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I. INTRODUCTION

Propensity score matching estimators (Rosenbaum and Rubin, 1983) are widely used to
estimate treatment effects when all treatment confounders are measured. Rosenbaum and
Rubin (1983) define the propensity score as the conditional probability of assignment to
a treatment given a vector of covariates including the values of all treatment confounders.
Their key insight is that adjusting for the propensity score is enough to remove the bias
created by all treatment confounders. Relative to matching directly on the covariates,
propensity score matching has the advantage of reducing the dimensionality of matching
to a single dimension. This greatly facilitates the matching process, because units with
dissimilar covariate values may nevertheless have similar values in their propensity scores.

Propensity score values are rarely observed in practice. Usually the propensity score
has to be estimated prior to matching. In spite of the great popularity that propensity
score matching methods have gained since they were proposed by Rosenbaum and Rubin
in 1983, their large sample distribution has not yet been derived for this case. A possible
reason for this void in the literature is that matching estimators are highly non-smooth
functionals of the distribution of the matching variables, which makes it difficult to establish
an asymptotic approximation to the distribution of matching estimators when a matching
variable is estimated in a first step. Moreover, it has been shown that the bootstrap is not
in general valid for matching estimators (Abadie and Imbens, 2008).

In this article, we derive the large sample distribution of propensity score matching
estimators. Our derivations take into account that the propensity score is itself estimated
in a first step. We prove that first step estimation of the propensity score affects the
large sample distribution of propensity score matching estimators. Moreover, we derive
an adjustment to the large sample variance of propensity score matching estimators that
corrects for first step estimation of the propensity score. Finally, we use a small simulation
exercise to illustrate the implications of our theoretical results.

To preview the large sample results, let F'(2'6) be a parametric model for the propensity

score, with unknown parameters 6, and let fn be the maximum likelihood estimator for 6.



In the main result in this paper we show that, under regularity conditions, the estimator 7y,
for the average treatment effect 7 = E[Y (1) — Y'(0)], based on matching on the estimated
propensity score F/(X!0y), satisfies

VN(G#y — 1) 5 N(0,02 — A1, e).

In the expression for the variance o? is the variance of the matching estimator based
on matching on the true propensity score F'(X/0) (which follows from results in Abadie
and Imbens, 2006), Iy is the Fisher information matrix for the parametric model for the
propensity score, and ¢ is a vector that depends on the covariance between the covariates
and the outcome, conditional on the propensity score and the treatment. Thus, matching
on the estimated propensity score has a smaller asymptotic variance than matching on the
true propensity score. This is in line with results in Rubin and Thomas (1992ab) who argue
in settings with normally distributed covariates that matching on the estimated rather than
the true propensity score improves the properties of matching estimators, as well as with
the results for weighting estimators in Hirano, Imbens and Ridder (2003).

The rest of the article is organized as follows. Section II provides an introduction to
propensity score matching. Section III is the main section of the article. In this section
we derive the large sample properties of an estimator that match on estimated propensity
scores. Section IV proposes an estimator for the adjusted standard errors derived in section

ITI. In section V we report the results of a small simulation exercise. Section VI concludes.

II. MATCHING ON THE ESTIMATED PROPENSITY SCORE

In evaluation research the focus of the analysis is typically the effect of a binary treatment,
represented in this paper by the indicator variable W, on some outcome variable, Y. More
specifically, W = 1 indicates exposure to treatment, while W = 0 indicates lack of exposure
to treatment. Following Rubin (1974), we define treatment effects in terms of potential
outcomes. We define Y'(1) as the potential outcome under exposure to treatment, and

Y (0) as the potential outcome under no exposure to treatment. Our goal is to estimate



the average treatment effect,

7= E[Y(l) - Y(O)},

where the expectation is taken over the population of interest, based on a random sample
from this population. Estimation of treatment effects is complicated by the fact that
for each unit in the population, the observed outcome reflects only one of the potential

outcomes:

Y(0) if W =0,
Y:{ Y(1) if W=1.

Let X be a vector of covariates that includes treatment confounders, that is, variables that
affect the probability of treatment exposure and the potential outcomes. The propensity
score is p(X) = Pr(W = 1]X). The following assumption is often referred to as “strong
ignorability” (Rosenbaum and Rubin (1983) ).

