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A DEFENSE OF TRADITIONAL HYPOTHESES ABOUT

THE TERM STRUCTURE OF INTEREST RATES

In a well-known article, Cox, Ingersoll and Ross (CIR) [4] re-ex-
amine and find wanting certain hypotheses about the term structure of

interest rates.

4 striking feature of CIR's re-examination is that it is entirely
theoretical. CIR show that different versions of the pure expecta-
tions theory of the term structure, which traditionally were regarded
as equivalent, are in fact inconsistent with one another when interest
rates are random. Furthermore, in a fairly general continuous time
arbitrage pricing framework, whenm interest rates are random all ver-
sions‘of the theory except one are incompatible with equilibrium. CIR
show that the single version which survives this test, the so-called
Local Expectations Hypothesis, does not necessarily have the proper-
ties ascribed to it in the literature. 1In particuler, it is not asso-
ciated with risk-neutrality and it does not necessarily imply that the
long rate is linear in short rates if the short rate is linear in its

own past history.

At first sight CIR's results appear to be devastating to tradi-
tional empirical work on the term structure. They suggest that re-
searchers must specify arbitrage pricing models with a small number of
state variables before proceeding to empirical work. Such models must
restrict not only the deterministic components of interest rate move-

ments, but also the variance-covariance matrix of interest rate inno-



vations and the information set of market participants.?

The purpose of this paper is to defend traditional hypotheses
about the term structure as a starting point for empirical research.
Although these hypotheses may as a matter of fact be false, it is
meaningful to test them against the data; useful empirical work can be
done outside the confines of tightly specified arbitrage pricing mod-

els.

The defense has two parts. In the first, I argue that CIR's
criticisms apply to a more restrictive type of expectations theory
than is typically studied in the empirical literature. In the second,
I show that the inconsistencies pointed out by CIR are of “second or-
der" iﬁ a precise mathematical sense, and I claim that they may often

be ignored in empirical work.

Séction I of the paper presents the first part of the defense. I
begin by showing that it is natural to express a version of an expec-
tations theory of the term structure as a statement about the expected
difference between a random va;iable and a known one. Such an expect-

ed difference may be called a term premium or risk premium. CIR dis-

cuss versions of the pure expectations theory of the term structure,

which states that term premia are zero.? But much of the literature is

concerned with versions of a less restrictive theory, which states

For example, on page 790 CIR discuss a model in which the short rate
follows an elastic random walk: dr = k(m-~r)dt + s(r)dz. The model
is closed by assuming that s(r) = sqrt{a + br] and that k{m-r) is
not only the best forecast of dr conditional on r, but also the best
forecast which can be made by the market.

This terminology is due to Lutz [9].

-2 -



merely that term premia are constant through time. These are referred

to here as versions of the expectations theory of the term structure.

CIR's basic point is that when interest rates are random differ-
ent term premia are not equivalent to one another because of Jensen's
Inequality. This is, of course, correct. But it turmns out that dif-
ferent versions of the expectations theory, as opposed to the pure ex-
pectations theory, are not necessarily incompatible with each other or

with arbitrage pricing equilibrium.

In section II I argue that in any case the differences among term
premia are of second order.' I present an approximate linearized
framework for the analysis of the term structure, in which these dif-
ferenees disappear. The framework has a number of advantages. It
states a linear relationship between the level and change of a bond
yield and the holding return on the bond; it can easily be applied to
coupon bonds as well as to discount bonds (bills); it suggests simple
regression tests of the expectations theory. In section III I briefly
examine the empirical accuracy of the approximation, using data from

the CRSP government bond tapes.

! Honohan [7] also argues along these lines. He points out that arbi-
trage models themselves are only approximations to reality, so re-
sults based on analysis of these models should not be treated as ex-
act.



I. Expectations Theories: Zero versus Constant Risk Premia

Following CIR, I define P(Y,t,T) as the price at time t of a
claim to one dollar at time T.* This price is a function of t, T and
some vector of state variables Y, which summarizes the state of the

economy at time t. The corresponding yield to maturity is

(1) y(¥,t,T) = -[1/(T-t)] In P(Y,t,T)
which can also be written as
(1)' P(Y,t,T) = exp [-(T-t)y(¥,t,T)]

The yield is that rate of continuous discount which equates the pres-
ent value of the final payment to the current price. Egquivalently, it
is the continuously compounded rate of return on holding the claim to

maturity.

At any time t, and for given state Y, the term structure of in-

terest rates is the set of P(Y¥,t,T) considered as a function of T.

