
fram Yaari (196%).°
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Zpecification of an intertemporal social weifare function is

compilicated Dy the possibility that optimal plans are dymamically incon-
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in the szense of Sirotz (1956). This possibility arises in any

model with overlapping generations. Below we show that some plausible

o

soctial welfare functions lead to time-inconsistancy, and suggest

restrictions on social preferences that avoid the prables.

We are grateful for helpful discussions with Andrew Abel. Financial
support was provided by the National Science Foundation and the
Alérad P. Elpan Foundation.

For recent applications of uncertain-lifetime models to +fiscal-
policy gquastions, see Abel (1985), Blanchard (1985), and Eckstein,
Eichenbaum, and Peled (1983), among others. Open-2conomy aspects of
Blanchard’'s (1985) model ar= studied by BRuiter (1934), Frenkel and
Razin (1984), and Giovannini (1984), Early applications of Yaari's
{19431 setup include Merton (1971} and Tobin (1947).
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An intertemporal welfare analvsis along the lines of that
presented here has been developed by Samuelson (1947, 1968) in the
context ot Diamond's (196%) detsrministic overlapping-gensrations model

2
with capital.  However, special assumptions made by Samuelson obscure
the potential for time incons: stency. It is therefore noteworthy that
the normative prescripiions o+ our time-consistent ufilitarian planner
generaliz= those suggested by Samuslson. Moreover, the aggregate

dynamics implied by an optimal plan are gualitatively similar to those

derived by Cazs (1943), Koopmans (1943}, and Ramsey (1928} in model:

with identical, non-overlapping generations. We characterize luap-sum
transfer schemes that allow the optimal allocation to be decentralized
through a competitive economy with actuarially fair annuities.

An important finding of the paper is that the above-mentioned
transfers are in general age dependent. [t follows that the aggregative
fiscal policies studisd in the recent literature will usually fail to
achieve the optimal allocation. If first-best fiscal policy toeols are
unavailable, however, the door is opened toc the type of general-
equilibrium time inconsistency studied by Kydland and Frescott (1977},
Calvo (1973, and others.

The paper iz organized as follows. Section I reviews the
individual "s problem and the competitive equilibrium of an 2conomy in
which there is no uncertainty at the aggregate level. Section II takes
up utilitarian planning and the time-consistency problem. In section III
the allocation chosen by a time-consistent utilitarian planner is

characterized. Sectign IV di

w

cusses lump-sum redistribution schemes that

Fhelps and Riley (1978} study the Rawlsian "maximin” case. Abel
(1984) uses Samuelson’s criterion to evaluate steady-state weifare
in overlapping-generations models with money,
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replicate the planper s preferrad allocation as a competitive equi-

librium. Section ¥ i3 a brief summary of the results,

I. Competitive Equilibrium with Annuities

To make the paper self-contained, this section briefly reviews the
intertemporal allocation problem of an individual with an uncertain
lifetime who purchases actuarially fair annuities. While the conclusions

meraly repeat those of Yaari (1945}, the presentation of the problem is

ansparent

The section concludes

113
o

ightly different and hopefu

1ly more tr

m

by describinq the =2conomy’'s aggregate dynamics in perfect-forssight
squilibrium.

An individual born at time v (his “"vintage"}? is uncertain about
the length N of his life. Let F(.) dencte the cumulative distribution
function of the random variable N, so that F(n) = Prob{N ¢ n}. Gf
course, F{0) = 0 and limn%mF(n) = 1. Implicit in our notation is tha
assumption that the distibution of N does not depend on v; in addition
Fi{.} i3 assumed to be continuous and piecewise differentiable with an
associated probability density function #(.) satisfying Fi(n) = jZ%(s)ds.
Individuals maximize the expected value over possible lifespans of a
discounted integral of future instantaneous utilities. The time-t
uytility of a vintage-v individual is a functian ut.) of consumption

4

cl{v,t}. If ¥ denotes the constant subjective discount rate, expected

lifetime utility for an agent born on date v is

(1) Uilv) = f:f(n){§:+nu(c(v,t)]exp[—S(t—v)]dt}dn.

The function uf(.) is assumed to be bounded, strictly concave, and
twice continuously differentiable. Notice that u{.} is assumed to be
independent of v. DOnly consumption paths c{v,.) that are piecewise
continuous and right-hand differentiable are considered. To ensure
interior solutions, the usual Inada conditions are imposed.



Gféter integrating by parts, (1) can be written in the form
{(2) Uiv) = fcu[:(v,t)ltl - F{t-v)Jexpl-8{t-vildt,

whare 1 - F{t-v) is just the probability that an individual born on date
v iz alive on date t.
Define pi{n) to be the instantaneous death probability faced by an

individual of age n:

{Z}  pin} = fi{ni/i1 - Fin}l.

Bezcause fin) = Fiin} and F(O) = 0, (3) implies

{4y t - Fin) = e>:pt—.fgp(s)ds3.

The obisctive function {(2) therefore takes the form
{5) Uiv) = f:u[c(v,t)3exp{—ft[8+p(5—v)]ds}dt.