AssumpTioN 1: (i) Y(1),Y(0) L W|X almost surely; (ii) 0 < p(X) < 1 almost surely.

Assumption 1(i) will hold if all treatment confounders are included in X; so, after control-
ling for X, treatment exposure is independent of the potential outcomes. Assumption 1(ii)
states that for almost all values of X the population includes treated and untreated units.

Let p(w, x) = E[Y|W = w, X = z| and i(w,p) = E[Y|W = w, p(X) = p| be the regres-
sion of the outcome on the treatment indicator and the covariates, and on the treatment
indicator and the propensity score respectively. Rosenbaum and Rubin (1983) prove that,

under Assumption 1,
7= B[ a(1,p(X)) = 10, p(X)) .

In other words, adjusting for the propensity score is enough to eliminate the bias created
by all treatment confounders.

This result by Rosenbaum and Rubin (1983) motivates the use of propensity score
matching estimators. Following Rosenbaum and Rubin (1983) and the vast majority of
the empirical literature, consider a generalized linear specification for the propensity score
p(X) = F(2'0). In empirical research the link function F' is usually specified as logit

or probit. Assume for the moment that the parameters of the propensity score, 6, are



known. For each observation, i, let Jy/(i,6) be a set of M observations in the treatment
group opposite to ¢ and with propensity score values similar to F'(X!#). A propensity score

matching estimator can be defined as:

N
~ 1 1
TN(Q):NE (2W; —1) Yi—M E Y;
i=1

JE€EIT M (4,0)
In this article we will consider matching with replacement, so each unit in the sample can

be used as a match multiple times. In the absence of matching ties, the sets Jys(i,6) can

be defined as:
N
Tu(i,0) = {j Wy =1-W,, <Z Tiw=1-wy) 1{|F(X§9)-F(X];9)|g|F(X;9)_F(X]<9)|}) < M} :
k=1
Let Kn,i(0) be the number of times that observation 7 is used as a match (when matching
on F(X'0)):
N
Eni(0) =Y Liicakoy-
k=1

The estimator Ty () can be represented as:

P (6) = %Z(zwi ) (1 N KNT@) Y.

In practice, propensity scores are not directly observed and estimators that match on the
true propensity score are therefore unfeasible. For some random sample {Y;, W;, X;}¥ . let
§N be an estimator of 8. A matching estimator of 7 that matches on estimated propensity

scores is given by:
. 1 & 1
™v(0n) = NZ@WZ'_D Yi— 7 >
=1 JETn(i0n)

We assume, in concordance with the literature, that QAN is the Maximum Likelihood esti-

mator of f. In the next section, we derive the large sample distribution of 7y (6y).



III. LARGE SAMPLE DISTRIBUTION

We begin by introducing a decomposition of ?N(@V) that will be used later in this section.

Define

Tn(0) = VN (7n(6) - 7)

N

1 Ky i(0)
_ m(ﬁZ@Wi_U (HT) YZ-—T>.

i=1
Notice that Tx(0) = Dy (0) + Rn(0), where
N
Z( (1, F(X10)) — (0, F(X10)) — )
i=1
N

> Wi - 1) ( K]j\’;(e)) <Yi —ﬂ(Wi,F(XQQ))),

=1

- -

and

(w1 ( — Wi, F(X!0)) — ;4 S a0 - Wi,F(XZfQ))).

JEITM(3)

%\H

Let P? be the distribution of Z = {Y, W, X}, induced by the propensity score, F/(2'0),
the marginal distribution of X, and the conditional distribution of ¥ given X and W.

PROPOSITION 1: (Abadie and Imbens, 2006) Under P?,
Tn(6) % N(0,0?),

where

:_ g var(Y|F(X'0),W =1) var(Y|F(X'0), W =0)
- { F(X'0) 1= F(X'0) }

8 [ (EFOC0.W = 1] = EIYF(X9),W =0 = 7))

N ﬁ B Kﬁ _ F(X'e)) var(Y|F(X'0), W = 1)}



Consider Zy; = {Yyi, Wxi, Xy} with distribution given by the local “shift” P~ with
On = 0 + h/\V/N, where h is a conformable vector of constants.