Assume that this function is differentiable. Then the instantaneous

forward rate on a loan at time T, entered into at time t, is

(2y f£(¥,t,T) = -[9P(Y,t,T)/3T]/P(Y,t,T)

“ This section considers only claims to a single payment - that is
bills or discount bonds - and not claims to a stream of payments -

that is coupon bonds. Coupon bonds are discussed in the next sec-
tion.
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= Y(YltlT) + (T't)[aY(Y,t,T)/aT]

To understand this definition, consider buying one claim to a
dollar at T+AT for P(T+AT) and selling P(TH+AT)/P(T) claims to a dollar
at T for P(T) each. This operation incurs no c¢osts until T, when
P(T+AT)/P(T) dollars_must be paid. One deollar is then received at
T+AT. The yield is -In[P(T+AT)/P(T)]/AT which  approaches

-[3P(T)/3aT)/P(T) as AT approaches zero.

Equation (2) states a relation between the instantaneous forward
rate and the yield which is analogous to the relation between marginal
and average cost. Thus, for example, when the yield is rising with

maturity the forward rate is higher than the yield.

The instantaneous spot rate of interest at time t, r(Y,t), is the

limit as T approaches t of both f(Y,t,T) and y(Y,t,T).

The instantaneous holding return at time t on a claim maturing at

T is
(3) h(Y,t,T) = dP(¥,t,T)/P(Y¥,t,T)

‘where dP is the change in P over an interval of time dt. Although it
is reasonable to assume that the term structure is a differentiable
function of maturity T, it is less reasonable to assume that bond
prices are differentiable with respect to t. Following CIR, I assume
that bond prices follow diffusion processes and hence are undifferen-
tiable with respect to time if they are random.
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I am now able to define two term premia which are the primitive

objects of expectations theories. The instantaneous holding premium

¢(Y,t,T) is defined by

(4) ¢(YstsT) = Eth(YstsT) - r(Y,t)

where Et denotes mathematical expectation conditional on the informa-

tion Y available at time t. The instantaneous forward premium

$(Y,t,T) is defined by
(5) ¢(¥,t,T) = £(Y,t,T) - Etr(Y,T)

The instantaneous holding premium is the expected difference at t be-
tween .the instantaneous holding return on a bond which matures at T
and the spot rate at t. The instantaneous forward premium is the ex-

‘pected difference at t between the forward rate at T and the spot rate

at T.

Equations (4) and (5) can be integrated with respect to t and T
respectively, to give expressions relating the price or yield of a

bond to expected spot rates and premia. We obtain

T
(&' P{Y,t,T) = Et [exp (-J [r(Y,s) + ¢(Y,s,T)]ds) ]
t

(5)" -1n P(Y,t,T) = (T-t)y{¥,t,T)



{E,r(¥,s) + $(¥,t,s)lds

I
o+ 3

CIR also discuss a third type of premium. This is defined as the
difference between the gross, uncompounded return on holding a bond to
maturity and the expected equivalent return on receiving the spot rate
at each instant of time:

T
¢+ (Y,t,T) = [1/P(Y,t,T)] - E_[ exp / r(Y,s)ds ]
t

I do not discuss this premium concept further here, as it seems more
natural to consider a rate of return over an interval of time in the

manner of equation (1).

Having defined ¢(Y,t,T) and $(Y¥,t,T), it is trivial to state two
verSioﬁs of the pure expectations theory considered by CIR: these are
$(Y,t,T) = 0 for all Y, t and T (CIR's "Local Expectations Hypothe-
sis") and ¥(Y,t,T) = 0 for all Y, t and T (CIR's "Yield to Maturity
Expectations Hypothesis'"). Under the pure expectations theory, hold-

ing or forward premia are zero.

It is also trivial to state the corresponding versions of the ex-
pectations theory: ¢(Y,t,T) = H(T-t) and $(Y,t,T) = F(T-t). Under the
expectations theory, holding or forward premia are constant through

time after controlling for maturity.

CIR show that the theories ¢ = 0 and ¢ = 0 are inconsistent when

interest rates are random, by applying Jensen's Inequality to equa-



tions (4)' and (5)'. Further, they use an arbitrage argument to show
that the theory ¥ = 0 is incompatible with any rational eXxpectations
equilibrium. The following theorem demonstrates that these results do
not carry over to the theories ¢(Y,t,T) = H(T-t)} and %(Y,t,T) =

F(T-t).

Theorem. Under CIR's notation and assumptions A.1 through A.7,
if A(Y,t) = X and &(Y,t,T) = 6(T-t), then there exist functions H(T-t)

and F(T-t) such that ¢(Y,t,T) = H(T-t) and ¥(Y,t,T) = F(T-t).

Interpretation. CIR's assumptions A.1 through A.7 establish the

conditions for an arbitrage pricing argument. Assumptions A.1 and A.2
postulate that the state of the economy is summarized by N state vari-
ables in the N-vector Y, driven by K underlying sources of uncertainty
(Wiener processes). The subsequent arbitrage pricing argument re-
quires .at least K bonds te be traded. A.3 places very mild restric-
tions on investors' preferences, and A.4 through A.7 describe asset

markets as perfect and frictionless.