Az in Yaari (19455, the possibility of death leads to a higher subjec-
tive discount rate on future utility.

Aszume now, as in Blanchard’s (1985) model, that a new cohort of
individuals is barn sach instant and that there is no aggregate uncer-
tainty even though each individual’'s lifespan is stochastic. If the size
of each newly-born cohort is normalized to unity, there are exactly 1 -
F{t-v) individuals of vintage v alive at any time t v and this

conort s

Y]

ize declines at rate p{t-v}. Those within a given cohort are
assumed to be identical in ali respects.

Individuals are prohibited from dying in debt, and can borrow only
if they simultaneously buy insurance against that contingency. There
exist insurance -ompanies that buy and issue annuities which pay holders

the age-dependent yield r{t) + p{t-v) at time t but expire in the event



¥ the owner’'s death. BRecause there are no beguasts, those with positive
nonhuman we2alth will choose to hold it sxclusively in the form of an-
nuities, which pay a rate suceeding the market real interest rate while
the owner lives. Eorrowers effectively insurz themselves against ac-
cidental death by issuing annuities to the insurance company. In short,
insurance companies intermediate between all borrowers and lenders and
also hold the private sector’'s net marketable assets, which in the
present context will coincide with the capital stock. Under the assump-
tions of the preceding paragraph, and with costless free entry into the
insurance industry, the insurance premium pf{t-v} i35 actuarially fair and
the insurance company makes zero profits. The instantaneous effective
borrowing rate faced at time t by an individual born at time v is thus
rity + pit-vi, where r(t) is the real interest rate and p(t-v} is the
actuarially fair insurance premium.
The lifetime problem of an individual born on date v may now be

stated as folliows: choose a consumption path {civ,t}? S0 as to magi-

(&) I:c(v,t)exp{-fftr(5)+p(s-v)]ds}dt 1 oaflvyv),
k4

In (&), alv,t} is the overall time-t wealth of an agent of vintage v.
Wealth i3 the sum of of the present discounted value of wages (human
wealthj, the present discounted value of eupected future transfer pay-

ments from the government, and capital.d

The Lagrangian for the problem can be written

—
H

' t
It{uic(v,t)Bexpi—S(t-v)] - pc(v,t)exp[—fﬁr(5)ds}exp{-f;p(s-v)ds]dt,

It 15 easily verified that the solution to the individual s problem
is time consistent.



where u 15 a Lagrange multiplier. (Terms that do not involve cl.,.} have
been disregarded.) Maximization of L with respect civ,t) yields the

necsssary condition
. .t . .
{7} u'leciv,tylexpl-F(t-v}il - pezp{~JVr(5}d51 = 0,

far all t. Let D be the time-derivative oparator. Differentiating (7)

with respect to time, we obtain
{87 Declv,tt = —-fu/lciv,tdl/urlelv,t33irity - §1.

An optimal individual consumption plan obeys (8) while forcing the
budget constraint (&) to bind. Note that the death probabilities do not
affect the time derivative of consumption along an optimal path {(zl-
though they do affect the level of consumpition through (&)).

Turn next to the implied dynamic behavior of the economy’'s ag-
gregates in perfect-foresight equilibrium. If =2ach agent is endowed with

one unit of labor, the labor force at any time t is a constant,

P
{

t { o jdsid
= - {5~y Y
J“\‘D P va 5-Y =

Aggregate output Y may then be written as a function Y(K) of the
economy 's capital staock H.b The usual one-sector assumption fixes the
consumption price of capital at unity. If C{t) denotes aggregate con-

sumption,
t L t
{9y Clty = ¢ c(v,t;exp[—fvpés—v)ds3dv,
- o
and if the government consumes no goods itself, the economy’'s capital

The underlying production function is assumed to be homogenepus of
degree one in capital and labor, to exhibit diminishing returns to
each factor, and to obey the Inada conditions.



stock evolves according to
(103 DK{t) = YIKE)] - C(t).

In perfect-foresight equilibrium, the expected real interest rate
ri{t) must equal the marginal product of capital Y/[K(t)] for all t.
Combination of (B) and (%) shows that the time derivative of aggregate

consumption is

{11)  DC(t) = c(i,ty -} p(t-v)c(v,t)ezp[—fﬁp(s-v)dsidv

8

- {Y/IE(EYI-837 m{u’[c(v,t)]/u“[c{v,t)]}e:\'p[—f};p(s—v)dsldv

in equilibrium. The first two terms on the right-hand side of (i1} sum
to the difference between the consumption of the newly born and the
overall consumption of those who die at time t. The third term is just
the sum of the individual consumption changes dictated by the Euler
equation (B),

The steady state is defined by DC = DK = 0., Without simplifving
assumptions, 1t is quite difficult to characterize the steady-state
allocation for this competitive economy. For example, if pin) is a
constant p as in Merton (1971) and Blanchard (1985), and if u(c) =

cx_R/(I-R) (R > 0), then it is easy to see that the steady-state real

interest rate r- = Y’(KE) must satisfy rc ~ & + pH. (K™ is the steady-
state capital stock in the competitive model when there is no government
intervention.)