AsSUMPTION 2: (i) For w = 0,1, the regression function ji(w, F') is Lipschitz-continuous in
F; (ii) for some € > 0 and all * € R* such that || — 0*|| < e, the distribution of F(X'60*)

s continuous with support equal to an interval bounded away from zero and one.
PROPOSITION 2: Under PPN, Ry(6y) 2 0.

Let
9

N
dP
An(0|0n) = E log (Zni)
1=1

dPox

and
Wi — F(X]’w@)

1 & ,
Av0) = 7= 2 Xvipr g = Fo ) )

As defined before, §N is the Maximum Likelihood estimator of #. Then, under conventional

regularity conditions we have that, under P?, VN (fy — 0y) <, N(0,1; 1), where

f(X'0)? )
Iy=F XX
0 [F(Xfe)a — F(X'0)) ’
is the Fisher Information Matrix for 8.
AssuMPTION 3: Under P~ :
/ 1 /
AN(9|9N) = —h AN(QN) — §h Igh—l—Op(l), (1)
Ax(0x) 5 N(0,Ip), (2)
and
VN@Oy — 0x) = I;' An(0x) + 0,(1). (3)

For regular parametric models, equations (1) can be established using Proposition 2.1.2 in
Bickel et al. (1998). Also for regular parametric models, equation (2) is derived in the
proof of Proposition 2.1.2 in Bickel et al. (1998). Equation (3) can be established using the



same set of results plus classical conditions for asymptotic linearity of maximum likelihood
estimators (see, e.g., van der Vaart (1998) Theorem 5.39).

Our derivation of the limit distribution of /N (7w — 7) is based on the techniques
developed in Andreou and Werker (2005) to analyze to limit distribution of residual-
based statistics. We proceed in four steps. First, we derive the joint limit distribution

of (Tw(0n), An(0x)) under PP¥. The following result is useful in that respect.

PROPOSITION 3: Under PN :

()=~ ((0)-(7 7))

where Iy is the Fisher Information Matriz for 0,

c=F {COV(X,,[L(W, X)|F(X'0), W) S(X6) } ;

F(X'0)(1 - F(X'0))

and o? is the asymptotic variance of T(0).

Notice that propositions 2 and 3 imply:
Ty(On) \ d 0 o
(& )= ()7 5)) @

Second, we use equation (4) ,along with Assumption 3, to obtain the joint limit distri-

bution of (T (0x), VN Oy — 0x), Ax(0]0x)) under Po~:

Tn(0n) 0 o? JdI;' —ch
VN@y —0y) | &N < 0 ) < I'e ' —h )
AN(9|9N) —hllgh/Q —h/C —h/ hllgh

under POV,

Third, applying Le Cam’s third lemma, we obtain

(oo ) =¥ ((4) (2 )

or equivalently:

(TN(eih/\/N))iN« _C/h> < 2 0/19—1>>
VN (@~ ) 0 )\ dite ) )
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under P?, for any h € R¥. Finally, we calculate the limit distribution of Tiy(Oy) = VN (Fy —
7) as the limit distribution of T (8 +h/v/N) conditional on Oy = 6+h/VN (ie. \/N(@V —
0) = h), integrated over the distribution of v N (5N — 0). Formally, for the conditioning in
this step the estimator fn needs to be discretized (Andreou and Werker, 2005). Then, as

we take the limit of the discretization, we obtain the main result.

THEOREM 1: Under P?

VN@Gy —7) % N(0,02 - I, '),

The asymptotic variance of Ty is adjusted by —c' I, ¢ to account for first-step estimation
of the propensity score. In this case, the adjustment reduces the asymptotic variance. This
need not be the case for matching estimators of other treatment parameters, such as the

average treatment effect on the treated.

IV. ESTIMATION OF THE ASYMPTOTIC VARIANCE

Let H (i, 0) be the set of the J units with W = W, and closest values of F'(X'0) to F/(X0),
and let 171-(‘]’0) be the average of Y for for the units in {i UH (7,0)}. Consider the following
estimator of var(Y;|F(X[0), W;):

N 1 (0 (0
) =5 D (=Y =Y,
Je{iUH ;(,0)}
Abadie and Tmbens (2006) propose the following estimator for o2(6):

i<2W—1<Y—M Z) »)—TN ))2

J€EITm (4,0

Z((Km ) +2MM—1<K]\],\72(9)>>8]2V7Z'(9)‘

be the averages of X for for the units in {i U H;(7,0)}. Notice that ¥ =

2 |

ZlH

Let X(”

w(W, X) + ¢, where Ele| X, W] =0. As a result:

cov(X, u(W, X)|F(X'0), W) = cov(X,Y|F(X'0), W).