In CIR'S notation, E(Y,t;T) is a K-vector describing the sensi-
tivity of the return on a bond maturing at T, in state Y at time t, to
the XK sources of uncertainty. XM(Y,t) is a K-vector describing the
market price of each of the K sources of uncertainty. The conditions
of the theorem are that market risk prices are constant, and that the
sensitivities of bond returns to each source of risk are functiens
only of bond maturity and not of time or the state of the economy.
Then it is unsurprising that term premia should be functions only of

maturity.



The theorem shows by example that the theory ¢ = F(T-t) is
compatible with equilibrium, and is not necessarily inconsistent with
the theory ¢ = H(T-t). It might be possible to construct examples in
which ¢ = H(T-t) but ¢ # F(T-t) or vice versa. However the example
given seems to be the most natural way for ¢ = H(T-t) or ¢ = F(T-t) to

drise.

Proof. Assumptions A.1 through A.7 imply that holding returns on

all bonds can be written as

(6) h(Y,t,T) = a(Y,t,T)dt + &' (Y,t,T)dz(t)

* where o is the expected instantaneous return and z(t) is the K-dimen-
sional standardized Wiener process driving the economy. An arbitrage
argument shows that:

(7) e(Y,t,T) = r(¥,t) + X' (Y,t)6(Y,t,T)

Substituting (7) inte (6), taking expectations and using the defini-

tion of $(Y,t,T), we have

]

(8) ¢(Y,t,T) = X" (¥,t)86(Y,t,T)

]

But if X(¥Y,t) A and 6(Y,t,T) = &(T-t) then

(8)" ¢(Y,t,T) = X'§(T-t) = H(T-t)



Next we check to see whether ¢(Y,t,T) = F(T-t) in this case. If this

theory holds, then equation (5)' can be written as

(5)'" -ln P(Y,t,T) = (T-t)y(Y,t,T)

=

= J [E_r(Y,s) + F(s-t)]ds
t

It follows that

(9) E[d 1n(P)] = r(t) + F(T-t)

But by.Ito's lemma,

(10) d In(P) = (= - 8'6/2)dt + 6'dz

so combining (9) and (10) we have

(11) a(¥,t,T) ~ §'(T-t)8(T-t)/2 = r(¥,t) + F(T-t)
But a(Y,t,T) - r(Y¥,t) = H(T-t) so we have

(12) F(T-t)

H(T-t) - 8'(T-t)8(T-t)/2

[ - 8'(T-t)/2]6(T-t)
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Thus we have found a solution for F(T-t) and verified that the theory

¢ = F(T-t) holds under the conditions of the theorem.

Comment. The third type of premium discussed by CIR is not con-
stant under the conditions of the theorem. It is easy to show that
this premium is proportional to the expected uncompounded gross return
on receiving the spot rate at each instant of time,

T

¢ (Y,t,T} = G(T-t)Et[ exp J r(¥,s)ds].
t

-11-



I1. An Approximate Linearized Framework for Study

of the Term Structure

In this section I present & set of linear approximations relating
forward rates, holding returns and yields to maturity. These approxi-
mations serve a double purpose. First, they show that the inconsis-
tencies pointed out by Cox, Ingersoll and Ross are of second order in
4 precise mathematical sense. Secondly, they can be derived for cou-
pon bonds as well as discount bonds, and thus allow an easy direct ap-

proach to the study of coupon bond data.®

The first step is to derive a coupon bond equivalent of equation
(2). Define the yield to maturity on a coupon bond which pays a con-
tinuous coupon stream at rate C from t to T, and then a final payment

of a dollar at time T, by the implicit function

T
(13) € [ exp [-(s-t)yC(Y,t,T)]ds + exp[-(T-t)yC(Y,t,T)]
t
T
= PC(Y,t,T) =C J P(Y,t,s)ds + P(Y,t,T)
t

This equation states that yC(Y,t,T) is that rate of return which dis-

counts the coupon and principal payments of the bond to PC(Y,t,T), its

time t price.” The price is just the sum of those payments' present

Traditionally, researchers have followed McCulloch [12) and trans-
formed a coupon bond yield curve into an implied discount bond yield
curve before conducting their analysis. This procedure is elaborate
and itself subject to error.

Note that when PC = 1 (the bond is selling at par), the yield just

- 12 -



values - a coupon bond is equivalent to a portfolio of discount bonds
- SO PC(Y,t,T) can also be written in terms of discount bond prices

P(Y,t,T) or discount bond yields y(Y,t,T).