The system becomes guite simple under Blanchard’s (1985) addi-
tional assumptions that R = 1 (so that u(c) = log(c)), that cohorts are

born without nonhuman wealth, and that all individuals of any age have

the same human wealth

(12) h(t) = f:w(s)exp{—fztr(z)+p]dz}ds,



where wit) is the real wage at t., When R = 1, the consumption function
takes the form c{v,t) = (F+p)fafv,t)]1. The {constant) population is just
{/py and becaise aggregate human wealth (%t} therefore eguals h{(t)/p and

aggregate nonhuman wealth equals the capital stock k(t}, (i1) becomes

{13) DOt = (f+pih(t) + {Y/LK(t)I-F-pi(S+p)IH(L)+K(L}]

= {Y/LE(EYI-03C(t) - p(§+plK(t),

This simple characterization of the aggregate dynamics is

o
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to age. As we shall sse later, differential taxation of this type is

needed to support optimal growth paths as competitive squilibria. He

next discuss the meaning of "optimality” and the implied intertemporal

resource allocation for a centrally-planned economy.

1. Time-Consistent Utilitarian Planning

In this section we describe the objective function of a
utilitarian planner whose preferences admit time-consistent optimal
plans., The planner is utilitarian in the sense that his welfare objec-
tive is a weighted sum of the utilities of all generations, includiné
those not yet horn.

Samuelson {1967, 1948), building on a suggestion of Lerner {1939},
was the first to study utilitarian planning in an economy with finitely-
lived overlapping generations. In the model of Samuelson (1968}, a
geﬁeration lives for two periods and a new generation is born each
period until a known date T in the future. Thus, the last generation is
born on date T-1. If an individual born on date t enjoys lifetime

utility ufc{t,t},c{t,t+1}3, Samuelson’'s planner maximizes

§{0) = Zg_lﬁtu[c(t,t),c(t,t+1)3,
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subject to constraints discussed below, on date 0. The parameter B

(0,11 gives the rate at which the planner discounts futurs generations’

"

utility (w:th 8 = | the Ramsey case). Although Samuelszon assumes a
finite hor:izon, he characterizes a hypothetical steady-state allocation
zatisfying first-order conditions for mavimization of 5{0).

The welfare criterion 5(0) generally yields time-inconsistent
programs i+ the planner is constrained only by the initial capital stock
K0} and the saving-investment relation E(t+i} - K{t) = Y[K(t)] - cit,t)
t}. In other words, for s > 0, the consum

..... 5,
{c(t,t),c(t,t+1)}m=0 maximizing S5{0} subject to rescurce constraints
does not maximize S(s) if followed from time = onward. The reason for
this is that the Samuelsan criterion does not attach an appropriate
weight to the welfare of the old generation alive at the start of the
plan. In each period s, maximization of S{(s) raquires that consumption
by the old be zero, even though this was not planned when S{s-1) was
maximized.

Zamuelson (1968) in effect avoids time inconsistency by placing an
additional constraint on the planner; the requirement that the consump-
tion of the old in period s, c{s-1,s), be taken as given. I+ this
predeterminad consumption level for the old is interpreted as the level
envisianed in the previous periodys optimal plan, the planner is forced
to pursue a time-consistent program. However, Samuelson does not offer
this interpretation, and no suggestion is made regarding social institu-
tions that might impose a time-consistency constraint.

The welfare criterion introduced here avoids tiae inconsistency by
explicitly and appropriately accounting for the welfare of cohorts
already alive at the planning period’s start. No dynamic-consistency

constraint is placed on the planner’s actions. The social welfare func-



_.10_

tion proposed in Samuelson (1967) alsp aveids time-inconsistency without
side constraints, but only under restrictive assumptions on individual
nreferences that mash some of the ivsues discussed below. (Samuelson
{1947) assumes that ulc(t,t),clt,t+1)] = vlc(t,t}] + vic({t,t+i}l1, so
that individuals do not discount future utility.) It is noteworthy {but
not surprising? that the optimal plans explored below entail intertem-
paral and intergenerational allocation rules which generalize those
derived oy Samuelson {1967, 1968).

Qur planner’s ohjective is the sum of two components. First, there
is the lifetime expected utility of the generations to be born, as
measured from the moment of birth. Second, there is the expected
utility, over the remainder of their lifetimes, of those cohorts cur-
rently alive. The remaining expected utility of a cohort currently alive
is, like that of a cohort to be boarn, measurad from the perspective of
its birthdate. I+ it is assumed in addition that the planner discounts

generations at a rate p : O, the social welfare function is

(14)  W(o) = j‘;{ftuﬁc(v,t)]e;:p{—ft;[3+p{5-v)]ds}dt')e:‘:p(-;'v‘:dv
+ f?m(jgu[c(v,t)]exp{-I:[S+p(s-v)]ds}dt)exp(-pv}dv

at time t = 0. W{0) has an alternative interpretation. Its first com-
ponent may be viewed as a weighted integral of instantaneous utilities
actualiy enjoyed by members of future generations, discounted to the
date of birth at the "risk-free" rate §. (Recall that there is no ag-
gregate uncertainty.) The second companent is the weighted integral of
utilitiez to be enjoyed by living memb=rs of the current generations,
also discounted to their birthdates at rate §. The planner’'s maximiza-
tion must be carried ocut subject to an initial capital endowment K{(0}

and the constraint (10), which is repeated here {after substitution from
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{?})) 4or convenience:
e . t 1t
(153} DK{t) = YI[K{t}] - | c(v,t)exp[—fvp(s—v)ds]dv.
- m