Consider the following estimator of cov(X, Y|F(X'0), W):

—~ 1 7 PR
cov(X;, Vi|F(X[6),W;) = = Z (X; — Xi(J,ew))(Yj _ Y;(J,GN))‘

jE{iUH 1 (i,0n)}
Our estimator of ¢ is:

f(X/0y)

oV (X, Vi | F(X[0), Wi) ——— —
F(Xi0n)(1 = F(X{n))

||Mz

Finally, let

(X0 :
Tox = §j '
NN T - F X))

Because [y is non-singular, the inverse of 197 ~ exists with probability approaching one. Our
estimator of the large sample variance of the propensity score matching estimator, adjusted

for first step estimation of the propensity score, is:
a\gdj,N(eN) = 812\7(9]\7) c (9_11\/6
Consistency of this estimator can be shown using the results in Abadie and Imbens (2006)

and the contiguity arguments employed in section III.

V. A SMALL SIMULATION EXERCISE

In this section, we run a small Monte Carlo exercise to investigate the sampling distribution
of propensity score matching estimators and of the approximation to that distribution that
we propose in the article.

We use a simple Monte Carlo design. The outcome variable is generated by Y =
S5W + 4(Xy + X5) + U, where X; and X, are independent and uniform on [0,1] and U
is a standard Normal variable independent of (W, X;, X5). The treatment variable, W, is
related to (X7, X3) through the propensity score, which is logistic

exp(1l + z1 — x9)
1L +exp(l+az —x2)

PI‘(W = 1|X1 = l’l,Xg = 1’2) =

Table I reports the results of our Monte Carlo simulation for M = 1 and N = 5000. As

in our theoretical results, the variance of Ty (6), the estimator that matches on the true

9



propensity score, is larger than the variance of ?N(@V), the estimator that matches on the
estimated propensity score. The estimator of the variance of Ty () proposed in Abadie
and Imbens (2006), 52(0), is centered at the variance of Ty (#). 3]2\,(5]\/) is the estimator of
the variance that treats the first step estimate of the propensity score QAN as if it was the
true propensity score, and ngL N(gN) is the adjusted estimator of the variance that takes
into account that the propensity score is itself estimated in a first step. Finally, the table
reports also confidence interval constructed with adjusted and unadjusted standard errors.
In concordance with out theoretical results, the simulation shows that 3]2\,(5]\/) is biased and
too large on average. As a result, confidence intervals constructed with 3]2\,(5]\/) have larger
than nominal coverage rates. In contrast, ngL N(éN) is unbiased and produce confidence

intervals that have coverage rates close to nominal rates.

VI. CONCLUSIONS

In this article, we propose a method to correct to the asymptotic variance of propensity
score matching estimators when the propensity scores are estimated in a first step. Our

results allow valid large sample inference for propensity score matching estimators.

10



APPENDIX

PROOF OF PROPOSITION 1: See Abadie and Imbens (2006). O

For the proof of Proposition 2 we will need some preliminary lemmas.

LEMMA A.1: Consider two independent samples of sizes ng and ny from continuous distributions
Fy and Fy with common support: Xo1,...,Xon, ~ t.4.d. Fo and X11,..., X1, ~ d.i.d. Fy.
Let N = ng + ny. Assume that the support of Fy and Fy is an interval inside [0,1]. Let fo and
f1 be the densities of Fy and Fy, respectively. Suppose that for any x in the supports of Fy and
P, fi(x)/fo(z) < 7. For 1 <i<mng and 1 <m < M < ng, let [Ungn il(m) be the m-th order
statistic of {|X1,; — Xo1l,...,|X1,i — Xonel}. Then, for ng > 3:

—1_ -y = 1 ny M-1/4 1/4
E ~ 2; i 2:1 |Un07n17i|(m)] <r I Lng/4J + ]\4}\71/2 7 eXp(—nO ).
1= m=

PrOOF: Consider N balls assigned at random among n bins of equal probability. It is known
that the mean of the number of bins with exactly m balls is equal to

I IONCT

(see Johnson and Kotz, 1977). Because fi(x)/fo(x) < 7, for any measurable set A:

Pr(Xp; € A) — /A o) do = /A (j%g;) folw) da < FPr(Xo, € A).