Equation (13) expresses a complicated nonlinear relationship be-
tween y., C and the term structure of discount bond yields {y(¥,t,s)}.
Write this as K{yC,C,{y(Y,t,s)}] = 0, X is a functional, since one of
its arguments is {y(Y,t,s)}, a function of s. The first-order expan-
sion of K is obtained by applying the calculus of variations, in a
manner analogous to the Taylor expansion for a function. Expanding

about the path Yo = C = {y(¥,t,s)} = R for some R, we obtain

(14) -K[yC,C,{y(Y,t,s)}] = XK{R,R,{R}]

+ (yc-R)aKfayC + (C-R)3K/3C + £93K/93¢

where the derivatives are evaluated at the point [R,R,{R}} and ¢ is
defined by y(Y,t,s) = R + ef(¥,t,s). Z(Y¥,t,s) is the "variation" in
the path of zero-coupon rates;-to obtain the solution I set E(Y,t,s) =
y(¥,t,s) - R and € = 1. Details of the linearization procedure are

explained in the Appendix to this paper.

Equation (14) generates a simple linear approximate relationship
between yC(Y,t,T) and the term structure of forward rates {f(Y,t,s)}.

C does not appear in this relation. We have

T
(15) yC(Y,t,T) = [R/(1-exp[-(T-t)R])] [ exp[-R(s-t)}f(Y,t,s)ds
t

equals the coupon rate C.

- 13 -



This can be rearranged to express the forward rate f(Y,t,T) as a func-
tion only of the level and slope of the term structure of coupon bond

yields at the point (t,T):

(16) £(Y,t,T) = yo(¥,t,T)

+ [1-exp[4(T-t)R]]/[R(exp[-(T-t)R])]ayc(Y,t,T)/aT

These equations can be interpreted in a more intuitive way, and
related more closely to equation (2), by introducing the concept of
"duration'. Duration was defined by Macaulay [10] as the present-val-
ue-weighted average length of time before repayment of a loan, where
the yield to maturity on the loan is used to compute present value.’

The duration Dc(yc,t,T) of a bond maturing at T with coupon C and

yield yc is

' T

a7 Dc(yc,t,T) =CJ (s-t)exp[-(s-t)yc]ds + (T-t)exp[-(T-t)yC]
. t

At the point of linearization, the duration is

T
(17)" Dp(T-t) = R J (s-t)exp[-(s-t)R]ds + (T-t)exp(-(T-t)R]
t

= [1-exp[-(T-t)R]/R

? Macaulay also mentions that the true discount function could be used
to compute present value. These two definitions are equivalent at
the point of linearization.
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It follows that aDR(T—t)/aT = exp[-(T-t)R]}, and we can rewrite (15)
and (l6) as

T
(15)" yg(¥,e,T) * [I/Dp(T-t)] 4 aDp(s-t)/3s £(¥,t,s) ds
t

(16)' £(Y,t,T) = yo(¥,t,T) + [Dp(T-£)/(3Dp(T-£)/3T)] 3y (¥,¢,T)/3T

Equation (16)' is directly analogous to equation (2), expressing
a marginal-average relation between the forward rate and the coupon
bond yield. The concept of duration alsc applies to discount bonds,
for which DR(T-t) = (T-t) and aD/aT = 1. Then equation (16)' reduces

to equation (2) and holds exactly.

Next I apply the method of linear approXimation to the holding
return on a coupon bond. In a straightforward meodification of equa-

tion (3), this holding return is defined as
(18) hC(Y,t,T) = [dPC(Y,t,T) + Cdt]/PC(Y,t,T)

A coupon bond yields a direct return from its coupon payment even if
there is no capital gain ch.

Recall that PC is a function of Ye and C: from equation (13),

Po = (C/yp)[1-exp{-(T-t)y ]} + exp[-(T-t)y.]

- 15 =



I now assume that the coupon bond yield Yo follows an Ito pro-

cess' with parameters u and o:

(19) dyC(Y,t,T) = u(¥,t,T)dt + o(Y,t,T)d=z

Now I can apply Ito's lemma to (18), and obtain

(20) h, = {[3P;/3y,]dy, + [C + 3P./3t + (a’PC/Bycz)02/2]dt}/Pc
= {([8P /0y ldy, + [y P + (3% /8y *)a?/2]dt}/E,

where the second step uses the fact that YCPC = (C + BPC/Qt. The intui-
tion h;re is that when w =0 = 0, hC = yC(Y,t,T)dt: the rate of hold-
ing return is just the yield. Some of this return comes from price
change, which makes up the difference between the yield and the coupon
return: if the yield is higher than the coupon, the bond sells for
less than par and appreciates towards par a4s it nears maturity. When
g > 0 the expected holding return exceeds the yield even when y = 0
and there is no expected change in the yield. However , we shall see
that this effect is of "second order" in that it does not appear in

the linearized holding return.