{(t may appear unnatural to discount the utility of those already
alive hack to their birthdates, rather than to the present. After all,
the planner is concerned with their welfare from the present {(time t =
0) onward. However, this discounting scheme is necessary for the tinme

consistency of optimal intertemporal allocations. Unless those alive and

W =)
LitWuoe

-+

he planner has an incentive

-

to be born are treated symmetrically,

to change the consumption previously planned for unborn gensrations once

-

. . 4
they come into enistance.

To appreciate the time inconsistency problem consider the

"natural” social welfare function

(147) V{0) = fguju[ccv,t)Jexp{-fscwp(,—v)1ds}dt>exp(—pv)dv +

- ‘ {]
fjm(f:u[c(v,t)}exp{-jg[8+p(s—v)]ds}dt)exp[—fip(s~v)ds]exp(-pv}dv.

In (147}, the exupected utility of the surviving members of current
. . . . e
generations is measured from the perspective of time ¢. If it is as-

sumed for simplicity that p(n} is a constant p, then for T > 0,

YO0) = WIT) + J (T) + J_(T) + 8, + @_
1 2 i 2

An apparent alternative to (14) would treat current and future
generations symmetrically by discounting all utility back to time 0.
But this is equivalent to raising p to p + § in (14).

As noted above, Samuelson (1967) studies the maximization of a
social welfare function similar to (14) in an overlapping-
generations model with deterministic two-period lifetimes. However,
he assumes a finite planning horizon, no individual time preference,
and no generational preference on the part of the planner. In
Samuelson’'s framework, therefore, § = 0, which would imply no dis-
tinction between (14} and (147).
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J, Ty =

1
IT iffu[c(v,t))exp[-(6+p)(t—T)ldt}exp[p(v—T}Jexp(—pv){exp(-ET)-IJdv,
- @o i

J,(T) =

£

Ig{fiutc(v,t)lexp[—(8+p)(t—T)]dt}exp[p(v—T)]exp(—pv){exp£8(v—T)J—exp(—ET)}dv,

=3
|

[y

= f;ifzu[c(v,t)lexp[-(8+p)(t—v)ldt}exp(-pv)dv,

) T
= I?m{fdu[c(v,t)]exp[-(8+p)t3dt}exp(pv)exp(-pv)dv.

]
i

[}

The gqguantities &, and @, are predetermined as of time T, but J (T) and

1 1

JZ(T) are nné. It follows that a plan maximizing V(O} given K(0} will
not in general mazimize V(T) given the resulting K(T). The reason for
this is that any plan optimal at time ¢ must maximize V(T) + Ji(T) +
JZ(T)——not V{T)-- given K{(T}; otherwise it can be dominated by a plan

that yields the same values for K(T), @ and QZ’ but a higher value for

i
ViTy + JI(T) + JE(T). A planner with preferences described by {(14/) will
therefore be time inconsistent. Arriving at T with capital K(T}, he will
prefer to maximize Y(T) and so will deviate from the plan that maximized
VD).

Yet another alternative to (14}, particularly appealing when the
instantaneous death probability is a constant p, is to treat all those
alive at time zero as if they had just been born i.e., as if they were
all of vintage zero. It is easily verified that this "egalitarian"
scheme, like (147}, generally yields a time-inconsistent optimum. The
exception occurs when p = §, so that the planner’s objective is identi-
ral to a special case of (14), that in which consumption is optimally
equal across cohorts at any time.

The time consistency of plans maximizing W(0) subject to the



W{0) = W(Ty + R, + R
where

R, = fg(flu[c(v,t)19xp£—f§[8+p(s-v)]ds}dt)exp(—pv)dv,

]

R, = f;m(fguiciv,t)]exp{—ft[8+p(s-v)st}dt)exp(—pv)dv.

R1 and RE are predetermined as of time T. It follows that any plan
maximizing W{{) given K{0Q) must maximize W(T) given the implied value of
KE{Ti. Othzrwise there would exist a plan yielding the same values of

E{T), R and R,, but a higher value of W(T). And this would contradict

1’ 2

the assumed optimality of the initial plan.?

An implication of our analysis is that the credibility of a plan-
ner will depend on the way he weights generations’ utilities. This
complication is not found in the Cass-Koopmans framework with nonover-
lapping generaticns. There, it is a matter of indifference whether the
pianner discounts instantaneous utility according to the time at which

it is enjoyed or the generation that enjoys it. Here the distinction is

. 10
crucial.