Divide the support of Fy and F} in Lng/ 4j cells of equal probability 1/ Lng/ 4j under Fy. Let Zp,

be the number of such cells are not occupied by at least M observations from the second sample:

X0,y Xopg Fori=1,...,N. Let pprn, = E[Zp ). Notice that ng > 3 implies Ln8/4j > 2.

Then,
M-1 m ng—m
o n3/4 ng 1 _ 1
i = 21 J<m><tné/ﬂ> (1 Ln3/4J>

Mil m m nop—m
= T mE g ng"]
no
M-1/4 1

Using Markov’s inequality,

IN

no
_ 1
Pr(Zarng > 0) = Pr(Zasng > 1) < piagmg < Mnd' /4 (1 - —> :

11



Notice that for any positive a, we have that a — 1 > log(a). Therefore, for any b < N, we have
that log(1 —b/N) < —b/N and (1 — b/N)N < exp(—b). As a result, we obtain:

1 no n1/4 14
1 - —— = 0 <exp(—mngy ).
(1) = (1) e
Putting together the last two displayed equations, we obtain the following exponential bound for

Pr(Zypn, > 0):
Pr(Zyrp, > 0) < Mné\/‘[_l/4 exp(—n1/4).

Notice that |Ungn, il(m) < 1. For 0 <n < Ln8/4j, let cngn = F~Y(n/|n 3/4j), then

M ng"" )
Z |Uno,n1,i|(m) ‘ ZMmng = 0] < Z M(Cno’n — Cng,n—l) Pr (Cno,n—l < X1 < Cngn| Zaring
m=1 n=1
ny'* |
M7
e Z (€nosn = Cnomn—1)
Ln(] J n=1
< M7
T
Now,
1 ni 1 M r ny M -
\/N M Z |Uno,n1,i|(m) = F —\/_Z Z n07n17l|(m ZMmny =0 PI“(ZM,no =0)
=1 m=1 L i—1 m—1 |
i 1 ny 1 M A
t E ar Z |Un07n171|(m) ZMnO >0 Pr(ZM,nO > 0)
_\/N =1 M m=1 ]
i 1 ny 1 M A
< B kY2 Z |Uno7n1,l|(m) ZMnO =0
_\/N =1 M m=1 ]
n
+ NTl/z Pr(Zarpn, > 0)
1 ni 1 M A
= =D E |57 2 Wnomilm)| Zasmy = 0
\/N i=1 M m=1 i
n
+ NT1/2 PI‘(ZMmO > 0)
< ni YL nlt- 1/4 eXp(—n(l]/4),

TN1/2Ln8/4J + N1/2
U

LEMMA A.2: (Inverse Moments of the Doubly Truncated Binomial Distribution) Let Ny be a
Binomial variable with parameters (N, (1 — p)) that is left-truncated for values smaller than M
and right-truncated for values greater than N — M, where M < N/2. Then, for any r > 0, there

exist a constant C,., such that
N T
E||l— <,
(&)=

12
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for all N > 2M.

PrOOF: Let Ny = N — Ny. For all ¢ > 0,
N\" N\" N N\" N
El(=)]| = B|[=) {2 >g}+E|[—~) 1{=<g
[<N0> ] [<N0> {No ~ q}] * [<N0> {No - q}]

N\" N
< () Pr(=>q|+q
< (57) (7 0) v

Notice that:

zng ( ];7 >pm(1 —p)N

o (Nl g (1 - 1—) N> _ »>(-YgNa>M

c<N—-M

> ( ];7 >pm(1 -p)N "

z>M

For N > 2M the denominator can be bounded away from zero. Therefore, for some positive
constant C, and ¢ > 1/(1 — p),

Pr <N1 > (1 - é_) N> c zsiM ( ];7 >pm(1 _p)N-e

x>(1-1/q)N,z>M
N T N—z
< _
<oy (M)ra-»
z>(1-1/q)N
< Cexp{-2(1-1/3-p)°N},

IN

by Hoeffding’s Inequality (e.g. van der Vaart and Wellner (1996), p. 459). Therefore E[(IN/Ny)"]
is uniformly bounded for N > 2M. O

LEMMA A.3: Suppose that the propensity score, Pr(W = 1|X), is continuously distributed and
that there exist c;, > 0 and cy < 1 such that cp, < Pr(W =1|X =x) < ¢y for allz € X. Let f
be the distribution of the propensity score conditional on W = 1, and let fy be the distribution of

the propensity score conditional on W = 0. Then, the ratio f1(p)/fo(p) is bounded and bounded
away from zero.