* This assumption is perfectly consistent with the assumption of CIR
that the bond price follows an Ito process with parameters aP and 4P
(equation (6)). Equation (10) expresses the yield on a discount
bond as an Ito process, and gives the parameters of this process as
functions of ¢ and §. An equivalent solution for the yield on a
coupon bond cannot be calculated explicitly, but it will have the
form stated in the text.
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point C = vy

(21) hC = Rdt + (C-R)ahc/aﬂ + (yC-R)ahc/ayC

+ uahC/au + cahc/ac

The details of the calculation are given in the Appendix to this pa-

per: the linear approximation which results is
(22) hC(Y,t,T) = Yc(YstsT)dt - DR(T't)dYC(Y,t,T)

Equation {21) says that, ceteris paribus, a high bond yield means a
high instantaneous holding return. However, an increase in the yield
causes a capital loss proportional to the duration of the bond, and

lowers the holding return accordingly.

The proportional relationship between duration and the response
of holding return to yield is easier to understand when one notes that
duration as defined in equation (17) is just (-1/yc) times the elas-
ticity of PC with respect to Yo- Duration is constructed to measure
the response of price, and therefore holding return, to changes in

yield.

Equation (22) can be used to express the yield on a coupon bond
as a function of future holding returns. We have, by construction of

DR(T't) 1

-1?_



T
(23) yo(¥,t,T) = (1/D(T-t)) i 3D (s~t)/3s [yo(¥,5,T) - Dp(T-s)u(s,T)] ds

T
+ (I/DR(T-t)) ! BDR(s-t)las [DR(T-S)U(S,T)] dz(s)
t

Substituting equation (19) into equation (22), we can simplify equa-

tion (23):
T

(23)" yo(¥,t,T) = (1/Dp(T-t)) [ BDp(s-t)/3s h,(¥,s,T) ds
t

The coupon bond yield is an approximate weighted sum of future holding
returns. Note that this equation holds in realization, and not just

in expectation.

Eéuations (15)' and (16)', and (22) and (23)', make up a complete
linearized framework for analysis of the term structure. It is easy
to see that within this framework there are no inconsistencies between
expectations theories. Taki&g expectations of (23)', substituting
equations (5) and (4) into (15)' and (23)', and equating the right
hand sides of (15)' and (23)', we have

T

(24)  (1/Dp(T-t)) [ (3D (s-t}/3s)e(¥,t,s)ds
t

T
= (IIDR(T-t)) J (BDR(s-t)/as)¢(Y,s,T)ds
t

- 18 -



Within the linearized system, if ¢(Y,t,T) = 0 for all Y, t and T, then
$(Y,t,T) = 0 for all ¥, t and T: these two forms of the pure expecta-
tions theory imply one another. A fortiori, the corresponding forms

of the expectations theory imply each other.

The linearized system also suggests a simple test of the expecta-
tions theory. Taking expectations of equation (22), and substituting

in equation (4), we have

(25) E dy (Y,£,T) = (lfDR(T-t))[yC(Y,t,T) - r(Y,t)}

+ (1/Dp(T-£))¢(¥,t,T)

Under'the pure expectations theory the second term on the right hand
side of (25) is zero, while under the expectations theory it is con-
stant. (25) states that when the long rate Yo is (unusually far)
above the short rate r, the long rate is expected to rise. This caus-
es an expected capital loss which offsets the higher yield on long
bonds. (25) can be tested by regressing the change in the long rate
on the long-short spread, and testing for equality of the estimated
coefficient with (1!DR(T-t)). This was the approach of Shiller, Camp-
bell and Schoenholtz [13], who derived a discrete-time equivalent of

the linearized system of this paper, and of Mankiw and Summers [11].

A closely related test is to regress realized excess returns on

long bonds, h.-r, on the long-short spread YooT- Under the expecta-

C
tions hypothesis, no variable known in advance predicts hc-r beyond a

constant term; but under the alternative of a time-varying risk premi-
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um, proxies for ¢ should predict hc-r. Equation {(25) shows why the
spread is a good proxy. It states that y.-r = ¢ + DREtdyC’ s0 if ex-
pected chaenges in long rates vary little, the spread moves close to
one for one with the risk premium. Campbell and Shiller [3], Fama [3]

and Huizinga and Mishkin [8] have conducted tests of this sort.

One final implication of equation (25) with a constant risk pre-
mium is that long and short rates are "co-integrated” in the sense of
Granger [6]. That is, if long rates follow an ARIMA process of inte-
grated order d, then the long-short spread, being related to the ex-
pected change in long rates, is integrated of order (d-1). Further-
more the long rate is linear in current and lagged short rates if the
short rate is linear in lagged short rates. The linearized system
lends itself to time series analysis of interest rates, as in Campbell

[2].

- 90 -



III. The Accuracy of the Linearized Framework

In this section I present some tests of the empirical accuracy of
the linear approximations of this paper. I focus on the approximate

expression for the holding return on a long bond.?