It should now be clear that there is a time-consistent analogue of
the Samuelson criterion 5(0) which embodies the discounting conven-
tion incorporated in our welfare measure W{{). That criterion is
tulo(-1,-1),c(-1,0}1/8} + 5(0), which is maximized at time O given
the (predetermined) consumption level ci{-i,-1) enjoyed in their
youth by those currently old.

to If one were to insist that optimal plans should be time consistent,
our findings would give some guidance regarding admissible social
welfare functions. This is reminiscent of Kcopmans® (196%5) discus-
sion, where its is shown that a nonnegative planner’s discount rate
iz required to ensure the existence of an optimal plan when popula-
tion is graowing. MNote that our analysis would be unchanged if the
discount rate applied by the planner to generaticn v at time t were
axpl-p{v-t)] {as in Cass and Koopmans) rather than expl-pvi.
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II1. The Optimal Alloration over Tiame

The intertemporal resource allocation chosen by a time-consistent

-+

utilitarian planner is studied in this section. That opt.mum is qualita-
tively similar to the one arising in the familiar Cass-Koopmans-Ramsey
growth problem with identical nonoverlapping generations, but here the
generational discount factor p determines the long-runm marginal product
of capital, as =zuggested by Samuelspn (1968).

It iz easiest to solve the planner’s problem of maximizing (14}
subiect to (i5%) by the method of optimal control (Arrow and Kurz, 1572},

After changing the order of integration, (14) may be writien in the foram
s . 2, .t . t . P o
t1&7 WlD)y = jnxf u[ctv,t)]exp[-fvp(s—vJublexpL(a—p)vldv;expa—ut)dt.

L o

Egquation (14} yields yet another interpretation of the planner’'s objesc-
tive. WD) is just the discounted integral, over all future dates, of a
weighted sum of instantaneous utilities of those currently alive. The

nlanner applies the individual subjective discount factor § in weighting
the aggregate utility snjoyed on different dates. In adding up utilitiss

gnjoved on a given date by agents of different ages, vintage is dis-

countsd at the net rate § - p.ll

Let X{t) denote the costate variable for the problem of maximizing

{16y subject to (15). Then the associated Hamiltonian is written

The criterion (146) may be viewed as a discounted sum of static
"Henthamite" social welfare functions; again, see Samuelson (1947},
Observe that even if u{.) ic bounded the summands in (16} can be
unbounded if the generational discount factor g is sufficiently
targe. In genersl, therefore, an optimal plan need not exist: one
nasds to assume that the welfare weight attached to previous gener-
ztions does not grow "too guickly® relative to the rate at which
members of those generations die and §. This problem can be avoided
by postulating a finite age n such that F{(n) = 1. Existence of an
optimum is assumed in the discussion below.
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(17} fEmu[c(v,t)]exp[—ftp(s—v)ds]exp[(8—p)v]dv

+ AMEYYIE(E) T - ffmc(v,t)exp[—fﬁp(s—v)ds]dv}.
Necessary conditions for an sptimal plan are
{1B) u’[c(&,t)]exp[(&—p)v] = Alt)
plus the equation of motion for the costate,
(19} DALt) = AL {F - Y/LKE(t)]D.

Y

Eguation (18) implies that at any time t, consumption evolves across

cohorts acceording to the equation

{20} dciv,ti/dy

Stuflotv, ) 1/ufelv, ) 1248 - pi.

By (18) and (19), the consumption of a given cohort evolves over tine

according to

(21} dciv,t) /et Slw/ lelvy ) /uTelv, EY 324Y/LKEE) T - §Y.

What is the meaning of equation {20)? As was noted sarlier, the
difference § - p can be viewed as the net rate at which the planner
discounts a given cohort's welfare according to its age. If an alloca-
tion is optimal, there must be no incentive to shift consumption hetween
cohorts at any time t. But this implies that the rate at which the
marginal utility of consumption changes as age rises (i.e., as v falls)
must equal § - p. This is what equation (20) states. The case p = §
yields the "egalitarian® plan mentioned in the previous section, under
which all individuals have the same consumption level at any point in
time.

The intertemporal allocation condition (21) is identical to the

condition (B) achieved by the competitive economy. This, incidentally,
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can be used to show the Pareto efficiency of the market allocation
isince population growth is zero and the marginal product of capital is
always positive). Hhaﬁ is the rationals for (21) in a planning context?
For an agent of vintage v, the sum § + p{t-v) is the instantaneous
sxpected~utility cost, at time t, of pcstponing consumption. If the
government shifts one unit of a given cohort’'s consumption into the
future, the instantansous return con the investment to those left alive
is Y/[K{t)}] + pit-v) because the proceeds are divided among a smaller
group. Since the net return available to the government equals that
gffered by the insurance company, the rate at which a cohort’'s marginal
utility changss over time must equal & + pit-v) - Y/LK(E)] - plt-v) = §
- 7¥/[E{t}], as in the competitive allocation. ;

The solution to the planning problem is quite gensral, in that no

zpecial assumptions about the form of the instantaneous utility function

1{,) are required. To make the nature of the solution more transparent,

[t

it iz useful to analyze first a special case. We then show that the main
implications of this épecial case also hold in general.