PROOF: Use Bayes’ Theorem to show that fi(p)/fo(p) = (p/(1—p))(Pr(W =1)/Pr(W =0)). O

PROOF OF PROPOSITION 2: Let ffN be the distribution of the propensity score conditional on
W =1, and let ng be the distribution of the propensity score conditional on W = 0. By lemma

A.3 the ratio f7¥(p)/ ng (p) is uniformly bounded by some constant 7. Consider Ny and N; as
in Lemma A.2. Let

1
¢§\4?NO,N1 =

N N _
1 AL M-1/4

_ 1/4
T R )
0

13



Then, ](\? No.N; 2, 0. Rearrange the observations in the sample so that the first Ni observations
have W =1 and the remaining Ng = N — N7 observations have W = 0. For 1 <¢ < N; and 1 <

m < M, let [Uny Ny il (m) be the m-th order statistic of {|F(X[0n)—F(Xy, 10n8)], - - -, [F(X0n5) —
F(X\ON)[}. For Ny+1<4i< Nand 1 <m < M, let |[Uny Ny,il(m) be the m-th order statistic of
{IF(Xj0n) — F(X10N)|, ..., |[F(X{0N) — F(X},0n)|}. Lemma A.1 implies

< B [0 nom - (A1)

\/—Z Z |UN07N17Z|(m

Therefore, to prove that the left-hand-side of equation (A.1) converges to zero, it is enough to

show that %(\? No.n, s asymptotically uniformly integrable:

hm limsup F [¢M No, N11{¢M NoNy k‘}} =0

k—oo N

(see, e.g., van der Vaart (1998), p. 17). Notice that the ratio N3/4/| N3/4| is bounded. This, in
combination with Lemma A.2, implies that for all £ > 0 and some positive constant C,

b [ MNO,N11{¢M No,N; =~ k‘}} < [¢M NOle}

~ N1/2 N1/2 M+1/2 1/4
< TL 3/4J+M 3/4N exp(—Ny'")
N1/2
0
C N3/4 0
= — — | — 0.
N1/4 Ng/4

Similarly,
1 Y »
Z — Z |UNo, Nl (my | = 0.
z Ni+1 m:l

Using Markov’s inequality, we obtain that for any € > 0:

=

— 0.

N 1 M
_Z M Z |UNO,N1,i|(m) > ¢

The result now follows from Lipschitz-continuity of the regression functions, u(w, F'). U

%H

1 1 M
£| e 35 2 von)
PI‘ ( > < 1=1 m=1
- €
=1 m=1

PROOF OF PROPOSITION 3: Consider the linear combination Cy = 21Dy (0n) + 25AN(0N).

N
Oy = Z( (1, F(X[oy)) — 0, F(X[6N)) — 7)

14



Z =) (1 K00 (3o, rxio)

W; — F(X!0y)
F(X{0n)(1 - F(X0N))

- g

+ 22 f(XZ/GN)

|Mz

Cy can be analyzed using martingale methods. Notice that:

3N
On =Y &N
k=1

where
v = a1 (AL FOXON) = 0. F(XG0y)) ~ 7)
e B X FOXOM o gy )
for 1 < k < N,
Exp = é\/%(Xk N—Eoy [Xe-n |F(X}_ NHN)])(WFk&if@(j%ﬂe;g;ﬁe_ﬁ)e)N)

for N4+1<k<2N,

KN g—2an(0N)

(2Wg_on — 1) <1 + i

1
ENg = 21——= Yi—on — t(Wi—an, Xi—2n) ),
v N

for 2N +1 < k < 3N. Consider the o-fields Fn = o{Wh,..., Wi, X{0n,..., X;0n} for 1 <
k < N, ~7'—N,k = U{Wl,...,WN,X{QN,...,X,/CQN,Xl,...,Xk_N} for N+1 < k < 2N, and
~7'—N,k = U{WN,XN,YL .. .,Yk_N} for 2N +1 < k < 3N. Then,