In section 2 an approximation was derived only for the instanta-
neous holding return. This is easily extended t¢ the return on heold-
ing & bond from time t to time t', hC(Y,t,t',T):

T
(26) hC(Y,t,t',T) = (I/DR(t'-t)) J aDR(s-t)/as hC(Y,s,T)ds

T
This equation is analogous to the expression (23}' for the yield on a
coupon bond: but here the integral runs from t to t' rather than from
t to T. It follows from (23)' and (26} that the yield on a bond ma-
turing at T can be expressed as an approximate weighted sum of period

holding returns:

n
(27) yo(¥,t,T) = (1/Dp(T-t)) £ [Dpls,, -t)-D(s -t)]
hC(Y,s.,s. yT)
i'i+l .
i=0
where t=s, < s, < ... < s, = T. Also the period holding return is a

simple linear function of the yields at times t and t' on a bond ma-

turing at time T:

® Berger [1] examined a similar approximation for returns on consols;
his test assumed that 20 and 30 year government bonds are effective-
ly consols. Shiller, Campbell and Schoenholtz [13] tested an ap-
preoximation for forward rates.
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(28) h (Y,t,t',T) =

[DR{T-t)y (¥, t,T)=(Dp(T-t) -Dp (' -t) )y (¥,t',T) ] /Dp (' -t)

In the empirical work of this section I use the discrete time version
of (28), developed by Shiller, Campbell and Schoenholtz [13], in which

s-t
DR(s-t) = (1-¥ )/(1-¥) and ¥=1/(1+R).

The Center for Research in Securities Prices (CRSP) at the Uni-
versity of Chicago has a complete set of monthly data on individual
governﬁent bonds from 1925. This offers an opportunity to evaluate
the linear approximation (28) because the data set contains both

yields and exact monthly holding returns on long bonds.

In Tables I and II I present summary statistics for exact holding
returns and two different approximate holding returns on 24 bonds.
Table I covers 8 10-year bonés and 4 20-year bonds, while Table II
covers 12 bonds of at least 30 years maturity at issue. All summary
statistics are for the firét 5 yvears (60 cobservations) after the bond

was issued.

The two approximations in the tables, (1) and (2), differ only in
the point of linearization. Approximation (1) takes the own coupon
rate on the bond as the linearization point, while approximation (2)

uses a common linearization point of 5.5% for all bonds. 5.5% was
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chosen because it is close to the average coupon rate of all bonds in
Table II, and to the average long bond rate in the 1359-79 period.
Shiller, Campbell and Schoenholtz [13] and Campbell and Shiller [3]

linearized around similar points.

Three summary statistics are presented for each approximation.
These are the mean error, the mean difference between the approximate
holding return and the exact holding return; the correlation between
the approximate and exact holding returns; and the ratio of the vari-
ance of the approximation error to the variance of the exact holding

return.

The summary statistics of Tables I and II indicate that the lin-
ear a;‘)proximations of this paper are reliable if used judiciously.
Consider first the 10-year honds in rows 1 through 8 of Table I. One
would expect that the approximation (1) performs well so long as the
interest rate remains close to its level at the issue date. The ap-
proximation (2) should perform well if in addition the bond coupon
rate is fairly close to 5.5%. In rows 1 through 8 of Table I the
worst mean error is in row 8, for a bond with an 8% coupon in the
period 1976:8 to 1981:7. 8% is further from 5.5% than any other cou-
pon rate in the table, and the period was one of rapidly rising and
volatile interest rates. The other mean errors never exceed absolute
values of 0.196% for approximation (1) and 0.073% for approximation

(2}).

The correlations of exact and approximate holding returns are ex-

traordinarily high. They exceed 0.999 for all 10-vear bonds except
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row 8, where the correlations are 0.9987 for both approximations. The
ratio of the error variance to the variance of the true return is very
low, never exceeding 0.003 for (1) or 0.007 for (2) except in row 8,

where the ratios are 0.008 and 0.027.

When we examine the &4 20-year bonds in rows 9 through 12 of Table
I, we see a similar pattern. The cqrrelations and mean errors are
comparable to those in the first part of Table I. TFor bond 12, the
error variance ratio reaches 0.015 for approximation (1) and 0.076 for

approximation (2), but all other statistics are favorable.

In Table II, the first 7 bonds were issued with low coupons in
the relatively stable 1950's and 1960's; the last 5 bonds were issued
with hiéh coupons in the turbulent 1970's. The summary statistics re-
flect this distinction. The first 7 rows are comparable to those of
Table I, but in the last 5 rows the linear approximations begin to
break down. There are high mean errors, reaching 3.366% for (1) and
6.174% for (2) in row 9. The correlations remain very high, falling
just below 0.995 in only one case, but the error variance ratios rise
to more than 10% for approximation (1) and more than 50% for approxi-

mation (2).