Assume temporarily that u(.} belongs to the constant relative risk
“aversion class, 3o that -cu"/u’ = R. Then conditions (20} and (21} yield
a simple characterization of the behavior of aggregate consumption C(t)

along an optimal path. Differential eguation (20) now has the solution
(22 civ ) = cit,trexpl(f-p) (v-t)/R1,
Aggregate consumption at time %t may therefore be expressed as

(22) L) = oo

T+

) J‘Emexp{-H/R) ft[&‘—p*-ﬁp (s-v)1dsidv

{ctf. (9)}). The convergence condition liﬂtAQEXD{JE{P‘S‘Rp(S)3d5} = 0 is

imposed to ensure that (23) is well defined. Without this convergence
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condition an optimal plan would not exist {see footnote 11).
Differentiation shows that the coefficient of c(t,t) in (23} is

constant over time. Thus, aggregats consumption and the consumpiion of

the newly born are proportional, so that

{24) DCLL)/C(E) = Delb,t)/clt,t),

-

Combining (21} and (22}, we find that

(25) Doit,ty/clt,t)y = (L/RY{Y/IK(E)T - pl.

-

Equationz (24) and (25) now show that the central planner will cause

aggregate consumption to evolve according to the rule
(26) DOy /7C0EY = (L/RVEYZLKA(EYY - pl.

This is identical to the condition that would govern the evaolution of
aggregate consumption in the standard Cass-Koopmans-Ramsey
representative-agent planning model with discount rate g,

Equations {15) and {(2&) describe the aggregate dynamics implied by
utilitarian planning. These dynamics may be pictured with the aid of
figure 1, Aggregate consumption equals ouput along the DK = ¢ locus, so
the capital stock is stationary there. On the DC = ¢ locus aggregate
consumption iz stationary {(although individuals’ consumption levels ﬁay
change over time), The system 135 saddlepoint stable as usual, with a
unigue path 55 converging to the steady state equilibrium E#. 5% yields
the optimal initial aggregats consumption level C{0) associated with any
given initial capital stock E{0), The optimal steady-state capital stock

K+ is determined by the condition

(27) ¥/ (k%) =

s

4
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and thus depends only on the production function and the rate at which
the planner discounts according to age. Optimal stesady-state consumption

is of course given by
(28) Cx = ((K*),

It is noteworthy that condition (27) is the same as that derived by
Samuelson (1948) in a model where the planner is constrained to pursue a

time-consistent plan. Indeed, conditions (20) and (21) alsp have

. .
analogues in Zamuelson’s framework

1
= i HERS

[11}

The main results of the constant relative risk aversion case can
be generalized, In particular, the steady state described by (27) and
{2B) 1s independent of the instantaneous ;tility function u{.}), and the
consumptions of all cohorts rise or fall monotonically along the transi-
tion path, While it is no longer possible in general to express the
economy’'s dynamics in terms of aggregate consumption and the capital
stock, an alternative two-variable representation can be developed.

These assertions are established as follows. Use necessary condi-

tion {18} to write c(v,t) as
(Z9) civ,t) = #{A{tlexplip-F)vid, &/ < O.

Recall that aggregate consumption is given by eguation {(9). After a
cthange of variables from v ton =t - v (i.a., from "vintage" ts "age"),

(%) becomes
o n .
Lty = foc(t—n,t)exp[—fgp(s}ds]dn,
50 that upon substitution of (29) we have

(30} Clt) = f:é{x(t)expi(p-S)t]exp[-(P—S)n]}exp[-fgp(s)ds]dn.
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Define nif) = A{flexpl{p-Fitl, Then (29) and (30) imply that aggregate
consumption can be written as a declining function of nit}, Cin(t)1,

=

Fquation (15) may now be expressed in .he foram
{31y DR(E) = YIR(E)] - Cin(t) 3.
Differentiation of ni{t) and application of (19} show that

(32) Dnit) = plt) {8 - Y/IK(EIID + pit)(p - §) = nltrlp - Y/LK(L) 1D,

)

Equation (3Z) is identical to the dynamic eguation for the costate
variable in the standard representative-agent model with time-preference
rate p.

The phase diagram for tpe system in nit) and K(t) described by
sguations (31) and (32) is shown in figure 2. Because Linp*) = K#*, where
n+% is the steady-state value of n, aggregate consumption and the capital
stock converge toward the stationary values C#* and K# defined by (27)
and (2B). The gualitative behavior of consumption is the same as in the
constant relative risk aversion case of figure 1, both in the aggregate

and at the cohort level,

Iv. Optimal Fiscal Policy

The goal of this section is to show how fiscal policy can be used
to decentralize optimal utilitarian plans in the competitive economy of
section !. Because the competitive equilibrium without government inter-
vention is efficient, only lump sum taxes need be used to generate the
optimal plan as a competitive equilibrium. However, the tax an in-
dividual pays will in general vary according to his age and calendar
time. To keep the analysis simple we consider only balanced-budget

fiscal policy. Equivalent policies could involve governament debt issue,
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but this iz net discussed explicitly below.