7
> eng, Fnin1<i<3N
j=1

is a martingale for each N > 1. Therefore, the limiting distribution of Ay is given by the
Martingale CLT (e.g., Theorem 35.12 in Billingsley (1995), p. 476; importantly, notice that this
theorem allows that the probability space varies with N): under P~

Cyn iN(O,U%-i—U%-i—U%),

where
N

o} = plim Y Egy [} 4 Fv k1],
k=1
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2N

o5 =plim > Egy 63 4l Fve-1l,
k=N-+1

and
3N

o3 = plim Z By [€3 4] Fv 1]
k=2N+1

After some algebra, we obtain:
2
ot = AB|(a(1, F(X'0) - i(0, F(X'6)) - 7)°]

/

+ x»kE

f2( ) / / /

Following the calculations in Abadie and Imbens (2006, additional proofs) for the expectation of
(1+ Ky ,i/M)?:

03 = [ f2 X 9 5] var(X | F(X 9))]
n [ 1 ))((JQF '0)) +var(/i(27;f())|5§) ))]
+ W [(F X,H > var(u(1, X)|F(X’0))]
- melw [(1 ) F(X 9))> var(u(0, X)|F(X’9))]

f(X70)
z1.
F(X'0)(1—F(x'0))] "
Here we use the fact that, conditional on the propensity score, X is independent of W. To derive
the constant vector of the cross-product notice that:

+ 2zFE |:COV(X,/L(VV,X)|F( 0), W)

/ - "0))(2W — , Kn(6
e o e )

_E [COV(X, (X, 1)|F(X'0)) S(XT0) (1 RS > ‘W - 1]

F(X'0)
) v =ofu-

+E [COV(X, u(X,1)|F(X'0)) % (1

—>E[COV(X,;L(X,1)|F(X’9) (X’G)JZ( FO00) W= ]p
, 9
—I—E[cov(X,,u(X,1)|F(X9))F(X/0)‘)Z(X )X,9 ‘W ]( —p)

f(X'0) ]
FX0)(1—F(X0)]

—E[cov( u(W, X)|F(X'0), W)

Finally,

9 9 [var(Y|X,W: 1)  var(Y|X,W = 0)]
o3 = 2z E

FX0) | 1-F(X0)
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1 1
2 _ - ! ==
+ B [(F(X,Q) F(X 9)> var(Y|X, W 1)]
1 1
2 N —_ / ==
+ B [(1_F(X,9) (1- F(X 9))> var(Y|X, W 0)].
Notice that for any integrable function g(F(X'0)):

E [g(F(X’H)) (Var(,u(w, X)|F(X'0)) + var(Y|X, W = w)ﬂ
—F [g(F(X’H)) (Var(,u(w, X)|F(X'0)) + E [varmx, W= w)(F(X'e)} )}
—E [g(F(Xfe)) (Var(,u(w, X)|F(X'0),W = w) + E [varmx, W= w)|F(X'9), W= w} }
—F [g(F(X’H)) var(Y|F(X'0), W = w)]

As a result, under PO~:

Cy % N(0,2'V2z),

where z = (21, 25)’, and

where
F(X70)
(X0)(1 — F(X'0)) |’

c=F [COV(X, u(W, X)|F(X'0), W)F

and o2 is the asymptotic variance calculated in Abadie and Imbens for the case of a known
propensity score. Applying the Cramer-Wold device, under P~ :

( Dy (0n) > < N(0,V).

An(0n)
O
PrOOF OF THEOREM 1: Given our preliminary results, Theorem 1 follows from Andreou and
Werker (2005). O
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Table I — Simulation Results
(N = 5000, Number of simulations = 10000)

Variances over simulations Coverage of 95% C.I.
(asymp s.e. = 0.0022)
7N (0) 0.0053 (Tn(6),0 ( )) 0.9532
v () 0.0027 (Fn(On),53(0n))  0.9947
(Fn(On), 5245 5 (On))  0.9488

Averages over simulations

0]2\,(9) 0.0054
aN(eN)A 0.0053
o2uin(n) 0.0027
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