In conclusion, linear approximations should be used with caution
in describing the period of high and volatile interest rates in the
late 1970's and 1980's, and in studying extremely long-term bonds.
Even here, however, the high correlations of Table II show that the
approximations capture the movements of returns well. The approxima-

tions (1) and (2) behave like the exact returns, but amplified and
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damped respectively. TFor periods with less extreme interest rate
movements, and for somewhat shorter bond maturities, the approxima~

tions are extremely accurate.
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IV. Conclusions

In this paper I have tried to rehabilitate a unified view of the
expectations theory of the term structure. It is true that Jensen's
Inequality places a wedge between different concepts of risk premia in
the term structure; but under plausible circumstances, if holding
peried risk premia are constant this wedge is constant also. Further-
more the differences among risk premia disappear in a framework of
linear approximations to term structure concepts. These approxima-
tiens track monthly movements in bond returns quite accurately in

postwar U.S. data.
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Appendix: Linearizing a Continuous Time Model by Calculus of Varia-

tions

To obtain a linearized expression relating yields and forward

rates, we start from equation (13) in the text, which states that

(C/y) [1-exp[-(T-t)y 1] + exp[-(T-t)y.] = P,

T
=C I P(Y,t,s)ds + P(Y,t,T)
t

The first step is to rewrite the right hand side of this expression as
a function of y(Y,t,s), in a form suitable for linearization by calcu-
lus of varlations:

T

(A.1) C f P(Y,t,s)ds + P(Y,t,T)
t

T .
=1+ [P(Y,t,s)C + 9P(Y,t,s)/ds]ds
t

T
=1+ 1 P(Y,t,s)[C - £(Y,t,s)]ds
t
T
=1+ J exp[-(s-t)y(¥,t,s)][C - y(¥,t,s) - (s-t)ay(Y¥,t,s)/ds]ds
t

JIC,y(Y,t,s),ay(Y,t,s)/8s]ds

1l

()

+
|
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Thus we have

(A.2) Kiy,,C,{y(¥,t,s)}] = 0
= (nyc)ll-eXP{-(T-t)yC]] + exp[-(T-t)yC]

T
-1 -1t JC,y(Y,t,s),dy(¥,t,s)/3s]ds
t

The partial derivatives of K with respect to its first two arguments
are as follows at the point of linearization: 3K/3C = 0, and aK;ayC =

(1-exp[-(T-t)R])/R. To evaluate 3K/3:, I use the calculus of varia-

tions:.
T
(A.3) BK/8: =[S {(3]/3y)(8y/3c) + (3J73[8y/8s))(8[3y/3s]/3¢c)]ds
. t

‘At the point of linearization,
T

(A.4) 9K/9: =17 exp{-(s-t)R}[f(Y,t,s)-R]ds
t

Substituting the derivatives into equation (14) in the text yields

equation (153).

Linearization of holding returns is somewhat easier since we have
an explicit formula for holding returns in equation (20) of the text.
Evaluating the derivatives in equation (21}, ahcjaC = (0 and ahcjayc =
dt. (This follows immediately from the observation that h,K = ycdt

C
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when p = o = 0). 3hc/3u = (aPcfayc)dt/Pc = -dt/DR(T-t) at the linear-

ization point. Finally, 3h./3c = {(9p /8y, )dz + (achfayz)udt}/Pc =
-dz/DR(T—t) at the lipnearization point. Substituting into equation
(21) yields equation (22} in the text.

- 29 -



BIBLIOGRAPHY

[1] Berger, Allen N., '"The Exact Term Structure of Interest
Rates Using Coupon Bond Data", Chapter 3 of PhD dissertation, Univer-

sity of California at Berkeley, 1981.

{2] Campbell, John Y., Asset Duration and Time-Varying Risk Pre-

mia, PhD dissertation, Yale University, 1984.

[3] Campbell, John Y. and Robert J. Shiller, "A Simple Account

of the Behavior of Long-Term Interest Rates", American Economic Review

Vol. 74 No. 2 Papers and Proceedings pp. 44-48, May 1984,

[4] Cox, John C., Jonathan E. Ingersoll Jr. and Stephen A. Ross,
"A Re-examination of Traditional Hypotheses about the Term Structure

of Interest Rates", Jourmal of Finance Vol. 36 No. 4 pp. 769-799,

1981.

[5] Fama, Eugene F., "The Information in the Term Structure",
CRSP Working Paper No. 111, Graduate School of Business, University of

Chicago, March 1984.

[6] Granger, Clive W.J., "Co-Integrated Variables and Error-
Correcting Models", Working Paper 83-13, University of California at

San Diego, 1983.

[7] Honohan, Patrick, "On Some Strong Results Concerning the
Term Structure”, Working Paper §3-18, University of California at San

Diego, 1983.

-~ 30 -



[8] Huizinga, John and Frederic §. Mishkin, "The Measurement of
Ex-Ante Real Interest Rates on Assets with Different Risk Characteris-

tics", unpublished paper, 1984.

[9] Lutz, Frederick A., "The Structure of Interest Rates”, Quar-

terly Journal of Economics Vol. 55 pp. 636-663, November 1940.