To make the main points it is sufficient to work with a special
case of the model, that studied by Blancuoard (1983). It is therefore
assumed once again that the instantaneous death probability is a con-
stant p, that the instantaneous utility function is logarithmic, and
that individuals are born with human wealth only. The last paragraphs of
section [ discuss individual and aggregate behavior in this case when
ther= is no government intervention, and the reader may wish 1o review
them before proceesding.

Biven an initial capital stock K(0), the optimal plan generates
paths {Két)}:=0 for capital and {B(t)}:=0 for aggregate consumption,
These in turn yield paths for the shadow real interest rate r{t) =
Y/{K(t)1, the shadow wage w(t) = p{¥YIK{t)] - K{D)Y/LK{E)]1}, and the
shadow present value of per capita wage income h{t) (given by (12}, and
the same for all agents alive at time ti. To decentralize the optimal
intertemnoral allocation, the government must endow each agent at birth
with a transfer strezam inducing the desired consumpticn levels when the

and fw(t)3?

H Fhe f ) B
shadow price paths Lr(t)4t=o t=0

are esxpected. Let 7iv,t)
denote the transfer payment received by an agent of vintage v at time t,
and let b(v,t} denote the present value of these payments at time t
given the expected real-intersst rate path., We will consider fiscal

policies having the property that the government’'s budget is balanced on

each date t, so that net transfers to the public are zero:
- t .
(33 I_mr(v‘t)exp[-p(t—v)Jdv = 0.

The present value of transfers faced by an agent born at time t =

0 135 b(0,0), That individual 's consumption i1s therefore

{34} c{0,0) = (F+p)Lh(0) + b{(0,0}]



when ul{c) = logfc); and, if optimality condition (24) holds at t = 0,

(35) civ,0) = (F+p)Lh{0) + k(v,0) + b(v,0)]

= (F+piTh(0) + bi0,0)Jexpl(8-piv],

Since aggregate consumption at t = 0 must equal the optimal level C(D},

integration of (35) over the population leads to

(35) b{0,0) = [(B+p=p}/{5+p)IC(0O) - h{(O),

Equation (35) implies that the transfer streams of those born before t =

0 have present values given by
(37) biv,0) = [h{0) + b0, 0y Jexpl(f-piv] ~ RO} = kiv,0]),

/ After the transfer streams for those alive at t = 0 are announced
by the government, its only remaining choice variables are the transfer
payments to be made to those born on subseguent dates. Suppose these are
chosen in such a way that the budget is balanced on each date (1.e.,

{33) holds) and
(Z8) bi{t,t) = [hi(}) + b(D,D)]exp{Ig[r(s)—p]ds} - hit).

The resulting competitive equilibrium will then replicate ths optimal
plan.,

To verify this result, it must be shown that the implied cohort
consumption paths satisfy (20) and {(21). {(We have already seen that the
correct initial consumption levels will prevail.) By the individual’s
Euler eguation (8), it will automatically be the case that for t : v

2,

{39) civ,t) = c(v,v)exp{ftir(s)—Sst,
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where civ,v) = (§+pilh(v} + biv,v)1., It therefore follows from (38) that
(40) civ,t) = (§+p)lh{0) + b(D,O)]exp{fg[r(s)-ﬁlds}exp[(S—p)v].

In the casze v ¢ O, (37} implies that (40) holds for all t : 0. Equations
{20) and {(21) follow immediately upon differentiation of (40).

For the sake of intuition, it is useful to analyze the balanced-
budget fiscal policy that supports the steady state pictured in figure 1
as a competitive squilibrium. Assume, therefore, that the capital stock
ig initially at the level K% defined by equation {(27}.

Let us first ask why K# would generally not be a steady-state
pquilibrium without governasnt intervention. To be concrete, take the
case Y/ (K+#) = p = §, [+ the interest rate and the wage were expected to
remain constant at § and w#* forever, each agent in a new cohort would be

born with total (human) wealth
{41} h{t) = wx/{(5+p) = plY(K*} - Y7 {K¥)K*1/{§+p)

{by (12)}) and his lifetime consumption path would be flat at the level
pLYi(k*) - ¥/ (K#)K#], Asymptotically aggregate consumption would clearly
approach labor’'s share in national output; and because labor’'s share is
less than total output, this 135 inconsistent with goods-market equi-
librium in a steady state. In the competitive steady state, Yoty »o8.
Each cohort’'s consumption thus rises over time (by (B)), so that ag-
gregate consumption equals the lower level of national output.