[10] Macaulay, Frederick, Some Theoretical Problems Suggested by

United States Since 1856, National Bureau of Economic Research, New

Yorik, 1938.

[11] Mankiw, N. Gregory and Lawrence H. Summers, "Do Long-Term
Interest Rates Overreact to Short-Term Interest Rates?", Brookings Pa-

pers on Economic Activity 1984:1 pp. 223-242, 1984.

[12] McCulloch, J. Huston, "Measuring the Term Structure of In-

terest Rates', Journal of Business Vol. 44 pp. 19-31, January 1971.

[13] Shiller, Robert J., John Y. Campbell and Kermit L. Schoen-
holtz, "Forward Rates and Future Policy: Interpreting the Term Struc-

ture of Interest Rates", Brookings Papers on Economic Activity 1983:1

pp. 173-217, 1983.

- 31 -



9L0™ O ST0° 0 0L66™ 0 89667 0 €957 0~ ¥z O- oe atiel 005" L ¢t
L2070 ¥00° 0 566670 9666° 0 65%° 0- £9¢ 0~ oz 15¢€L6T 0GsL’ 9 1T
970" 0 10070 L6660 L666" 0 9tT"0 o¥0" 0= oc 6°096T 0057 E o1
o107 0 T00" 0 866670 866670 a8zo" 0~ 9EQ” 0- | ¥4 T:6561 000" ¥ 6
Lgo'a 8007 0 L8667 0 LB6E O e8b 1 006" 0- 0T g°9l6l 00G" & a
L0O0™ 0 EOCTO 566670 9666°" 0 ELOTO- LEQTO- o1 T:ZL6T qLE"9 L
L0000 10070 L6667 0 9666° 0 #1070 1007 0~ oT1 LiTIL6T 000" L 9
100" 0 100" 0 L6667 0 866670 To00" O 16070 o1 ¥EPo6l 0S¥ ]
10070 €000 G666 0 96667 0 sk0” 0= 9617 0= 6 CI 9961 A N ¥
10070 1007 C L6667 0 86667 0 EOOT O LIT" O- g/1 6 L:P96T STI ¥ £
T00" 0 10070 L6660 L&a6" 0 810" ¢ 1907 0= o1 6£961 oco' ¥ (4
10070 10070 966670 966670 0zo" 0 1607 0~ o1 62961 000" ¥ T
(2) (1) (z) (1)}’ () (T} | (sxesx) anssI s3eq og®y
uInlsy JoBx3T JO SDUBTIeA |[SuinyH joexyg 3 sjewtxoxddy 01Xy uesy e LjTangen anssy uodno) puog

03 SoueTIERA I0IIFg JO 0T3P

spuod Ieal Qg pue QT u¢ sumasy buTpioH 03 suoTjeurxoxddy

JO UOT]1BTaIIOD

I J1HYT

IE3UT] JO Aoeanooy oyl



0LS" 0 680°0 09660 656670 966" 2~ 6EZ T~ Ot TT*8L6T 0sL*B (A
vis*0 66070 ¥566°0 ¥s66°0 £25°E- €18 T~ Ot 8°8L6T GLE™S8 IT
vER™O OTT" 0 ¥s66°0 £566°0 6L672- ] 2 0t TTLL6T SL87L . 01
91¢" 0 ¥Z1° 0 0566°0 6¥66"0 VLT 9- 99t €~ Ot g:LLleT 5Z97L 6
FAY AR EV0° 0 IL66°0 89660 [ 6LL" 0~ ot 5*6L6T 052’8 8
6070 £E00° 0 86660 8666° 0 012" 0 ETI170- 8t 670961 QOS'E L
99070 y00* 0 ¥666"0 966670 16870 99t "0~ ov T:5S6T Qo0 t 9
L0000 900°0 €666°0 56660 3 T 9LE” O~ Tt ¥igoeT A 4 5
80070 90070 S666°0 966670 8TE™O 962" 0~ ot T:£96T 000' ¥ v
L00°0 £00%0 9666° 0 566670 6CT°0 1o0z°o- ot L2961 0sZ ¥ £
1€0°0 200" 0 866670 866670 98170 vve" o- Zt 1:856T 00S°€ 4
L20°0 60070 L866° 0 ¥866° 0 LT 0= ZEO' O~ ot piEsel 0s2’e T
() (T} (2) (1} (2) (m (sTeax) snssl e83eq aged
uanaayd 39exd JO 9ouURTIEA|SUINISY JOEXF 3 ajeuTxoxddy IOIIT UuesaH 3e A3Tangen anssI uodnony puoH

03 @sueTaes I0iig JO OT3ed

3O UOTIRTIIICD

spuog ae8X Of Uo suanjsd BuTpioH ©3 suoTjewtxoaddy zesuT] Jo Aoeansdy Byl

IT 1YL