Return now to the decentralization problem. Since we are assuming
a steady state, the payment received by an individual depends on age t-v
only, and so may be written as 7(t-v). The present value of these pay-
ments given the expected path of the real intsrest rate, bi{v,t}), may be

written as b{t-v) in the present context. It is assumed as before that
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the government ‘s budget is balanced. This condition is now written
t . . .
(42) I_WT(t—v)exp£—pit-v)]dv = 0.

To support the optimal steady state associated with p as an equi-
librium, fiscal policy must confront each agent with a transfer path
inducing aggregate consumption egual to Y(K#) when the interest rate is
expected to remain at Y/ (¥K#} = p forever. Let k(t-v) denote the capital

held by an agent of age t-v {of course k{0) = 0}, Bince all agents have

s . o . . i o
the same wage income, the consumption of an individual aged t-v i

wn

(47) cit-v) = p(E+p) LY (K*) = ¥/ {K*)E*1/(p+p) + (F+p)lk{t-v) + b{t-v)1,
whare
{44) b(t-v) = I:T{E—v)exp[—(p+p)(s—t)]ds.

Integrating {43) over the entire population, we find that aggregate

consumption is

(43} Ctt) = (F+pllY{k*) - Y/ (E*¥}K*1/(p+p)

+ {F+p)iks + ffmb(t-v)exp[—p(t~v)3dv}.

Equate the value of C(t) given by (43) to Y(K#}) and recall {(44). This

vields

{(44) IEQ{IZT(s—v)ExpC-(p+p)is—v)}ds}exp£~p(t-v)]dv

= [{p-F1/(p+p) (F+p) IY(KE*) - Ip/(p+p)IK*,

To make sense of the implied fiscal policv we need to interpret the
left-hand side of (4&). After changing the order of integratisn, this

may be written 1in the foram

(47) IST(n){fgexpi—p5)expi—(p+p)(n-s)]ds}dn
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= (i/p)f:T(n}exp[-(p+p)n][exp{pn) - 11dn.

The ieft-hand side of (47} is just a weighted sum of the transfer pay-
ments made at =sach age n. The weight given to r(n} 15 in turn a sum,
each term of which equals the number of agents in a cohort of age n-s (s
> %) times the discount factor each applies to 7(n). By the government
budget constraint (42), {44} and (47) can be combined to yield a formula

giving the optimal pressnt value of government transfers at birth

(48) sz(n)expi—(p+p)n]dn = [pp/ip+p) JE® - {p(p-F)/{p+p) (F+p) Y (K%},

Any fransfer path {T(H)}:zo that simultaneously satisfies (42) and
(48 will induce a level of aggregate consumption that is constant at
Y{k#). .In general, many such paths exist. Before concluding that the
problem of dgcentralizing the steady state has been solved, i1t is neces-
sary to check the optimality condition {(20) governing the allocation of

consumption among contemporary cohorts. But by the individual Euler

condition {8},
(39) dcit-v)/dt = clt-viLY/(K%) - §1.

Condition (20) follows immediately from the observations that dc/dt =
-%c/3v in a steady state and-that Y/ (K¥) = p.

Eqguation (48) allows us to determine whether a newborn agent’'s
discounted lifetime transfers b(0) will be positive or negative under

optimal fiscal policy. Direct calculation shows that
(50) B(0) © 0 as p ° 5 + pil+p) [K#/Y(K®) 1,

By {13), however, the steady-state real interest rate in the absence of
fiscal intervention is Y/ (K5) = § + pG+p)CKS/Y<K5) 1. It follows from

{50) that the government must set b{0) positive if it wishes to maintain



a stationary capital stock K¥ greater than the laissez-faire level KC,
and must set b(0) negative in the opposite case. In other words, addi-
tional capital accumuiation requires negative (unfunded) social
security, an unsurprising result in view of those obtained by Diamond
{1965). Faced at birth with a declining path of transfer payments, each
agent accumulates capital so as to smooth his consumption. By setting
the path of transfers according to {(48), the government can eguate
aggregate saving to zero.

ed by considering again the

special case p = §. Under this temporary assumption, (48) reduces to
(51) b(0) = FpH#*/(F+p) = pY/ (Ex)K#/(F+p).

Equation (51) states that the transfer system endows each agent at birth
with the per capita present discounted value of capital’'s share in
national income so that, by (413}, a(0) = h(Q) + b(0) = pY(K*)/(§+p).
Individual consumption is flat at pY{k#*), and a declining path of trans-
fars indures a flow demand for capital just equal to flow supply "be-

gueathed” to the economy by those who die.

Y. Conclusion

This paper has studied the problem of time-consistent utilitarian
planning in an economy where individual lifetimes are stochastic. A
dynamically consistent optimal allocation is characterized by a general -
ized version of Bamuelson’s (1968) "two-part golden rule®. However, the
economy ‘s aggregate dynamics are gquite similar to those arising in the
planning models of Cass (1965), Koopmans (1965), and Ramsey (1928),
which postulate homogeneous nonoverlapping generations. Through ap-

propriate lump-sum transfers, the optimal allocation can be realized as
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the equilibrium of a competitive economy with actuarially fair an-

nuities.
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